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1. Introduction

A growing literature studies the economics of climate change and exhaustible resource

use in quantitative integrated assessment models (Nordhaus, 1993; Stern, 2006, and many

others). These models typically do not allow for analytical solutions, which makes it difficult

to assess the general properties of the (numerically computed) model solutions, and in

particular it is almost impossible to conduct a global sensitivity analysis. This may be

problematic, as several important parameter values are largely unknown, including the time

preference rate, the elasticity of intertemporal substitution, or the parameters of the climate

damage function.

Thus, it is useful to construct models that are simple enough to allow for closed-form

solutions, and yet rich enough to encompass the most relevant processes to study the is-

sues of climate change, exhaustible resource use, economic growth and sustainability. Such

analytical models have been developed, among others, by Golosov et al. (2014); Gerlagh

and Liski (2012), and Bretschger and Karydas (2013). To enable a closed-form solution,

these models typically assume that the production function is Cobb-Douglas and that the

utility function is logarithmic. This may be a too restrictive assumption, as it is well-known

that the elasticity of substitution may play a crucial role for the possibilities of sustainable

growth (Dasgupta and Heal, 1979).

In this paper, I develop a simple, analytically solvable growth model in discrete time

that allows for analyzing different elasticities of substitution between reproducible and non-

reproducible production factors. The stock variables of the model comprise two accumulating

production factors, a man-made, consumable capital stock and human capital, and two

exhaustible resources/natural sinks, a non-renewable resource and accumulated greenhouse

gases. Consistent with the most recent IPCC report (Collins et al., 2013), and with earlier

contributions by Stollery (1998) and Bretschger and Karydas (2013), climate change is

considered to be irreversible.

I present a full analytical characterization of the efficient and optimal dynamics in the

model; furthermore I characterize efficient and socially optimal carbon taxes. I find that
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under favorable substitution possibilities, or, in the Cobb-Douglas/logarithmic utility case,

for sufficiently productive human capital accumulation, consumption and wealth are either

U-shaped or monotonically increasing over time. Under less favorable substitution possi-

bilities, or, in the Cobb-Douglas/logarithmic utility case, for less productive human capital

accumulation, and if the initial capital stock is not very large, consumption and wealth grow

initially, peak after finite time and eventually decrease at a constant rate.

2. A Simple Solvable Growth Model with Irreversible Climate Change

In the following I develop the discrete-time model with four stock variables. There are

two capital stocks that can be accumulated, one (Kt) being directly consumable, and the

other one being human capital (Ht). Further, there is a non-renewable resource (St). When

this resource, which is to be interpreted as fossil fuels such as coal or oil, is used in the

production of goods, it generates emissions that accumulate to a stock (Xt) that causes

environmental damage, as it leads to climate change.

The main element of the model is the dynamics of capital stock Kt. It is described by

the following equation

Kt+1 = F (Kt − Ct, Rt, ltHt, Xt)

=
[
α (Kt − Ct)1−γ + β R1−γ

t + (1− α− β − δ) (ltHt)
1−γ + δ (X̄ −Xt)

1−γ] 1
1−γ (1)

where F (Kt−Ct, Rt, ltHt, Xt) is a constant-returns-to-scale, constant-elasticity-of-substitution

(CES) production function. For the parameter values I assume α, β, γ, δ > 0, α+β+ δ ≤ 1.

Furthermore, Ct is consumption, Rt is resource input, and lt is the fraction of human capital

(time) used as labor input. The initial capital stock K0 is given.

Within a time period, consumption takes place before production of goods, and only the

remaining capital stock Kt − Ct is employed in production. The entire production output

is then available as capital stock in the next period (t + 1), when again a part is used for

consumption while the remaining capital stock is used for production. Production output

is further increasing in resource input (Rt), and human capital input (lt ht).
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Production output decreases with the stock of greenhouse gases (Xt). This has the

consequence that, ceteris paribus, the capital stock available in the next period is reduced.

