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Abstract

Ion traps have proven to be promising systems for quantum computation and
simulation. Periodic lattices of trapped ions have been shown to be one interesting
setting for quantum simulation. Small arrays of trapped ions have already been
realized experimentally in Penning traps as well as in Paul traps, and proof-of-
principle quantum simulation could be successfully performed. We will focus on Paul
traps, that are more open to miniaturization then Penning traps. While trapping a
small array of ions in a single trap is now a well investigated problem, the number
of ions that could be stored as a 2D array in a single Paul trap has shown intrinsic
limitations. To circumvent these limitations, it has been proposed to trap larger
arrays of ions by placing each ion in a separate trap. This is a relatively new
concept and several settings realizing this have been implemented. One of them
is realized through a (single plane-) surface electrode trap (SET), and is currently
being implemented and built. Our aim was to analyze how adding a second surface
electrode plane above the other would affect the properties of the trap. A well known
drawback of surface electrode traps is the limit on the ratio of electrode-ion- over
ion-ion distance. This is of great importance because it is of interest to increase the
ion-ion coupling, and thus to minimize the ion-ion distance, while also increasing
the ion-surface distance to minimize the effects of Johnson Noise and anomalous
heating. Our aim was thus to analyze if this ratio could be improved. We show
that while improving the depth of each single trap by roughly 100%, for a given
Electrode rf-voltage, the ratio of height over distance could be improved by nearly
50%.
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1 Introduction

Ion traps are one of the most prominent candidates for implementation of quantum
computation and quantum simulation. The ions trapped in electromagnetic fields offer



long coherence times, and gate operations in quantum computation were proven to attain
high fidelities (citation?).

In the introduction we will expose the theoretical framework in order to understand
the physics of periodic Double Surface Electrode Traps (DSET), so that we can concen-
trate on the optimization and potential calculation algorithm [6], and finally so that we
can discuss the results of our optimization. We will thus explain how we intend to trap
the ion with a high frequency electric field. Then before we can address the question of
optimization we have to find characteristic parameters that can be optimized for, and
that can characterize the strength of a trap. In a third section we will then slowly come
to our specific electrostatic problems, namely to the electrostatics of SETs and DSETs.
Before we go over to periodic implementations of such surface traps, we will study the
optimal single surface trap for the single (SET) and parallel plane (DSET) case. This
is just an asymptotic regime of the periodic traps, and is thus an interesting study.
Eventually, in a fifth section we will address the particularities of periodic surface traps.

1.1 The ponderomotive potential

For electromagnetic traps, the main problem of anti-trapping in at least one spatial
dimension imposed by the Laplace condition has been circumvented in several ways.
Penning traps attain confinement in that particular spatial direction by adding a strong
colinear magnetic field. Paul first discovered that an alternating electric potentials oper-
ating at high frequency could create a time averaged totally confining potential, provided
the time scale of motion of the ion is much larger then the period of the alternating field.

1.1.1 Time averaged potential and requirement for a trap

Consider a charged particle with mass m and charge e, placed in a a electric field of
amplitude

~E(~r) = −~∇Φ(~r),

oscillating with the frequency Ωrf. For sufficiently large rf-frequency Ωrf , the particle
feels a time averaged potential often called ponderomotive pseudopotential [1][2]:

Ψ(~r) =
e2

4mΩ2
rf

‖ ~E(~r)‖2. (1.1)

One sees that for an inhomogeneous potential amplitude, the pseudopotential has a finite
value. Furthermore one notices that because of the peculiar structure of the pseudopo-
tential, the zeros are also minima. Let ~rt be the zero of the pseudopotential, i.e

0 = Ψ(~rt) ∝ ‖~∇Φ‖2 = ∂iΦ∂iΦ|~rt , provided: ∂iΦ|~rt = 0 ∀i = 1, . . . , 3.

Then,
∂jΨ|~rt ∝ ∂j(∂iΦ∂iΦ)|~rt = 2(∂j∂iΦ)|~rt ∂iΦ|~rt︸ ︷︷ ︸

=0

= 0,



This establishes ~rt as a critical point. To characterize it, let’s look at the Hessian of Ψ
at ~rt:

∂i∂jΨ|~rt ∝ 2(∂i∂j∂kΦ)|~rt

=0︷ ︸︸ ︷
∂kΦ|~rt +2(∂j∂kΦ)|~rt(∂i∂kΦ)|~rt (1.2)

= 2(∂j∂kΦ)|~rt(∂k∂iΦ)|~rt (1.3)

= 2(Φ(2)(~rt) · Φ(2)(~rt))i,j , (1.4)

where Φ(2)(~rt) is the Hessian of Φ at ~rt. We used the fact that ∂kΦ)|~rt = 0, and that
the Hessian is symmetric (lemma of Schwartz). The last expression can be written as
Φ(2) t(~rt) ·Φ(2)(~rt) and is obviously positive definite (provided Rank(Φ(2)(~rt)) is full), and
thus ~rt is indeed a minimum. To create a confining pseudopotential at some position ~rt,
we will want the electric field amplitude at this position ~E(~rt) = −~∇Φ(~rt) =: −Φ(1)(~rt)
to be zero.

1.1.2 Strength of trapping

The requirements on the E-field amplitude guarantee a trap, but makes no statement
about its strength. For trapping a particle in a potential, the trap depth H, defined as
the potential difference between the minimum of the trap and the lowest saddle point
is crucial. In our case we will always choose a minimum that is also a zero, so the trap
depth is the height of the lowest saddle point. Unfortunately this is by definition a
non-local property of the potential, and is a parameter far too complex to be optimized
for when calculating the electrode configuration. After optimizing, the trap depth will
of course be calculated to characterize the strength of the trap.

The mean frequency ω is a local property of the trap defined to be the geometrical
mean of the trap’s principal secular frequencies. Indeed, because the pseudopotential
has a minimum at the trap, we can approximate the pseudopotential to to second order
by: Ψ(~r) ' Ψ(~rt) +~rt ·Ψ(2)(~rt) ·~r. By diagonalizing the symmetric Hessian, we can then
decouple the Schrödinger equation of the ion in that potential into three independent
Schrödinger equations of a harmonical oscillator with secular frequencies ωi associated
with the eigenvalues of the pseudopotential’s Hessian λi:

1

2
mω2

i =
1

2
λi,

so that:

ω2
i =

1

m
λi.

The eigenvalues λi, and thus the principal frequencies, correspond to the second deriva-
tives of the pseudopotential along the principal axes of the ellipsoid defined by the
quadratic form associated with its Hessian. Finally we calculate that the geometrical
mean of the traps principal frequencies is:

(ω)2 = (ω1ω2ω3)
2
3 =

1

m
(λ1λ2λ3)

1
3 =

1

m
|det(Ψ(2)(~rt))|

1
3 .



We now define the mean curvature of the potential itself

K = |det(Φ(2)(~rt))|
1
3 .

This mean curvature is directly linked to the mean frequency:

(ω)2 =
α

m
|det(2Φ(2)(~rt) · Φ(2)(~rt))|

1
3

=
2α

m
|det(Φ(2)(~rt))|

2
3

=
2α

m
K2,

(1.5)

where for simplicity we define α = e2

4mΩ2
rf

to be the proportionality constant between

pseudopotential and electric field amplitude (see Eq. 1.1). We will see in the following
that ω is not entirely fitting for characterizing the trap.

1.2 Characteristic parameters of a Paul trap

Let us limit to binary electrode configuration, that are put to a unique rf-voltage Urf

or to ground. Allowing further amplitudes does not experimentally make sense, all the
more when considering a SET, where fabricating a binary pattern, that may not be
simply connected (i.e. with ”islands”), is already challenging enough.

Let us define the unit-less potential ϕ through Φ = Urfϕ. ω is linked to Ωrf through
the q-value q = ω

Ωrf . For given e, m and q the mean secular frequency amounts to:

(ω)4 =
2q2e2Urf

4m2
|det(2φ(2)(~rt))|

2
3 .

To reach a given value of ω for a given e, m, a lot of combination of the parameters Urf, q
and of the geometry dependent |det(2φ(2)(~rt))|

2
3 are possible. Of all those combinations

the most interesting is the one where Urf and q are minimal and compensated by the
geometry dependent |det(2φ(2)(~rt))|

2
3 . Indeed Urf has to be limited to avoid a Zener

breakdown in the dielectric under the electrodes. And limiting the q-value is crucial to
avoid micro-motion.

