
Theoretical physics Spring Semester 2016

Problem Set 12

1. Displacement operators and coherent states

Set ~ = 1.

(i) Let UP (s) = e−isP and UX(t) = eitX be the translations in position space and momen-
tum space respectively; and let V (α) = eαa

∗−αa. Show that V (α) and V (β) generally
only commute up to a phase:

V (α)V (β) = eiϕ(α,β)V (β)V (α) .

What is the corresponding relation between UP (s)UX(t) and UX(t)UP (s)? Under which
conditions do V (α) and V (β) commute, and under which UP (s) and UX(t)?

(ii) Coherent states Wα = V (α)ψ0 (with aψ0 = 0, 〈ψ0, ψ0〉 = 1) are never orthogonal.
Show:

〈Wα1 ,Wα2〉 = exp(−1

2
|α1 − α2|2 + i Im(α1α2)) . (1)

Hint: Express 〈Wα1 ,Wα2〉 in terms of 〈ψ0, V (α)ψ0〉.

(iii) Show that the linear combinations of coherent states are dense in L2(R), i.e.

〈ψ,Wα〉 = 0, (α ∈ C) ⇒ ψ ≡ 0 .

Hint: Consider the function f(α) = e|α|
2/2〈ψ,Wα〉, and use the fact that the eigenstates

ψn (n ∈ N) of the harmonic oscillator form an orthonormal basis.

(iv) Derive the partition of unity into projections WαW
∗
α to coherent states:

1

π

∫
C
WαW

∗
α d(Reα) d(Imα) = 1, (2)

resp.
1

2π

∫
Wx,pW

∗
x,p dx dp = 1, (3)

where Wx,p := Wα for
√

2α = x+ ip.

Hints: Because of (iii), it is enough to consider the matrix elements 〈Wβ, (·)Wγ〉 of the
expressions respectively. Furthermore, you can use the equality∫

dx e−(ax
2+bx) =

√
π

a
eb

2/4a ,

a, b ∈ C, Re a > 0, in order to compute the integrals occurring.



2. Particle in the plane with transverse magnetic field

Preliminary remark: The vector product of two vectors a, b ∈ R2 is a scalar: a × b =
a1b2−a2b1. Thus the rotation ∇×A of a field A(x) = (A1, A2) in the plane R2 3 x = (x1, x2)
is a scalar field,

B(x) ≡ ∇× A = ∂1A2 − ∂2A1 .

One can interpret it as a magnetic field in R3, which is transverse w.r.t. the plane, (0, 0, B) =
∇× (A1, A2, 0), and independent of x3.

The Hamiltonian on L2(R2) corresponding to a charged particle in a temporally constant
magnetic field is

H =
1

2m
(p− e

c
A(x))2 .

The spectrum of H is independent of the gauge, since the different gauges correspond to
unitarily equivalent Hamiltonians.

Let the magnetic field also be spatially constant, with eB > 0.

(i) Show, heuristically in (ia) and quantum mechanically in (ib), that

En = ~ω(n+
1

2
), (n ∈ N) , (4)

ω = eB/mc, are the eigenvalues of H. For this purpose, consider the two gauges

(G1) A = (−Bx2, 0) , (G2) A =
1

2
B × x =

B

2
(−x2, x1) .

(a) (Heuristic consideration). Classically, the particle is moving on a circular orbit
with

mv = −e
c
B ×R , (5)

where v is the velocity vector and R the radius vector respectively. In particular,
the orbit runs clockwise (left circular) with frequency ω. By de Broglie, the motion
on a circular orbit is quantized according to |p||R| = n~, (n = 0, 1, . . . ). Show
that (4) follows, up to the missing term 1/2.

Hint: The approach presumes that p = mv+(e/c)A has a constant absolute value
|p|. This is given in gauge (G2), if the center of the circular orbit is at the origin.

(b) Determine the eigenvalues and the eigenfunctions ψ quantum mechanically. In
the case (G1), the ansatz ψ(x1, x2) = eikx1ϕ(x2) reduces the eigenvalue problem
to a one-dimensional harmonic oscillator. In case (G2) on the other hand, the
problem is related to the two-dimensional harmonic oscillator. It can be solved
using creation operators

a∗± =
1√

2m~ω̃
(mω̃

x1 ± ix2√
2
− i

p1 ± ip2√
2

) , (6)

ω̃ = ω/2, for right circular (+) and left circular (−) excitations respectively,
together with their adjoints, the annihilation operators a±. What are their com-
mutation relations, and what is the meaning of N± := a∗±a±?



Additional task: The eigenvalues En are infinitely degenerate, which will be evident
without further effort. Show additionally: the degeneracy per unit area is

ρ =
eB

hc
(7)

where h = 2π~. This can be understood heuristically in the framework of (ia), or more
strictly in the one of the gauge (G1) in part (ib).

Hint: In the first framework: what is the area corresponding to one state? In the
second: what is the degeneracy, if the area (x1, x2) ∈ [0, L1] × [0, L2] is considered
instead of the full plane?

(ii) By part (ia), the particle is moving on a circle when treated classically.

(a) Express the the vector pointing to the center of the circle, r, in terms of the
position x and the kinematic momentum Π = p− (e/c)A.

(b) Promote the components of r = (r1, r2) and Π = (Π1,Π2) to operators and com-
pute the commutators [Πi,Πj], [ri, rj], [Πi, rj], (i, j = 1, 2).

(c) Show that r is conserved: [H, ri] = 0, (i = 1, 2). Determine the spectrum of H
without further computations, but by the fact that H satisfies the same commu-
tation relations as another Hamiltonian we know.

Due: 01.06.2016.