The constant elasticity of substitution between any two inputs is given by 1/γ. For

γ ≥ 1, all production inputs are necessary for production. In particular the resource is

necessary for production, i.e. F (Kt − Ct, 0, ltHtXt) = 0. For γ < 1, the resource is not

necessary for production. As long as γ > 0, however, consumption will never exceed the

currently available capital stock, Ct < Kt, and, for δ > 0, the stock of greenhouse gases will

never exceed the upper limit, i.e. Xt < X̄, where X̄ is to be interpreted as a threshold value

beyond which the stock of greenhouse gases causes intolerable damages.

Note that for the special case γ = 1, the production function (1) becomes the Cobb-

Douglas function with exponents α for capital Kt, β for resource input Rt, δ for the stock

of greenhouse gases, and 1− α− β − δ for human capital.

The stock of the non-renewable resource follows the usual equation of motion

St+1 = St −Rt, (2)

i.e. the remaining resource stock St is simply reduced by the quantity extracted. As the

overall size of the resource available is limited by the initial stock S0, resource input in

production must eventually decrease. This tends to impose a limit on future consumption

possibilities. Note that for α + β = 1 and δ = 0, the model set up here is a discrete time

version of the Dasgupta-Heal-Solow-Stiglitz model (Dasgupta and Heal, 1974; Solow, 1974;

Stiglitz, 1974a,b). For this case, one can expect that constant utility is feasible for γ > 1 or

for γ = 1 and α > β. Taking (irreversible) climate damage into account (δ > 0), constant

utility would not be feasible for γ = 1.

When human capital is productive (α+ β + δ < 1), there is a growing production factor

which can be produced independently of the resource. Investment (labor) can be directed

towards either capital stock. I now turn to the description of human capital dynamics. Total

time endowment is normalized to one. Time can alternatively be used in production (lt), or
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to build up the human capital stock according to

Ht+1 = Ht + η (1− lt)Ht (3)

with η > 0 being the productivity of human capital accumulation. According to (3), human

capital cannot decrease. Thus, human capital accumulation will continuously contribute to

enhancing production output. As opposed to the input of nonrenewable resources, human

capital accumulation tends to increase future consumption possibilities.

I adopt a very simple description of climate dynamics, using a single state variable (Xt).

This is a strong simplification, as it neglects time lags between emissions and temperature in-

crease (the effect of such a lag on optimal climate policies is studied by Bretschger and Kary-

das 2013). However, my focus is on the long-term sustainability effects of climate change. In

that regard, the most important aspect is that greenhouse-gas emissions have consequences

for consumption possibilities in the long run. Specifically, I assume that climate damage is

irreversible. This is in line with Stollery (1998) and Bretschger and Karydas (2013). More

importantly, there is recent evidence from climate science that the consequences of emitting

greenhouse gases are by and large irreversible (Collins et al., 2013). Under these assump-

tions, and normalizing units appropriately, the state of the climate system is described by

the following dynamics

Xt+1 = Xt +Rt, (4)

with initial stock X0. This normalization means that both the stock of the nonrenewable

resource (fossil fuels) and the pollutant are measured in the same units, for example in

gigatons of carbon. Under this normalization it follows from equations (2) and (4) that the

sum of the two stocks is constant and equal to the initial sum of stocks, i.e. that

Xt + St = X0 + S0. (5)

Thus, this model effectively has only three stock variables.

Consumption of goods generates utility, and I use the standard specification that instan-
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taneous utility is described by the iso-elastic function

U(Ct) =
C1−θ
t − 1

1− θ
(6)

with θ > 0. In the limit θ → 1, the utility function becomes the logarithmic specification

U(Ct) = ln(Ct).

The socially optimal intertemporal allocation will be the one that maximizes the dis-

counted present value of utility (to be interpreted as some discounted utilitarian welfare

criterion),

W =
∞∑
t=0

ρt U(Ct), (7)

where 0 < ρ < 1 is the utility discount factor. With the objective function (7), the pa-

rameter θ of the utility function (6) is to be interpreted as the preference for intertemporal

consumption smoothing, or the inverse of the intertemporal elasticity of substitution.

A couple of further assumptions are needed to enable a closed-form solution for the

optimal feedback policies in the model (i.e. optimal with respect to the objective function 7).