We therefor concentrate in maximizing the ”unit-less” curvature |det(2φ(2)(~rt))|
2
3 .

To make a satisfactory characteristic parameter out of this entity, we make it scaling
independent (”dimensionless”), by scaling the laboratory frame to a new frame where
the minimal ion-electrode distance, z is one. This can be performed for the curvature as
well as for the trap depth. Because both contain derivatives of the potential, this scaling
will have an impact. The change of coordinates is:

~̃r = ~r/z, and thus ~dr = z ~dr̃

We can then rewrite the unit-less potential ϕ as:

ϕ(~r) = ϕ(z~̃r) =: ϕ̃(~̃r)



We can then rewrite the total differential (and thus the gradient) through the chain rule:

dr̃ϕ̃(~̃r) = zdrϕ(~r), and thus: drϕ(~r) =
1

z
dr̃ϕ̃(~̃r).

This ϕ̃ is the unit-less and dimensionless electric potential amplitude, i.e. the electrical
potential in the trap scaled to z=1, with Urf = 1. This holds because ϕ̃ is also a solution
of the Laplace equation in the new frame:

∂̃i∂̃iϕ̃ = ∂̃i(z∂iϕ(zr̃)) = z2∂i∂iϕ(r) = 0,

where we dropped the vector arrow for simplicity. We will later use a similar potential
in our computation.

We can now express the pseudopotential, trap depth and mean curvature via this
new potential. The pseudopotential changes to:

Ψ(~r) =
e2U2

rf

4mΩ2
rf

‖drϕ(~r)‖2 =
e2U2

rf

4mΩ2
rf

1

z2
‖dr̃ϕ̃(~̃r)‖2.

Evaluating this at the lowest saddle point ~rs near the trap, we get the trap depth:

H = Ψ(~rs) =
e2

4mΩ2
rf

U2
rf

z2
‖dr̃ϕ̃( ~̃rs)‖2︸ ︷︷ ︸

η

. (1.6)

The above η is the unit-less and dimensionless entity corresponding to the trap depth
H, and is called dimensionless trap depth.

Analogously we may rescale the mean curvature:

K = Urf|det(ϕ(2)(~rt))|
1
3 = Urf|det(

ϕ̃(2)(~̃rt)

z2
)|

1
3 =

Urf

z2
|det(ϕ̃(2)(~̃rt))|

1
3︸ ︷︷ ︸

κ

, (1.7)

where again we defined the dimensionless (and unit-less) curvature κ.

κ in terms of the mean frequency of the potential ω̄ is obtained by use of Eq. 1.5:

ω̄2 =
2α

m
K (1.8)

= 2
e2U2

rf

4m2Ω2
rfz

4
κ2 so that: (1.9)

ω̄ =
√

2
eUrf

2mΩrfz2
κ (1.10)

(1.11)

After optimizing the geometry of a trap, we have to go back to physics and choose
dimensions and plug in numbers with units. Explicitly, this means that after having



optimized the geometry, and calculated the according purely geometrical κ and η, we
will want to know what Ωrf, Urf to plug in while aiming for a certain range of secular
frequency, compatible with the pseudopotential approximation. This above equation
will offer a valid link between most of these physical entities.

1.3 electrostatics of SETs and DSETs

We exposed how we intended to create a strong electromagnetic trap. To calculate
the optimizing parameters, we first need to get familiar with how to calculate electric
potentials.

Surface electrode traps (SETs) are Paul traps, where all the electrodes are placed
on one grounded plane. DSETs have a second grounded electrode plane on top of it
with trap(s). We exposed previously that we would only allow a binary structure of the
electrodes, i.e. electrodes either to ground, or to the rf-voltage, with uniform amplitude
and phase.

The general potential Problem inside a volume V bounded by a surface ∂V is solved
via a Green’s function G(~x, ~x ′) that has to satisfy:

∆x′G(~x, ~x ′) = −4πδ(~x− ~x ′), ∀~x, ~x ′ ∈ V.

Indeed using Green’s second identity
ˆ
V

Ψ∆Φ− Φ∆Ψ d3x′ =

ˆ
∂V

Ψ~∇Φ− Φ~∇Ψ · ~d2x′,

with Ψ(~x ′) = G(~x, ~x ′) together with the Poisson equation ∆Φ = − ρ
ε0

, we get for ~x ∈ V :

Φ(~x) =
1

4πε0

ˆ
V
G(~x, ~x ′)%(~x ′) d3x′ − 1

4π

ˆ
∂V

Φ(x′)~∇G(~x, ~x ′)−G(~x, ~x ′)~∇Φ(~x ′) ~d2x′,

(1.12)

Where ~d2x′ is a surface element pointing outwards of the volume V .
We are in the presence of a Dirichlet boundary problem, where Φ(~x ′) is defined on

the boundary. Then we impose a supplementary requirement on the Green’s function,
so that the right hand side of the second integrand containing the unknown ~∇Φ(~x ′)
disappears. We achieve this by requiring:

G(~x, ~x ′) = 0, ∀~x ′ ∈ ∂V, ∀~x ∈ V.

In our problem, the volume is free of charges, so that the volume integral vanishes
as well and we get:

Φ(~x) =
1

4π

ˆ
∂V

Φ(x′)~∇G(~x, ~x ′) · ~d2x′.

Where the Green’s function is specified through the two requirements:{
∆x′G(~x, ~x ′) = −4πδ(~x− ~x ′), ∀~x, ~x ′ ∈ V

G(~x, ~x ′) = 0, ∀~x ′ ∈ ∂V, ∀~x ∈ V
(1.13)



Eq. 1.13 is just an electrostatic Poisson equation, of the potential at the point ~x ′

of a charge 4πε0 at the position ~x ∈ V , in an otherwise charge-free volume V and
with possibly more charges outside V . The second requirement constrains this potential
G(~x, ~x ′)|x fixed parametrized by ~x, to be zero on the boundary surface ∂V .Thus the
Green’s function can be seen as the potential of a charge 4πε0 at the position ~x in an
otherwise free volume V bounded by a perfect conductor.

In the mirror charge representation, the Green’s function for fixed x, can be consid-
ered as the potential of the charge distribution parametrized by x, of a charge 4πε0 at
the position ~x ∈ V and of a (mirror-)charge distribution outside V , so that this potential
is zero on the surface.

Defining the surface Green’s function[9] to be

G(S)(~x, ~x ′) =
1

4π

∂

∂n′
G(~x, ~x ′),

where n′ is the outward normal vector to the surface, we can rewrite the above as:

Φ(~x) =

ˆ
∂V

Φ(x′)G(S)(~x, ~x ′) d2x′,

meaning that the surface Green’s function propagates the potential from the surface ∂V
into the volume V .

Let us now come to our specific Dirichlet problems.

1.3.1 Single-plane Dirichlet problem

The single-plane problem can be solved by the mirror charge technique. Indeed as
was indicated before, the Dirichlet Green’s function corresponds to the potential of a
charge 4πε0 at x in V , together with an outside charge distribution, so that this potential
vanishes on the boundary surface, here a plane, parametrized by the equation z = 0. If we
choose the outside charge distribution to be a charge of amplitude −4πε0 mirrored with
respect to the charge inside V the potential vanishes on the plane. The two requirements
of Eq. 1.13 are satisfied. We can write this potential as a sum of Coulomb potentials:

G(~x, ~x ′) =
1

‖~x− ~x ′‖
− 1

‖~xm(x)− ~x ′‖
, (1.14)

where ~xm(x) = ~x − 2~x · ẑ is the position of the mirrored charge. Plugging this Green’s
function inside Eq. 1.12, we get the potential above the plane, using that the potential
on the plane is binary (0 outside the electrodes or V on the electrodes on the surface S):

Φ(~x) = −
ˆ
∂V

Φ(~x ′)~∇G(~x, ~x ′) · ~d2x′ = V

ˆ
S
− ~x− ~x ′

‖~x− ~x ′‖3
· ~d2x′︸ ︷︷ ︸

dΩ′

= V

ˆ
S

dΩ′ = V ΩS ,

(1.15)
where dΩ′ is the solid angle element spanned by the infinitesimal surface element d2x′ ,
as viewed from the position ~x, and ΩS the solid angle spanned by S as viewed from ~x.



Using the identity

~∇rΩS(~r) =


∂S

dr′ ∧ (~r − ~r ′)
‖~r − ~r ′‖3

,

we can express the electric field associated with the potential in Eq. 1.15 as:

~E(~r) = V


∂S

dr′ ∧ (~r − ~r ′)
‖~r − ~r ′‖3

, (1.16)

called the Biot Savart-like law of electrostatics[7][8]. This expression will be greatly used
in the optimization program for a single plane.

1.3.2 Parallel plane Dirichlet problem

Let us now consider two parallel planes parametrized by ~r · ẑ = 0 and ~r · ẑ = H. This can
again be solved with the mirror charge technique. When one puts mirror charges with
respect to the two electrode plane, we create two dipoles that produce zero potential on
their respective plane, but interfere with each other. One takes care of this interference
with supplementary mirror charges that create new dipoles that again interfere. Going
on to infinity, we produce the desired Green’s function[9]:

GH(~r, ~r ′) =

∞∑
µ=−∞

G(~r + 2µHẑ, ~r ′), (1.17)

where G is the single-plane Green’s function Eq. 1.14. This sum converges quickly for
‖r − r′‖ < H[9]. For bigger ion-ion distances, it is of interest to use the cylindrical
symmetry of the problem to derive an alternative Green’s function[10] [9]. We write
GH in cylindrical coordinates using the azimuthal symmetry G(~x, ~x ′) = GH(ρ, z, ρ′, z′),
expanding it in a sine-series in z′: GH(ρ, z, ρ′, z′)|fixed x =

∑
n sin(nπz

′

H )f(ρ, ρ′, z), where
f is some function. Then using the symmetry of G under permutation of x and x′, we
obtain:

GH(ρ, z, ρ′, z′) =
∑
n

sin(
nπz′

H
) sin(

nπz

H
)g(ρ, ρ′).

Choosing a coordinate system so that ~x = zẑ, i.e. ρ′ := ρ, and ρ = 0 so that we get
g = g(ρ) we now want to insert the above expression in the Laplace equation expressed
in cylindrical coordinates:(

∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

∂2

∂z2

)
G(ρ, z, ρ, z′) = 0,(

∂2

∂ρ2
+

1

ρ

∂

∂ρ
+ k2

)
G(ρ, z, ρ, z′) = 0 with k =

nπ

H
,(

∂2

∂ρ2
+

1

ρ

∂

∂ρ
+ (k2 +

ν2

ρ2
)|ν=0

)
G(ρ, z, ρ, z′) = 0,

(1.18)

which is a modified Bessel differential equation of order 0 with k2 → −k2 , that is solved
by the modified Bessel functions of the first and second kind Iν(kρ) and Kν(kρ). The



two functions differ in their behavior at zero and infinity, namely I is continuous at 0
while K diverges. We know that G diverges at ρ = 0 because G is the potential of a
charge distribution with a point charge at ~x i.e. at ρ = 0. So G has to be proportional
to K0 and we get:

GH(z, z′, ρ) ∝
∑
n

sin(
nπz′

H
) sin(

nπz

H
)K0(

nπρ

H
). (1.19)

The asymptotic behavior of K0 is ([10] p116):

K0(x) '


−(ln(x/2) + 0.5772 . . . ) x� 1√

π

2x
e−x(1 + 0(

1

x
)) x� 1

. (1.20)

To get the proportionality factor in Eq. 1.19, we can study the behavior of G around
zero, knowing that the following has to hold: ∆GH = −4πδ. We finally get[9]:

GH(z, z′, ρ) =
4

H

∑
n

sin(
nπz′

H
) sin(

nπz

H
)K0(

nπρ

H
) (1.21)

1.3.3 Regimes of coupling

With the Green’s function G in hand, we can discuss the different regimes of coupling,
i.e. the different regimes of the Coulomb interaction energy given by [9]:

G(x, x′)qq′

4πε0
.

Indeed, G(x′, x′) is the potential at x′ created by a charge of magnitude 4πε0 at x
together with the potential produced by the induced surface charge density simulated
by the mirror charge. Dividing G by 4πε0 and multiplying by q the charge at x, and
then by q′, the charge at x′, we get the electrostatic energy of this two-charge system in
the volume V .

For our specific problem with two parallel planes, we wrote the Greens function in
cylindrical coordinates: GH(%, z, z′). Where % is the horizontal ion-ion distance, and z,
z′ their respective heigth. In our following calculation we only consider ions being at the
same heigth h. We can then think of three regimes[9]:

i) The regime %� h < H. We consider only the two charges, neglecting the effect of the
two planes. There is only a pure Coulomb interaction, and accordingly GH ' 1

% .

ii) The regime h� %� H. The bottom plane is close to the two charges, but the cover
plane is still far away. We thus have to use the single plane Green’s function. In
the mirror charge representation, the Green’s function is just the potential of the
dipole like structure of one charge and it’s mirrored one. For h � %, we expand
Eq. 1.14 for small h and we get: GH ' 2h2

%3
.



iii) The regime %� H so that we have to use the parallel Green’s function in the limit
ρ → ∞. We use the representation Eq. 1.21 of GH . The exponential asymptotic
behavior of the modified Bessel function in Eq. 1.20 justifies taking only the n = 1
part of the sum, because higher orders are exponentially damped. We get: GH '
4
H sin(πhH )2

√
πH
2π%e

−π%
H =

√
8
%H sin(πhH )2e−

π%
H . This behavior signifies that the two

planes exponentially damp the ion-ion interaction.

1.4 Ideal single traps: ring and double-disc trap

Optimizing a single isolated trap by maximizing its dimensionless curvature offers a
problem, that will already give some insights in the electrostatics of SETs and DSETs,
before we go over to the periodic case.

Furthermore we expect the periodic optimization to asymptotically tend to the single
trap regime when the ion-ion distance gets much bigger then the height of the ions. Here
again, two regimes arise. First if h� H we will obviously tend to obtain an ideal single
SET, while for higher ions, the cover plane electrodes start being of use, and we will
tend to obtain an ideal single DSET.

We will later see that by bringing the ions closer together, at a fixed height, the
electrodes have no room to offer an ideal single pattern, and start interfering with each
other. Comparing the characterizing parameters κ and η of the ideal single traps with
their periodic analogue will then give a nice estimation of how important this interference
is.

1.4.1 Ideal single SET: the ring trap

The ideal binary single SET has cylindrical symmetry, so that we expect the binary
electrode pattern to be composed of ring electrodes. To produce a quadrupole trap,
one furthermore needs to split the field lines toward two different ground electrodes (see
Fig. 2), so that it we may optimize only over two radii: the outer and inner radius of one
ring electrode. We used the existing potential calculation function of the mathematica
package SurfacePattern.nb[6]: ComputeFinitePotential[] together with the electrode
definition function DiscPixel[]. This part of the code is using the Biot-Savart law of
Eq. 1.16.

After optimizing we find the following dimensionless curvature and trap depth:{
κ = 0.298

η = 0.0196,
(1.22)

in agreement with the values calculated in [1]. For unit height, the inner and outer radii
were found to be r1 = 0.678 and r2 = 3.381 respectively, giving a ratio between outer
and inner radius of r2

r1
= 4.98 (again in agreement with [1]). For more details, see the

mathematica notebook with all the calculations[11]. The outer radius being more than
three times bigger then the height of the ion, one can predict that when bringing several
such traps together in an array, the traps will start interfering for a height over ion-ion
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Figure 1: unit-less pseudopotential of the ring trap along the x resp. z direction. Both direction
have a saddle point, the one in the z direction being lower then the one in the radial direction.
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Figure 2: Electric field lines of the ideal ring trap in the x− z plane. The rf electrode is shown
in red while the ground electrodes are in blue. A red dot indicates the location of the trap.

distance of about 1/6 = 0.17. (not taking into account that some of the surrounding
ground is necessary to produce the trap).

The plots in Fig. 1 of the unit-less pseudopotential ψ along the x and the y axes
show that in both directions the pseudopotential has a saddle point, the lowest being
the one on the z-axis. Figure 2 shows the electric field lines in the y = 0 plane, and
illustrates the splitting of the field lines starting from the rf-electrode (in red) towards
the inner ground patch and the outer one (in blue).