In principle, the upper bound (X̄) to the stock of greenhouse gases in the production

function (4) can have any value X̄ > X0. If X̄ < S0 + X0, it will be optimal to leave

part of the resource unused, as the marginal reduction of output due to climate damage

(the marginal damage of emissions) will eventually exceed the marginal product of resource

input. If X̄ > S0+X0 the marginal product of resource input will always exceed the marginal

damage. In the analysis I will focus on the boundary case between the two, i.e. I impose

Assumption 1. X̄ = X0 + S0.

Under this assumption, and using (5), the expression X̄ − Xt in the production func-

tion (1) can be replaced by St = X̄−Xt, i.e. production output increases with the remaining

stock of the resource that is not yet converted into greenhouse gases.

I will further adopt the following assumption, which states that the inverse of the elastic-

ity of substitution between production inputs (i.e. the parameter γ) is equal to the preference

for consumption smoothing (θ):
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Assumption 2. θ = γ

The obvious reason for imposing this assumption is that the model becomes solvable

in closed from in this case. There is no theoretical economic argument in support of this

assumption, so whether it is reasonable or not is purely an empirical question. However,

the even more restrictive assumption θ = γ = 1 is frequently imposed in models of climate

change and economic growth (e.g. Golosov et al., 2014; Gerlagh and Liski, 2012; Bretschger

and Karydas, 2013). This assumption would imply that utility (6) is logarithmic and that the

production function (1) is Cobb-Douglas. In renewable resource economics, generalizations

of θ = γ = 1 have recently been developed, using an assumption similar to 2 to come up

with stochastic models in discrete time that can be solved in closed form (Antoniadou et al.,

2013; Kapaun and Quaas, 2013).

3. Efficient Dynamics

The first step of the analysis is to characterize efficient dynamics of the model econ-

omy. I consider a dynamic development with consumption path {Ct} = (C1, C2, . . .) to

be dynamically efficient if there is no other feasible development with consumption path

{C ′t} = (C ′1, C
′
2, . . .) such that C ′t ≥ Ct for all t ≥ 0 and C ′T > CT for at least one T ≥ 0.

It should be noted that conditions on efficient dynamics derived in the following hold inde-

pendently of Assumptions 1 and 2.

The set of efficient dynamic developments are obtained by maximizing consumption Ct

in some period t subject to the constraint that consumption in all other periods t′ are not

smaller than some reference levels C̄t′ , and subject to the economic constraints (1), (2), (3),

and (4).

In Appendix A I derive the following result, where I omit the arguments of the production

function and use subscripts to denote partial derivatives:

Proposition 1. Any dynamically efficient trajectory is characterized by the following con-
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ditions.

− FXt
FRt−1

+
FRt − FRt−1

FRt−1

= FKt − 1 (8a)

η
lt FHt + (1− lt)Flt

Flt−1

+
Flt − Flt−1

Flt−1

= FKt − 1. (8b)

These conditions have straightforward economic interpretations. On the right-hand side

of both equations, there is the capital interest rate. The efficiency conditions (8) state that

along an efficient trajectory, the capital interest rate must be equal to the own interest rates

of the two other stocks, the resource and the human capital stock.

If there was no climate damage (FXt = 0), the efficiency condition for the resource stock

would simply be the well-known Hotelling rule: the growth rate of the marginal product

of resource input equals the capital interest rate. With climate damage, (FXt < 0), the

own interest rate of extracting the resource immediately is reduced by an amount that

can be interpreted as the marginal damage of greenhouse gases in units of the marginal

product of resource input. The efficiency condition for the human capital stock has a similar

interpretation. Here, the own rate of interest for an efficient investment in the human capital

stock is composed of the marginal value on an increased human capital stock and the growth

rate of the marginal product of time employed in production.

4. Market Equilibrium and Efficient Climate Policy

Next I turn to describing the market equilibrium outcome, and efficient climate policy. As

it is not necessary to fully solve the model for deriving equilibrium conditions and for deriving

a condition for efficient climate policy, also the results of this section hold independently of

Assumptions 1 and 2.