1.4.2 Ideal single DSET: The double-disc trap

To optimize the single DSET we use the same symmetry argument as for the single SET.
Because of cylindrical symmetry we optimized the dimensionless curvature by varying
the dimensions of one bottom and one cover ring electrodes, as well as the relative
height of the traps with respect to the height of the cover plane. Calculations show
that the dimensionless curvature is maximal at half height. At half height the ring
electrodes reduce to discs. We thus nicknamed this trap as a ”double-disc trap”. The
disappearance of the central ground electrode patch transforming the ring electrodes to
discs highlights that the cover electrode can give the additional grounded surfaces for
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Figure 3: Electric field lines of the ideal double-disc trap in the x − z plane. The rf electrode
are shown in red while the ground electrodes are in blue. A red dot indicates the location of the
trap.

the electric field lines coming from the bottom rf electrode to split, while being squeezed
by the top rf-electrode. This behavior is clearly visible in Fig. 3.

The optimization shows that for unit height of the ion, the radius of the disc elec-
trodes is r = 0.816. Thus, the presence of a cover electrode diminishes the dimensions
of the electrodes by a factor 4 with respect to the ring trap. This is of great importance
when arranging several trap together in an array. The strong single trap regime ex-
tending to much closer traps. The critical ratio of height over ion-ion distance becomes
z/d = 1

2r ' 0.6.
Not only is the dimension of the double-disc trap smaller, but the characteristics of

it are significantly improved. Calculations[11] show that the characteristics of the trap
improve by a singificant amount to:{

κ = 0.703 (+136%)

η = 0.0911 (+364%)
. (1.23)

The plots in Fig. 4 of the unit-less pseudopotential ψ along the x and the y axes
for a trap at h = 0.5 show that the cover plane is responsible for the disappearance
of the saddle point of the pseudopotential in the z direction. The trap depth in that
direction is then no longer limiting (see Fig. 4b) and is then equal to the value of the
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Figure 4: unit-less pseudopotential of the double-disc trap along the x resp. z direction. A main
feature of thos plots arises when comparing the z behavior of Fig. 4b and Fig. 1b. One saddle
point disappears in the double-plane setting.

pseudopotential at the disc electrodes that is going as the square of the rf-voltage.

1.5 Periodic SETs and DSETs

Currently only finite arrays of traps in a SET are experimentally implemented [5]. Peri-
odic arrays of traps were studied theoretically in a SET[1] but have not been implemented
on a large scale yet. The periodicity of the trap locations introduces a periodicity of the
electrode pattern. This periodicity is of great interest because it allows us to expand the
electrodes characteristic function into a Fourier series.

1.5.1 Propagation of electrode pattern Fourier modes

We consider a periodic electrode pattern on the plane z = 0, where we have to use the
Green’s function G or GH for the case with or without cover plane. Calling the Green’s
function G we can write the potential as the integral

Φ(~r) =

ˆ
z′=0

Φ(~r ′)G(S)(~r, ~r ′) d2r′.

In reciprocal space we consider the mirror charge representation of the Green’s function
that is a sum of Coulomb potentials, functions of ‖~r − ~r ′‖. We can then identify the
above integral as a convolution with respect to the variables x and y:

Φ(~r) =

ˆ
Φ(x′, y′, 0)G(S)(x− x′, y − y′, z′) dx′dy′ = Φ(x, y, z)|fixed z ∗G(S)(x, y, z)|fixed z,

so that the horizontal Fourier coefficients of the potential are given by the products of
the Fourier coefficients of the functions that are convoluted:

Φ(k, z) = Φ(k, 0) ·G(S)(k, z),



where both Fourier coefficients are given by the transformation for a general function
f(x, y, z), periodic in x and y with period Lx and Ly:

f(k, z) :=
1

2π

ˆ
f(x, y, z)e−ı(kxx+kyy) dxdy, where: kx ∈

2πZ
Lx

, and, ky ∈
2πZ
Ly

. (1.24)

We can write the potential as a sum of the horizontal Fourier modes propagated outside
the plane:

Φ(x, y, z) =
∑
k

Φ(k, 0)G(s)(k, z)eı(kxx+kyy) (1.25)

For the single-plane problem one may now compute G(S)(k, z). We do not want
to explicitly perform the integration of Eq. 1.24. Indeed, the Laplace condition on the
potential yields:

0 = ∆Φ(x, y, z)|z>0 =
∑
k

Φ(k, 0)(
∂2G(S)

∂z2
(k, z)− k2)eı(kxx+kyy),

where k2 = k2
x + k2

y, which can be reduced to the differential equation:

∂2G(S)

∂z2
(k, z)− k2 = 0

together with the boundary condition that G(S) has to vanish at z → ±∞ (it is just a z
component of an electric field of the two charges). Defining k =

√
k2, we get,

G(S)(k, z) = G(S)(k, z) = e−k|z|. (1.26)

The cylindrical symmetry of G is also visible in reciprocal space and the proportionality
constant was found to be 1 as can be verified at z = 0 (see [7]). Eq. 1.27 now takes the
form:

Φ(x, y, z) =
∑
k

Φ(k, 0)e−k|z|eı(kxx+kyy) (1.27)

This result can be used for the parallel-plane problem. Indeed we derived a mirror
charge representation of the Green’s function (Eq. 1.17):

GH(~r, ~r ′) =
∞∑

µ=−∞
G(~r + 2µHẑ, ~r ′),

so that for the surface Green’s function must hold:

G
(S)
H (~r, ~r ′) =

∞∑
µ=−∞

G(S)(~r + 2µHẑ, ~r ′)



Going again into the reference frame where the z axis goes through ~r, and changing to
cylindrical coordinates, we get in reciprocal space:

G
(S)
H (k, z) =

∞∑
µ=−∞

G(S)(k, z + 2µH)

=

∞∑
µ=−∞

e−k|z+2µH|

=
∞∑
µ=0

e−k(z+2µH) +
−1∑

µ=−∞
ek(z+2µH) because 0 < z < H

=

∞∑
µ=0

e−k(z+2µH) +

∞∑
µ=1

ek(z−2µH)

= e−kz
∞∑

mu=0

(e−2kH)µ + e(z−2H)k
∞∑
µ=H

(
e−2HK

)µ−1

=

 ∞∑
µ=0

(e−2kH)µ

(e−kz − e(z−2H)k
)

the left-hand side is a geometrical series. e−2kH < 1 because the exponent is negative,
and the series converges:

=

(
1

1− e−2kH

)(
e−kz − e(z−2H)k

)
=
ek(H−z) − e−k(H−z)

ekH − e−kH

=
sinh (k(H − z))

sinh (kH)
.

(1.28)
One sees that for H →∞ it goes as e−kz, i.e. as in the single plane regime.

1.5.2 Interference of neighboring traps

We just derived an expression for how the Fourier mode of the electrode pattern prop-
agate into the space between the electrodes. In the end, we want to trap stable qubits,
that we can manipulate with lasers. Thus for a fixed ion-ion distance the periodic trap
lattice should be located as far as possible from the electrode plane, not only in order to
be able to address the ion with a laser, but also to reduce disturbances of the qubit due
to Johnson noise and Anomalous heating[1][3][4]. The study of the ideal single traps in
Sect. 1.4 already offered insights in how the single traps would interfere. We discovered
that the presence of cover electrodes significantly compactified the dimensions of a sin-
gle trap, which is very promising when one is thinking of bringing several traps close



together. The above derivations explain the propagation of the Fourier modes of the
patterns and thus offer new insights on how the trap interfere.

The parallel surface Green’s function in Eq. 1.28 and its limiting form Eq. 1.26 show
that close to the surface, each Fourier mode of the surface potential with wave vector
amplitude k is exponentially damped when remaining close to the surface (small z). We
single out e−kz in Eq. 1.28:

G
(S)
H (k, z) =

sinh (k(H − z))
sinh (kH)

= e−kz
(

1− e2kz(e−2kH)

1− e−2kH

)
= e−kz

(
1− e−2kH

1− e−2kH
(e2kz − 1)

)
.

(1.29)

Writing k ' 2π
L n where L is the biggest characteristic length scale of the lattice, we

see that the surface Green’s function decay exponentially as e−kz, provided L . nH or
nz . L. The smallest k is the less damped Fourier mode, and is of the magnitude 2π/L.
The largest Fourier mode falls off as e−2πz/L, and thus the periodic voltage modulations
are only visible on height scales of the order of the biggest characteristic length in one
unit cell. We therefor expect not to be able to trap at heights much higher than L, i.e.
for heights much larger than the ion-ion distance.