For describing the market equilibrium, I measure all prices in terms of the capital good

Kt. Using rt to denote interest rate on capital; wt to denote the wage rate for human capital;

qt to denote to market price for resource input; and τt to denote an emission tax imposed
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by a regulator, the profit of a representative producing firm is

F (Kt, Rt, ltHt)− (1 + rt)Kt − (qt + τt)Rt − wt ltHt. (9)

As the capital used in production has to be returned to the capital owner, the total “price”

for capital input is 1 + rt. The first-order conditions for profit maximization are the familiar

conditions that the value of the marginal product is equal to the respective factor prices.

FKt = 1 + rt (10a)

FRt = qt + τt (10b)

FltHt = wt (10c)

The non-renewable resource is owned by a firm that maximizes the present value of profits,

using the capital interest rate rt as the discount rate:

max
Rt

∞∑
t=0

1

(1 + rt)t
qtRt subject to (2). (11)

The necessary and sufficient condition for profit maximum is the well-known Hotelling rule

qt = (1 + rt) qt−1. (12)

Considering an equilibrium on the resource market, I can use (10a) and (10b) in (12). After

a little rearrangement, this leads to

−τt − FKt τt−1
FRt−1

+
FRt − FRt−1

FRt−1

= FKt − 1 (13)

Comparing this market equilibrium condition to the efficiency condition (8a) leads to the

following result

Proposition 2. Any dynamically efficient tax rate τt on greenhouse gas emissions is char-
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acterized by the following condition.

τt−1 = −FXt − τt
FKt

= −
∞∑
τ=0

FXt+τ∏τ
τ ′=1 FKt+τ ′

. (14)

The interpretation of the efficient tax rate is obvious: it is equal to the present value

of marginal damages caused by current greenhouse emissions on production output for the

indefinite future.

The description of the market equilibrium is completed by assuming that a representative

household maximizes (7) subject to the budget constraint

Kt+1 = (1 + rt) (Kt − Ct) + qtRt + wt ltHt + Tt (15)

and the human capital accumulation described by (3). Here, I have additionally introduced

the lump-sum transfer Tt of tax revenues to consumers. Optimization with respect to the

consumption path leads to a discrete-time version of the familiar Keynes-Ramsey rule

C−γt−1
ρC−γt

= 1 + rt−1. (16)

5. Optimal Growth and Sustainability

Now I turn to the main part of the analysis, characterizing the optimal dynamics of the

model economy. In what follows, I impose assumptions 1 and 2, which enable me to derive

closed-form solutions for the feedback policies that maximize (7) under the given dynamic

constraints.

Using V (Kt, St, Ht) to denote the value function for this dynamic optimization problem,

the corresponding Bellman equation reads

V (Kt, St, Ht) = max
Ct,Rt,lt

{
C1−γ
t − 1

1− γ
+ρ V (F (Kt − Ct, Rt, ltHt, St), St −Rt, Ht + η (1− lt)Ht)

}
(17)

In Appendix B I show that the closed-form solution for this optimization problem is char-
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acterized as follows

Proposition 3. Under Assumptions 1 and 2, the value function for the dynamic optimiza-

tion problem to maximize (7) subject to capital and resource dynamics is given by

V (K,S,H) =
1

1− γ

[
φK1−γ + ψ S1−γ + ξ H1−γ − 1

1− ρ

]
(18a)

and the optimal feedback policies are

C?
t = κKt (18b)

R?
t = σ St (18c)

l?t = l (18d)

with φ, ψ, ξ > 0, and constant use rates κ, σ, l determined by

κ = 1− (ρ (1− δ)α)
1
γ (19a)

(1− σ)γ = ρ

(
1 +

δ

β
σγ
)

(19b)

l = 1− 1

η

(
(ρ (1 + η))

1
γ − 1

)
(19c)

As stated in Proposition 3 the optimal feedback policies for all three capital and resource

stocks are to utilize a constant fraction in production. For the resource and human capital

this implies constant growth rates.

The resource stock decreases at a constant rate −σ, with 0 < σ < 1 defined by (19b).