2 Programming

The aim of this work was to evaluate if periodic arrays of traps in a DSET would bring
significant improvements to the quality of the traps with respect to periodic SET. Our
aim was thus to adapt Roman Schmied’s mathematica package SurfacePattern, to
optimize the electrode shape on two planes instead of one, and then to characterize how
optimal their geometry is, with appropriate parameters.

We will now explain the main traits of the program and of the algorithm and com-
putation techniques behind it. The code itself will be only briefly discussed.

We optimized the geometry of DSETs for several lattices, and calculated the corre-
sponding dimensionless characteristics. We will be able to compare those to the charac-
teristics of the corresponding SETs. With these characteristics, we can scale the traps
back to various real physical frames with dimensions and units, and evaluate the strength
of these traps.

2.1 The algorithm: general principles

2.1.1 Mathematical formulation of the problem

The aim of the algorithm is to optimize the shape of the electrodes to achieve a maximal
dimensionless curvature κ of the corresponding electric potential at a set of M traps
{~rl}|Ml=1[1].



This implies that we require the potential’s first derivative to be zero at those trap
locations (see the derivations inSect. 1.1.1):

Φ
(1)
i (~rl) = 0 ∀i ∈ {1, 2, 3}, ∀l ∈ {1, . . . ,M}.

It wasn’t much effort to constrain also higher derivative tensors, the general form of
the algorithm implemented in the program is the following.

The algorithm optimizes the shape of an electrode pattern to achieve a maxi-
mal dimensionless curvature κ of the corresponding electric potential at a set of M
locations in space {~rl}|Ml=1 , where optionally the potential’s derivative tensor com-

ponents (currently from 0th up to third order) Φ
(d)

l j = Φ
(d)
j (~rl) d = 0, . . . , 3, j =

0, . . . , d2, l = 1, . . . ,M can be constrained to take on given values at those locations.

We want to optimize the geometry of a periodic electrode pattern. The periodicity
implies that it is sufficient to optimize the pattern in one unit cell. We choose to divide
the unit cell in n × n polygons, that we will from now on call pixels as in [1]. If we
consider a cover plane, we divide the unit cell similarly. Each of those N pixels has
an unknown potential of value either 0 or Urf. Let ~U be the vector containing all the
pixels voltage. We want Ui ∈ {0, Urf.}We then define the electrode characteristic vector
~θ =

~U
Urf
, with θi ∈ {0, 1}. ~U completely defines the solution. We split this information

into two objects: ~θ specifying the electrode’s geometry and Urf.
We write as well the potential constraints in vectorform:

~b =
(

Φ
(0)

1 , Φ
(1)

1 1,..,3, Φ
(2)

1 1,..,9, . . . , Φ
(3)

M 1,..,27

)
.

~b is a flattened form of the tensor Φ
(d)

l j where the new single index runs through the
indexes j, d and then l.

Finally we define the tensor containing the potential tensor of order d of the ith pixel
at the trap location l ∈ {0, . . . ,M} to be:

Θ
(d)

l ij d = 0, . . . , 3, j = 0, . . . , d2, l = 1, . . . ,M, i = 1, . . . , N

The goal of the optimization is to find the optimal ~θ and Urf, so that:

Urfθi · Θ
(d)

l ij = Φ
(d)

l j .

We write the contraction of the index i as a Matrix multiplication and get the discrete
linear problem:

A · Urf
~θ = ~b.

A is a 2-dimensional flattened form of the tensor Θ, where the index j in Aij runs

through the indexes j, d and then l of Θ
(d)

l ij .



We require the values of ~θ to be railed[1], meaning that we want the values to be
binary (0 or 1), and we want to optimize κ at all the trap location (at all l). We notice
that the dimensionless curvature at the trap location with index l, is given by Eq. 1.7:

κl =
z2
l

Urf
|det( Φ

(2)
l )|

1
3 = Cz2

l |det( Φ
(2)

l )|
1
3 , where: C =

1

Urf
.

The above equation highlights that optimizing the dimensionless curvature is equivalent
to minimizing Urf, or equivalently to maximizing C = 1

Urf
because C is the only parameter

in the above expression that is left to optimize.
We can thus finally write the problem as:

Maximize C under the condition A · ~θ = C~b, together with the railing condition
θi ∈ {0, 1}.

Schmied presents an efficient solution of this discrete linear optimization problem.

2.1.2 Solving the problem

To solve the problem we first neglect the railing condition. We want to solve a linear
equation A · ~θ = C~b, so we seek a particular inhomogeneous solution ~θp and a general

homogeneous solution ~θh. One way of finding an inhomogeneous solution is by using the
Moore-Penrose pseudo-inverse of A, named A+.

Let’s consider the linear equation system Mx = c, where: x ∈ RN , c ∈ RM , M ∈
RM×N . M+c then gives the optimal inhomogeneous solution to the problem in the sense
that it has minimal norm. This will give us a well behaved voltage distribution, that
we then can try to rail by adding a homogeneous solution. Indeed, the solution space
to the equation is the affine linear vector space M+c + Ker(M). This corresponds to a
hyperplane embedded in RN . M+c is the only vector orthogonal to that hyperplane,
(starting at 0).
We define the optimal inhomogeneous solution to be θp = Cγ = CA+b. The solution
space to our problem is then Cγ + Ker(A).

Let us now come back to the railing condition. The electrode characteristic vector ~θ
lies in the parameter space RN . The condition that the solution θ is railed corresponds
to restrict the optimization to the corners of the hypercube [0, 1]N (see 3-dimensional
representation in Fig. 5). The solution space is the affine space Cγ + Ker(A) with
variable offset controlled by C. Any railed solution to our problem is an intersection of
this variably offset plane with one corner of the hypercube. As the offset of the plane
grows bigger the plane intersects the cube and passes through all the corners of the cube
(see Fig. 5a and Fig. 5b), until it intersects the farthest corner (Fig. 5c) and then leaves
the hypercube (Fig. 5d). This last corner is the solution of our problem, because it is
railed and it maximizes the offset, i.e. it maximizes C. Thus instead of optimizing only
on the discrete set of corners {0, 1}N , we may as well optimize on the continuous compact
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Figure 5: Illustration of the how the discrete linear problem is solved by constraining a continuous
linear problem. The yellow hypercube represents the space were we seek a solution, while the
variably offset blue plane is the general solution space of the non constrained linear problem.
Maximizing the offset of the plane yields a unique maximally railed solution.

set of the hypercube [0, 1]N . The condition to maximize C only on the hypercube, will
automatically take care of railing the solution. This corresponds to a common approach
to the integer optimization problem, where if necessary, additional constraints are added
to a linear problem in order to force an integer solution.

In the analogy of the hyperplane, we implicitely assumed the affine linear space
Cγ + Ker(A) (with fixed C) to be N − 1-dimensional, Meaning that Ker(A) is N − 1
dimensional. But actually if c ∈ N is the number of linearly independent conditions
on the potential, i.e. c = Rank(A) (for full rank this is just the length of the condition
vector~b), then dim(Ker(A)) = N−Rank(A) = N−c. Thus in our 3-dimensional analogy,
the affine linear space is a ”hyperline” (see Fig. 6 rather then a hyperplane. Then the
solution with maximal offset will not necessarily intersect a corner of the hypercube,
but rather an edge (Fig. 6b), meaning that some components of the solution will not be
railed, and will have an interior value, inside the range [0, 1]. The amount of unrailed
pixels can be found by considering the space {Cγ+Ker(A), C ∈ R+} that adds a further
dimension to the space Ker(A) so that its dimension is P = N − c + 1. In Fig. 6 this
space corresponds to the plane formed by shifting the line along the direction given
by the arrow. The intersection of this space with the hypercube will give a set of the
same dimension, meaning that we have P free parameters that we can rail. The other
N − P = c− 1 parameters are fixed and will thus in general not be railed.

With c the number of constraints on the potential, c−1 pixels will not be railed.

As we increase the resolution of the mesh in the unit cell, N grows bigger and the
amount of unrailed pixels c− 1 gets comparatively small.

We now need to transcribe this idea in a form suitable for calculation. We start with
the following problem.
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Figure 6: Illustration of the how the discrete linear problem is solved by constraining a contin-
uous linear problem. The yellow hypercube represents the space were we seek a solution, while
the variably offset blue line is the general solution space of the non constrained linear problem.
Maximizing the offset of the line yields a unique maximally railed solution given by the inter-
section of the line with the edge of the cube in Fig. 6c. One component of this solution is not
railed.

Find θ so that:

i) θ = Cγ + θh

ii) θh ∈ Ker(A)

iii) θ ∈ [0, 1]N

iv) C maximal.

We want to transform this problem into an optimization of C = C(θ), under a linear
condition depending only on θ, and in the region [0, 1]N , thus we want to rewrite i), ii)
and iv) without the use of C or θh.

• As γ is orthogonal to Ker(A), we can write Ker(A) ⊆ Span(γ)⊥. Indeed, the
hyperline Ker(A) (for C = 0) in Fig. 6 is a subset of the hyperplane Span(γ)⊥ (for
C = 0), in Fig. 5. We thus write the projector P⊥γ corresponding to the space

Span(γ)⊥ as:

P⊥γ = I− ~γ · ~γ t

~γ t · ~γ
.

Then we can write θh = P⊥γ θ and the requirement ii) can be rewritten as AP⊥γ θ = 0,
i.e.:

A

(
I− ~γ · ~γ t

~γ t · ~γ

)
θ = 0.



Using the fact that Aγ = b this simplifies to:(
A−

~b · ~γ t

~γ t · ~γ

)
θ = 0.

• Multiplying θ = Cγ + θh with ~γ
~γ t·~γ , we get:

~γ t · ~θ
~γ t · ~γ

= C
~γ t · ~γ
~γ t · ~γ︸ ︷︷ ︸

=1

+
~γ t · ~θh
~γ t · ~γ︸ ︷︷ ︸

=0

,

and so we get:

C =
~γ t · ~θ
~γ t · ~γ

.

So finally to summarise, the optimization problem takes the form:

-maximize ~γ t·~θ
~γ t·~γ

-with boundary condition:
(
A− ~b·~γ t

~γ t·~γ

)
θ = 0

-on the set [0, 1]N

2.2 The code: implementing the algorithm

The main part of the optimization code calculates the matrix A and the condition ~b, and
puts them into the appropriate form. The proper optimization problem in Fig. 2.1.2 is
then readily taken care of by the built-in Mathematica function: LinearProgramming[].
See the command line

p =LinearProgramming[−γr, Join[BBr,Bineq], Join[Table[{0, 0}, {Length[BBr]}],bineq],

pixelranges,Evaluate[FilterRules[{opts,Options[OptimalPeriodicPattern]},
Options[LinearProgramming]]]];

(2.1)



2.2.1 overview of the code’s structure

The mathematica package SurfacePattern ([6]) is split into nine section. Only three
of them will be discussed in the following:

• potential calculation

• optimization

• plotting

These were the section that were modified to be compatible with optimizing electrodes
on the cover plane. The main changes are listed in Appendix C. The sections of the
code that were used by the functions I changed were extensively commented.

3 Computation

The code allows us to inquire if indeed adding a second electrode plane would improve
the characteristics of the trap. To analyze how the trap characteristics change, we repli-
cate the result for periodic SETs contained in[1], and make the analogous calculations
for DSETs. Schmied optimized the geometry of 4 different lattices for variable ratios
z/d of ion height over ion-ion distance, and calculated the corresponding dimensionless
curvatures and trap depths. We will expose both results, and subsequently compare
them before scaling the traps back to a plausible physical frame with typical distances
(as for example ion-ion distance) and physical settings (as for example mean secular
frequencies, radio frequencies) and calculate the rf-voltages that have to be applied to
reach a given mean secular frequency. This will allow us to estimate how high we can
trap for a given ion-ion distance. This will be further inquired by varying the q-value
of the traps, before we then study the Coulomb coupling as a function of height and
ion-ion distance.

3.1 Computation and analysis of dimensionless properties

We calculated the dimensionless properties of ideal trap arrays, for 4 different lattices
at different height over distance ratios z/d. The four lattices where chosen to be the
hexagonal, Kagome, square and triangular lattices.

3.1.1 Patterns for SETs

Before we study the dimensionless entities of the traps for four lattices at variable heights,
let us first study the electrode patterns associated with it. The patterns for the hon-
eycomb, Kagome, square and triangular lattices are displayed for different ratios z/d in
Fig. 7. As we expected, for small z/d, the patterns are an array of ring traps, the ideal
isolated SET. For larger ratios z/d the traps begin interfering in a complex manner, until
at some ratio, the single patterns lack space for expansion. The last pattern for each of
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Figure 7: Patterns for honeycomb, Kagome, square and triangular lattice in each column, at
different ratios of z/d, indicated on the captions.
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Figure 8: Study of the pixels’ railing for a square lattice (one atom per unit cell), for constrained
curvature tensor. We thus have c = 9 constraints: 3 to force the E-field at the trap to zero, and
6 for the (symmetric) Hesse matrix. We see that 8 pixels are not railed. This corresponds to
c− 1 as we predicted in Fig. 2.1.2.

the lattices (on the bottom) are the final pattern taken by the traps. For higher traps
only the rf-voltage can help keeping the trap’s curvature constant.

It is also very instructing to study the railing of the pixels. For the patterns in Fig. 7
we chose a resolution of 80× 80 = 1600 pixels so that the unrailed pixels are not visible.
It is thus interesting to optimize for lower resolutions. We optimized with 20× 20 = 400
pixels and 8 unrailed pixels are clearly visible (see Fig. 8). We have c = 9 constraints:
three to force the E-field at the trap to zero, and six for the (symmetrical) Hesse matrix.
The number height of unrailed pixels then correspond to c − 1 = 8 as we predicted in
Fig. 2.1.2.

3.1.2 Reproduction of Schmied’s results for SETs

We replicated the results from the paper by Schmied et al[1] to be able to compare them
to the new results for DSETs. The main effort consisted in computing the trap depth.
We established that the lowest saddle point always is located in the z-direction. We thus
had to find the corresponding maximum of the pseudopotential in the z-direction. In
that aim we used a self-made code using the predictable form of the potential and its
first derivative. The FindMaximum[] Mathematica function did not yield satisfactory
results.

The values displayed in Fig. 9 and Fig. 10 match the value found in [1]. The behavior
of the entities is not enlightening before we later post-process them into more intuitive
physical characteristics. As expected, for low z/d the values approach the values for the
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to ion-ion distance. Four different lattices where simulated as is indicated in the legend. The
value of the ratios approaches one for z/d → 0. The left plot corresponds to the κ/κid part of
the plot in [1](on the left axis).
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Figure 10: Dimensionless entities of the SET, as a function of the ratio z/d of height to ion-ion
distance. Four different lattices where simulated as is indicated in the legend. The right plot
corresponds to the η part of the plot in [1] (on the right axis).

isolated traps. Thus the isolated trap regime can be indeed considered as the regime
where the ions are much farther apart from each other then they are elevated above
the electrode. Furthermore, bringing the traps closer together increases interference
between the patterns, and the values of the entities diminish and become less optimal.
This damping is exponential for lage ratios z/d. We will later see that for the real trap
depth (not the dimensionless one), the ratio between κ and η is of importance, and not
actually the absolute value. On the other side, the rf-voltage necessary to reach a given
secular frequency only depends on the inverse dimensionless curvature. Thus the actual
value of κ is crucial.



3.1.3 New patterns for DSETs

Let us now come to the results for DSETs. The dimensionless curvature was maximal
when trapping at half the height of the cover plane, as we expected from symmetry and
the calculation for the doubledisc trap. Thus the patterns are the same on the bottom
and cover electrode, and we only display one of the patterns in Fig. 11, at a variable
ratio of height over ion-ion spacing z/d for each of the lattices. Again the behavior or
small z/d corresponds to one of isolated traps, and the trap form an array of double disc
traps. Then again, for growing z/d the single traps start interfering. Surprisingly the
traps interfere less then in the SET case. We will see later that by not constraining the
x − y alignment of the potential ellipsoid, i.e. by dropping some of the constraints on
the curvature tensor, the patterns interfere more.