The comparative statics of this result lead to intuitive results. Differentiation of (19b) with

respect to ρ, δ, and β shows that this rate decreases with the discount factor ρ and the

parameter δ capturing marginal damage from greenhouse gas emissions. It increases with

the parameter β that captures the marginal productivity of the resource.
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The human capital stock increases at a constant rate

gH =
Ht+1 −Ht

Ht

= 1 + η (1− l) = (ρ (1 + η))
1
γ . (20)

Obviously, and in line with economic intuition, the optimal growth rate of the human cap-

ital stock increases with the discount factor ρ and with the productivity of human capital

accumulation η.

The central question for sustainability concerns the optimal growth rate of the capital

stock Kt. Under the optimal policy as given by proposition 3 this will also be the growth

rate of consumption. Under the optimal feedback policies, this growth rate is given by

Kt+1 −Kt

Kt

=

[
α (1−κ)1−γ+

(
β σ1−γ + δ

) ( St
Kt

)1−γ

+(1−α−β−δ)
(
l Ht

Kt

)1−γ
] 1

1−γ

−1 (21)

Before I turn to the issue of optimal growth of capital and consumption, I shall analyze how

the optimal development can be implemented in a market economy by means of an emission

tax. The optimal emission tax is obtained by using the result from Proposition 3 in the

efficient tax specified in Proposition 2. The following result is proven in Appendix C.

Proposition 4. The socially optimal tax rate on emissions is given by

τt =
δ β

β + δ σγ

(
Kt+1 − Ct+1

St+1

)γ
. (22)

For the case of logarithmic utility, the optimal tax rate is proportional to consumption,

as under the optimal policy, Kt − Ct = Ct (1 − κ)/κ. This result is in line with previous

findings (Golosov et al., 2014; Bretschger and Karydas, 2013). For γ < 1, the optimal tax

rate is concave in consumption; for γ > 1, the optimal tax rate is convex in consumption.

For studying optimal growth, I first look at the Cobb-Douglas case, i.e. we study the

case θ = η = 1. This is the case that has found most attention in the literature. In this
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case, the use rates for the three capital and resource stocks are

κ = 1− ρ (1− δ)α (23a)

σ = (1− ρ)
β

β + δ ρ
(23b)

l = 1− 1

η
((ρ (1 + η))− 1) = (1− ρ)

1 + η

η
(23c)

For this case, the optimal development of the economy in the long run is characterized by

the following proposition.

Proposition 5. For the case of a Cobb-Douglas production function and logarithmic utility,

θ = γ = 1, the economy will converge to a growth path with constant consumption growth

rate

gC = gK = (1− σ)
β+δ
1−α (ρ (1 + η))

1−α−β−δ
1−α − 1. (24)

Both growth (gC > 0) or de-growth (gC < 0) can be optimal, according to the condition

gC T 0 ⇔ (1 + η) ρ
1−α

1−α−β−δ T

(
β + ρ δ

β + δ

) β+δ
1−α−β−δ

. (25)

Proof. For a growth path with constant rates under the Cobb-Douglas production function

it must hold that

(1 + gS)β+δ (1 + gH)1−α−β−δ

(1 + gK)1−α
= 1 (26)

Solving for gC leads to (24). Condition (25) follows from (24) with (23b) after little rear-

rangement.

The condition for growth to be optimal can be interpreted as a condition on the produc-

tivity of human capital accumulation, as measured by the parameter η. If that productivity

is sufficiently high, and if the discount factor is sufficiently high, growth will be optimal.

Otherwise, it will be optimal to eventually approach a de-growth path, as the investment in

the growth-generating human-capital is not attractive enough for society.
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Proposition 5 only characterizes the long-run optimal development of the economy. For

the Cobb-Douglas/logarithmic utility case, it is possible to fully characterize also the phase

of transition dynamics.

Proposition 6. Assume a Cobb-Douglas production function and logarithmic utility, θ =

γ = 1.