3.1.4 new results for DSETs

For the DSETs, calculating the dimensionless curvature was again trivial because it is a
localized property of the potential. Calculating the trap depth was a lot more tedious.
Indeed, because of the presence of the symmetric pattern of electrodes on the cover, the
potential is symmetric with respect to mirroring in the lattice plane, and the maximum
in the z-direction completely disappears. This is of course very interesting because it
means that condensing the ions in the lattice plane will be very easy. We had to find the
lowest saddle point in the x-y plane. The position of the saddle point only varied along
a high symmetry line of the considered lattice. The results are displayed in Fig. 12. The
value of the entities for the isolated trap is indicated as a black line on the very top, and
we see that as expected from studying the patterns, the entities tend to the ideal value
for isolated traps (double-disctrap) as z/d→ 0.

3.1.5 Discussion and comparison

To compare the characteristics of the SETs and DSETs, let us consider Figs. 13 and 14.
The order of magnitude of η and κ do not have an intuitive physical meaning, and need
post-processing to connect them to physical entities. The overall shape of the graphs
already give an insights in the physics of periodic ion traps. For both SETs and DSETs,
and for bothη and κ we clearly see two regimes.

For small z/d rη and κ are nearly constant, close to the isolated trap value (ring or
doubledisc trap). We see that this isolated regime extends much higher for DSETs, as
we predicted from the compactness of the double-disc trap relative to the ring trap. Our
prediction of an interference regime around 0.17 for the SETs and 0.6 for the DSETs
is qualitatively correct. The bending of the curves for κ start between 0.1 and 0.2 for
SETs, and between 0.5 and 0.6 for DSETs, and indicate the new regime.

For η and κ above this threshold value, we enter the interference regime that includes
the bending of the curves and then the exponential decay. The bending of the curve
describes the interference of the single patterns before there is no more space for expan-
sion, and the patterns freeze to a definitive shape. For SETs the regime of exponential
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Figure 11: Electrode patterns of bottom electrode, at variable ratio z/d for different lattices.
Because the dimensionless curvature is maximal when the trap plane is at half the height of the
cover plane, the trap is symmetric with respect to that mirror plane, and the patterns accordingly.
For low heights the electrode patches are disc under the trap location. Because the cover pattern
is symmetric, this is exactly the double disc-trap that we expected to encounter in this regime.
As the height grows bigger, the electrodes grow bigger accordingly, until they start interfering
(e.g. Fig. 11h) so that the disc patches change their shape. For the Kagome lattice, the patches
start merging to form new structures, while for the other lattices the patches do not merge. For
each lattice the third pattern was chosen to be the maximally interfering pattern: increasing the
height will no longer change the pattern; only the voltage will now be able to keep the curvature
constant.
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One sees that the ratio between the values of κ for DSETs and SETs increases sharply, from
about 3 to about 104.
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decay is closely determined by the dominant Fourier mode of the electrode pattern ([1]).
For DSETs this decay is much slower.

This behavior induces large differences in the order of magnitudes of the entities for
the SET and DSET case for high z/d.

3.2 Post-processing of dimensionless optimization for some relevant
physical settings

3.2.1 Optimal rf-voltage Urf and trap depth H

We previously optimized the geometry of SETs and DSETs for four different lattice
geometries, at a variable ratio z

d and calculated the corresponding dimensionless entities
κ and η. Now we want to use those optimal geometries at variable ion heights and scale
them back to a realistic experimental setting. We choose a given ion-ion distance d, a
given rf-frequency Ωrf and rf-voltage Urf, and specify the characteristics of the ion that
we want to trap (e and m). We can then calculate the mean secular frequency and the
trap depth of the trap as a function of its height. The mean secular frequency is given
by Eq. 1.10:

ω̄ =
√

2
eUrf

2mΩrfz2
κ,

so that we get an expression for Urf:

Urf =
1√
2

2m

e
Ωrfω̄z

2 · 1

κ
. (3.1)

With help of the expression for the trap depth H in Eq. 1.6 we get:

H =
e2

4mΩ2
rf

U2
rf

z2
η (3.2)

=
1

2
mω̄2z2 · η

κ2
. (3.3)

(3.4)

1
2mω̄

2z2 corresponds to the potential energy of a one dimensionel harmonic oscillator
with frequency ω̄ along the z-axis. η

κ2
is a dimensionless entity.

In the computation, we chose for simplicity to use a frame where the lattice itself stays
the same while varying its height. We thus chose a frame where the nearest neighbor
distance (NND) is 1, while varying the height. Thus in the above equations we split z
in d zd , where z/d is the height in the reference frame of computation.

Figure 15 and 16 show the voltage necessary to reach a mean secular frequency of
3 MHz in a Calcium trap, with an ion-ion distance of 20µm and a radio frequency of
30MHz as well as the trap depth that is attained with that voltage. The corresponding
graphs for Beryllium can be found in Appendix A.

The rf-voltages in Fig. 15 show an exponential growth starting from very low z/d for
both SETs and DSETs. Because Urf behaves as 1

κ , it grows as strong as κ decayed. Here
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Figure 15: Rf-voltage necessary to reach a mean secular frequency of 3 MHz in a Calcium trap,
with an ion-ion distance of 20µm and a radio frequency of 30MHz. The voltage was calculated
for the optimal geometries found by maximizing the dimensionless curvature of four different
trap lattices at variable height. The values of the voltage for SET is significantly higher for
DSETs. This is the major advantage of DSETs. For 100 V for example, which is a high,
but still realistic rf-voltage, the height that can be attained by a honeycomb DSETs is about
34µm instead of 20µm, thus increasing the z/d ratio from 1 to 1.7. This is a most welcome
improvement when considering that Johnson noise scales as z−2, meaning that the noise in the
previous example diminishes by almost 70%. One can wonder about the slight bend in the
voltage for the honeycomb lattice in a DSET trap at about 14µm.
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Figure 16: Trap depth in meV corresponding to the rf-voltages calculated in Fig. 15. The traps
are very shallow, when comparing them to ion-traps currently in use. Of course one has to point
out that for DSETs the trap depth in the z direction is now unlimited because of the symmetry
of the electrode patterns. Thus the ions are very easy to condense in the lattice plane. The
trap depth always reaches a plateau. This could be explained by the fact that at some point the
electrodes have no more space to improve their geometry. At this point the pattern is fixed, and
only the voltage helps the curvature to remain constant at growing trap height.
The trap depth are roughly improved by 100% by adding a cover pattern, for all but the honey-
comb pattern.



we really see the advantage of DSETs. The exponential growth is less pronounced for
DSETs so that a given height is reached with smaller voltages. This is of great interest
because the range of allowable voltages is constrained by the impedance of the dielectric
the trap is made of. At too high voltages the induced shift in the band structure is so
big that electrons start tunneling from the valence band to the conduction band, and
the dielectric starts conducting. This is called the Zener breakdown. For an allowable
value of 100V, the height that can be attained by a honeycomb DSET is about 34µm
instead of 20µm, thus increasing the z/d ratio from 1 to 1.7. This is a most welcome
improvement when considering that Johnson Noise scales as z−2[1], meaning that the
noise diminishes by almost 70%.

The behavior of the trap depth in Fig. 16 is more diverse in that it again shows the
different regimes we saw when comparing the dimensionless entities. But the different
regimes appear a lot more clearly, in that for high z the trap depth is constant.The trap

depth evolving as z2η
κ2

, this means that after a given point η ∝ 1
z2
κ2. And thus we see

that the exponential decay of η is twice faster as the one of κ as was predicted for SETs
by Schmied in [1], with an amplitude going as z2 for κ. Finding the asymptotic behavior
for DSETs could be an interesting research proposal for further students.

This graph also highlights the bizarre behavior of the honeycomb DSET, that one
might have already sensed in the previous figures. Indeed for all but this graph, the trap
depth grows significantly untill it saturates at a certain point, and stays at that level.
The honneycomb DSET trap depth in the contrary diminishes again before reaching
the constant plateau. This behavior could not be explained and but may be related
to a problem when calculating the trap depth. Indeed the dimensionless curvature in
Fig. 13 does not display this supplementary regime, while the dimensionless trap depth
in Fig. 13 does show some kink at about z/d = 0.9 (or z = 18) corresponding exactly to
the height in Fig. 16 where the plateau is finally reached.

Not considering this bizarre behavior of the honneycomb DSET, we nevertheless see
that the pateau attained by the DSETs are about twice as high as their SET counterpart.
But the values of those trap depth are strikingly small: from 0.1 to 0.3 meV for SETs,
and about 0.5 meV for DSETs. This corresponds to rather low temperature of about
5.8 K and makes trapping very challenging. How low this trap depth actually is was a
surprising discovery. We will now inquire further in how to improve it.

3.2.2 Plateau of trap depth H and maximal height at 100V

We saw in Sect. 3.2.1 that at some critical height over ion-ion distance ratio the trap
depth reaches a plateau. The height of the plateau can be calculated by evaluating the
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Figure 17: Height of the plateau of the trap depth as a function of the ion-ion spacing. The
growth is quadratic in d.

trap depth at a large z/d. We chose z/d = 1.5. Equation 3.2 then modifies to

H(d) =
1

2
mω̄2/e · z2 η(1.5)

κ(1.5)
(3.5)

=
1

2
mω̄2/e · (1.5)2 η(1.5)

κ(1.5)
· d2. (3.6)

(3.7)

We thus see that the height of the plateau grows quadratically with the ion spacing
d (compare with Fig. 17). The plot shows that as was expected from Sect. 3.2.1 the
square and triangular lattices show the same height of the plateau, while the height for
the honeycomb lattice is surprisingly the lowest. One as to increase d to about 30µm
to reach a trap depth of about 1 meV.

Now that we have the value of the plateau as a function of d, it is of interest to know
for what physical settings, we would be able to reach those plateaus. When pushing the
rf voltage to a high but still reasonable value of 100 V the height to distance ratio would
solve Eq. 3.1:

Urf =
1√
2

2m

e
Ωrfω̄z

2 · 1

κ
,

Defining the Q-value q = ω̄/Ωrf , that is crucial when quantifying micromotion, we get
Ωrf = ω̄/q and the above equation yields:

(z/d)2

κz/d
=

e100√
2mω̄2

q

d2
. (3.8)

Inverting the left hand side we got z/d as a function of q and d. To do so we locally

interpolated the list ( ((z/d)i)
2)

κ((z/d)i)
, ((z/d)i)), to find the (z/d)i corresponding to the right

hand side of Eq. 3.8.
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Figure 18: Surface displaying the z/d ratio that can be reached for Calcium ions in a Kagome
DSET, with 100V and a mean secular frequency of 3MHz.

The whole dependency is displayed in Fig. 18 in the range (q, d) ∈ [0.0001, 0.1] ×
[0.5µm, 100µm], where ω̄ = 3MHz as before, and we chose Calcium’s mass, as well as
the κ and η from the Kagome lattice.

Figure 18 shows that for a fixed Q-value, z/d grows inversely with the ion spacing,
while it grows like a square root of q. This means that for rather big ion spacings, the
q value is only critical when it is very small. Varying the q-value above 0.1 does not
yield a significant improvement. Similarly for d, only close to d = 0 does varying d yield
significant improvement of z/d.

We plotted cuts through the surface in Fig. 18 for q = 0.01, q = 0.1 and d = 20µm
in Fig. 19.

We see in Fig. 19b that values of z/d well above 2 can be achieved for q = 0.1 around
d = 1µm for the Kagome and square lattice, while ratios z/d = 20 are already attained
for d ' 4.5 for the honeycomb lattice. Currently manufacturing structures that small is
not achievable, but breaking the barrier of structures as small as d = 0.1µm, will suffice
to image a pattern with unit cell of 1µm side rather well, and open trapping to regimes
z/d > 2. For the Kagome lattice, at manufacturing electrodes of about 1µm while suffice
to attain a resolution of 16 pixels per unit cell, and allow trapping above z/d = 30.
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Figure 19: Ratio z/d as a function of the ion-ion spacing, for q = 0.01 and 0.1 respectively, and
as a function of q for fixed d = 20µm, with mean secular frequency ω̄ = 3MHz, and Calcium’s
mass. The voltage is fixed to 100 V.
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Figure 20: Coulomb coupling frequency of Calcium ions on various ranges of z/d for an ion-ion
distance of 20µm, according to Eq. 3.12. We used the representation with the modified Bessel
function (Eq. 1.21). One clearly sees the drastic changes in behavior of the frequency. The
frequency increases sharply until its maximum near 1, it then falls of quickly to a rather high
plateau where it stays until it finally drops at very high heights.

3.2.3 Analysis of Coulomb-coupling

The Coulomb coupling frequency Ωc is given when approximating the Coulomb potential
quadratically as a function of the horizontal ion-ion distance ρ of the two ions at same
height:

1

2
mΩ2

c =
1

2

∂2

∂ρ2
E(ρ) (3.9)

=
1

2

∂2

∂ρ2

(
e2GH(ρ)

4πε0

)
. (3.10)

(3.11)

Thus the coupling frequency in Hz is:

νc =
e

2π

√
∂2

∂ρ2

(
GH(ρ)

4πε0m

)
. (3.12)

It depends only on the ion spacing d and the ions z/d ratio (H = 2h = 2z = 2dz/d) as
well as on the ion’s characteristics, but not on the features of the traps.

Figure 20 shows the behavior of the coupling frequency for various ranges of z/d. It
clearly shows a maximum around 1 as well as a rather constant behavior above 1. The
coupling frequencies associated with Ca and Be at a ion-ion distance of 20µm is around
84 kHz and 177 kHz respectively.
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Figure 21: Closer wiew on the coupling frequency of Calcium ions (on the left) and Beryllium
ions (on the right), for an ion-ion distance of 20µm. At ratios between 0.8 and 2.0, the frequency
stays around a value of about 84 kHz and 177 kHz respectively.

4 Conclusion

A results for Beryllium
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Figure 22: Rf-voltage necessary to reach a mean secular frequency of 3 MHz in a Beryllium trap,
with an ion-ion distance of 20µm and a radio frequency of 130MHz. The voltage was calculated
for the optimal geometries found by maximizing the dimensionless curvature of 4 different trap
lattices at variable height. The values of the voltage for SET is significantly higher for SETs.
This is the major advantage of DSETs. For 100 V for example, which is a high, but still realistic
rf-voltage, the height that can be attained by a honeycomb DSETs is about 34µm instead of
20µm, thus increasing the z/d ratio from 1.1 to 1.75. This is a most welcome improvement
when considering that Johnson Noise scales as z−2, meaning that the noise in the previous
example diminishes by almost 70%. One can wonder about the slight bend in the voltage for the
honeycomb lattice in a DSET trap at about 14µm.
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Figure 23: trap depth in meV corresponding to the rf-voltages calculated in Fig. 22.

B Results for unconstrained symmetry of curvature ten-
sors

B.1 patterns
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Figure 24: Electrode patterns of bottom electrode, at variable ratio z/d for different lattices and
for unconstrained curvature tensor in the lattice plane. Contrary to the patterns for constrained
curvature tensors, the merging of the electrode patches is much more complex (most for hexagonal
and Kagome).



C list of changes in the code SurfacePattern

Only the periodic part of the code has seen changes:

• Comments on some portions of the code.

• a global option CoverPixels (set to True or False) was added to the periodic part
of the code.

• I fixed the bug in version v4.1 in another way then proposed by Roman in v4.1.1
(more upstream): The two transformation rules in the periodic optimization part
were changed. In ExpandDerivatives[] the command Φ[[5]] === Null did not yield
True even when no 4th derivatives where asked, because in PeriodicPotentialCoef-
ficients only 4 elements of the list are created. That’s why we added further testing.
In RotateDerivatives[], we transposed the tensor of each component. Transposition
is necessary because the nesting reverses the order of indices (the most inner index
(indexing each pixel) becomes the outermost index after nesting (==contracting of
indices), so we have to transpose it to make it the innermost index again. Because
of the symmetry in the derivation it would actually be sufficient to only put the
outtermost index to the end (for example Transpose[#,{2,3,1}] would work as well
for Φ[[3]]).

• The function PeriodicPotentialCoefficient[] was changed. A routine for the case
that CoverPixels==True was added.

• Little changes in the function ComputePeriodicPotential[] were made, adapting to
the double amount of pixels.

• OptimalPeriodicPattern[] was changed. The consistency of the option Coverpixels
to the cover plane option was added. (CoverPixels can only be set to True if cover
plane is True). The variable pixelranges was adapted. The definition of the variable
C was changed to the one that worked successfully in the previous versions.

• The global function PlotPeriodicPattern[] was changed as well. It was adapted
to the coverpixels option, so that it can output the two electrode planes in two
separate plots.
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