If gC > 0 (see Proposition 5), capital stock and consumption are monotonically increasing

if

K0 < K∗0 ≡
(1− κ)

α
1−α

(1 + gK)
1

1−α
σ

β
1−α S

β+δ
1−α
0 (l H0)

1−α−β−δ
1−α , (27)

and U-shaped, i.e. first decreasing and later increasing, if K0 > K∗0 .

If gC < 0 (see Proposition 5), capital stock and consumption are inversely U-shaped, i.e.

first increasing and later decreasing, if K0 < K∗0 holds and monotonically decreasing if if

K0 > K∗0 .

Proof. The economy starts on the growth path with a constant growth rate if

(1 + gK)K0 = ((1− κ)K0)
α σβ Sβ+δ0 (l H0)

1−α−β−δ. (28)

Rearranging leads to (27).

For the Cobb-Douglas case the value function is V (K,S,H) = φ ln(K) + ψ ln(S) +

ξ ln(H), with

φ =
1

1− ρα
(29a)

ψ =
ρ

1− ρ
β + δ

1− ρα
(29b)

ξ =
ρ

1− ρ
1− α− β − δ

1− ρα
(29c)

Thus,

V (K,S,H) =
ρ

1− ρ
1

1− ρα
ln
(
K

1−ρα
ρ Kα−1 Sβ+δH1−α−β−δ

)
. (30)
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Figure 1: Optimal development of consumption for different initial capital stocks. Parameter values are
α = 0.4, β = 0.2, δ = 0.1, ρ = 0.9, γ = θ = 1and η = 0.30 on the left panel (such that gC > 0) and η = 0.15
on the right panel (such that gC < 0).

The value function can be interpreted as an indicator for comprehensive wealth of the econ-

omy (Arrow et al., 2003). Equation (30) shows that comprehensive wealth is increasing if

and only if the capital stock of the economy is increasing. Thus, Proposition 6 can also

be interpreted as making statements about the dynamics of the economy’s comprehensive

wealth. Specifically, for the case of limited productivity of human capital accumulation, it

depends on the initial capital stock whether comprehensive wealth is monotonically decreas-

ing or increasing over time. Figure 1 shows an example for the different cases identified by

Condition (25), and initial capital stocks below, equal to, or above K∗0 defined in (27).

After having studied the Cobb-Douglas/logarithmic utility case, I now turn to the re-

maining cases γ = θ 6= 1. Not surprisingly, the long-run outcome is purely determined by

the elasticity of substitution 1/γ in this case.

Proposition 7. If γ < 1, capital stock and consumption are either monotonically increasing

over time or U-shaped, i.e. first decreasing and then increasing. The economy will converge

to a growth path with constant consumption growth rate

gC = gK = gH = (ρ (1 + η))
1
γ > 0. (31)

14



If γ > 1, capital stock and consumption are either monotonically decreasing over time or

inversely U-shaped, i.e. first increasing and then decreasing. The economy will converge to

a de-growth path with constant consumption growth rate

gC = gK = gS = −σ < 0. (32)

Proposition 7 states that for the case of very favorable substitution possibilities, γ < 1,

the typical optimal outcome will be continuous growth. The only alternative possibility is

that the initial capital stock is extremely high, in which case a large fraction of the capital

stock would be consumed initially, giving rise to a transition phase of declining capital and

consumption.

Also in the case of less favorable substitution possibilities, η > 1, there are only two

possibilities for the optimal time path of consumption. Here, the less realistic case is the

constantly decreasing consumption, which occurs if the initial capital stock is very large. If

the initial capital stock is small enough, we find a similar result as for the Cobb-Douglas

case: There is a transition phase of economic growth, but eventually consumption, capital

and wealth peak, and the economy converges to a de-growth path.

6. Extension: Stochastic Capital Dynamics

The model can be extended to take stochastic capital dynamics into account. I will

briefly analyze this case in the following. The equations of motion for the capital and

resource stocks are modified as follows:

Kt+1 = ωt
[
α (Kt − Ct)1−γ + β R1−γ

t + (1− α− β − δ) (ltHt)
1−γ + δ (X̄ −Xt)

1−γ] 1
1−γ

(33)

St+1 = εt (St −Rt) (34)

Ht+1 = ζt (Ht + η (1− lt)Ht) , (35)

where ωt, ζt, and εt are series of iid random variables with expected values equal to one.
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Again imposing Assumptions 1 and 2, the Bellman equation for the optimization problem

to maximize the expected value of (7) is

V (Kt, St, Ht) = max
Ct,Rt,lt

{
C1−γ
t − 1

1− γ

+ ρE

[
V (ωt F (Kt − Ct, Rt, ltHt, St), εt (St −Rt) , ζt (Ht + η (1− lt)Ht))

]}
(36)

In Appendix D I prove the following result, which is a generalization of Proposition 3.

Proposition 8. The value function and optimal feedback policies are given by

V (K,S) =
1

1− γ

[
φ̃K1−γ + ψ̃ S1−γ + ξ̃ H1−γ − 1

1− ρ

]
(37a)

C?
t = κ̃Kt (37b)

R?
t = σ̃ St (37c)

l?t = l̃ (37d)

with φ̃, ψ̃, ξ̃ > 0, and constants κ̃, σ̃, l̃ determined by

κ̃ = 1−
(
ραE

[
ω1−γ]) 1

γ (38a)

β
(
(1− σ̃)γ − ρE

[
ε1−γ

])
= ρ δ E

[
ε1−γ

]
σ̃γ (38b)

l̃ = 1− 1

η

((
ρE

[
ζ1−γ

]
(1 + η)

) 1
γ − 1

)
(38c)

We see that uncertainty decreases the investment in the capital stock for the case of fa-

vorable substitution possibilities, γ < 1, as then E[ω1−γ] < 1. For less favorable substitution

possibilities, γ > 1, it follows that E[ω1−γ] > 1. Thus, uncertainty decreases consumption

and increases investment.
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7. Discussion

In this paper I have developed and analyzed a simple growth model in discrete time

with stocks of man-made, consumable capital, human capital, a non-renewable resource,

and irreversible climate change. I have found that under favorable substitution possibilities,

the most likely outcome is permanent growth. Under less favorable substitution possibilities,

or relatively low productivity of human capital accumulation, the most likely optimal path

of the economy is an initial phase of growth, followed by a peak in consumption and a long

phase of de-growth thereafter.

The advantage of the model considered in this paper is that it allows for analyzing

changes in the elasticity of substitution between the different reproducible and exhaustible

production factors. The closed-form solution is possible only under the restriction that the

elasticity of substitution between the different production factors is equal to the elasticity

of intertemporal substitution in consumption.

Given the analytical tractability, the model allows for numerous extensions. I have shown

in Section 6 that the model may be extended to take stochastic dynamics of capital and

resource stocks into account. Under additional assumptions on the stochastic processes, it

may be possible to disentangle risk and time preferences, for example using preferences of

the Epstein and Zin (1989) type. Furthermore, the “engine of growth” considered in this

model, human capital accumulation, can probably be augmented or replaced by other types

of growth engine.

I have focused on the optimal dynamics in this paper. A very interesting extension of

the analysis could be to study suboptimal taxes or human capital investment. A hypothesis

in this direction could be that an emission tax higher than optimal, and similarly, a rate

of investment into human capital accumulation higher than optimal, can further postpone

peak consumption. In such a situation society might face a trade off between efficiency,

in the sense of the maximum present value of welfare, and equity, in the sense that future

generations will be relatively better off, as the peak of consumption is postponed.
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Appendix

A. Proof of Proposition 1

I use Lagrangian multipliers λt′ for capital accumulation (1), µt′ for the resource constraint (2),

and νt′ for the accumulation of human capital (3). The constraint (4) is taken into account by using

the condition X̄−Xt = St (under Assumption 1) in (1). For the constraints on consumption levels

I use Lagrangian multipliers ψt′ . Further using the notation C̄t ≡ 0 and ψt ≡ 1, the Lagrangian

for this constrained optimization problem is

L =
∞∑
t=1

ψt
(
Ct − C̄t

)
+ λt (F (Kt − Ct, Rt, ltHt, Xt)−Kt+1)

+ µt (St −Rt − St+1) + νt ((1 + η (1− lt))Ht −Ht+1) (39)

The first-order conditions for the dynamic optimization problem are, omitting the arguments of

the production function and using subscripts to denote partial derivatives,

ψt = λt FKt (40a)

λt FRt = µt (40b)

λt Flt = η νt (40c)

λt FKt = λt−1 (40d)

−λt FXt + µt = µt−1 (40e)

λt lt FHt + νt (1 + η (1− lt)) = νt−1 (40f)

Using (40a), (40b), and (40d) in (40e), canceling the common factor λt and rearranging, I ob-

tain (8a).

Multiplying (40f) with η, plugging in (40c) and (40d), canceling the common factor λt and

rearranging, I obtain (8b).

B. Proof of Proposition 3

In the following I show that the guess for the value function (18a) and the optimal feedback

policies (18b), (18c), and (18d) fulfill the Bellman equation and the first-order conditions for the
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dynamic optimization problem with respect to C, R, and l. The first-order conditions are (using

the linear feedback rules)

0 = κ−γ K−γ − ρ VK FK =
(
κ−γ − ρ φα (1− κ)−γ

)
K−γ (41a)

0 = ρ (VK FR − VS) = ρ
(
φβ σ−γ − ψ (1− σ)−γ

)
S−γ (41b)

0 = ρ (VK H Fl − η H VH) = ρH
(
φ (1− α− β − δ) (l H)−γ − η ξ ((1 + η (1− l))H)−γ

)
(41c)

and the Bellman equation reads

1

1− γ

[
φK1−γ + ψ S1−γ + ξ H1−γ − 1

1− ρ

]
=
κ1−γ K1−γ − 1

1− γ

+
ρ

1− γ

[
φ
[
α (1− κ)1−γ K1−γ + β σ1−γ S1−γ + (1− α− β − δ) (l H)1−γ + δ S1−γ]

+ ψ (1− σ)1−γ S1−γ + ξ ((1 + η (1− l))H)1−γ − 1

1− ρ

]
(41d)

Rearranging the first-order conditions and equating coefficients for the Bellman equation leads to

the following set of equations determining κ, σ, l, φ, ψ, and ξ.

(
1− κ
κ

)γ
= ρ φα (42a)

φβ

(
1− σ
σ

)γ
= ψ (42b)

φ (1− α− β − δ) l−γ = η ξ (1 + η (1− l))−γ (42c)

φ = κ1−γ + ρ φα (1− κ)1−γ (42d)

ψ = ρ φβ σ1−γ + ρ φ δ + ρψ (1− σ)1−γ (42e)

ξ = ρ φ (1− α− β − δ) l1−γ + ρ ξ (1 + η (1− l))1−γ (42f)
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Using (42d) in (42a) and rearranging gives

(
1− κ
κ

)γ
=

ρακ1−η

1− ρα (1− κ)1−γ
(43a)

⇔ (1− κ)γ =
ρακ

1− ρα (1− κ)1−γ
(43b)

⇔ (1− κ)γ − ρα+ ρακ = ρακ (43c)

⇔ (1− κ)γ = ρα (43d)

⇔ κ = 1− (ρα)
1
γ (43e)

κ decreases with ρ, α, γ. Using the result for κ in (42d), we obtain φ:

φ =
κ1−γ

1− ρα (1− κ)1−γ
=
(

1− (ρα)
1
γ

)−γ
= κ−γ (43f)

φ increases with ρ, α, γ, and decreases with δ.

φβ

(
1− σ
σ

)γ
= φ

ρβ σ1−γ + ρ δ

1− ρ (1− σ)1−γ
(43g)

⇔ β ((1− σ)γ − ρ+ ρ σ) = ρ β σ + ρ δ σγ (43h)

⇔ β ((1− σ)γ − ρ) = ρ δ σγ (43i)

⇔ (1− σ)γ = ρ

(
1 +

δ

β
σγ
)

(43j)

This equation implicitly determines σ. Using this and (43f) in (42e) leads to

ψ = φβ

(
1− σ
σ

)γ
(43k)

= φ ρ
(
β σ−γ + δ

)
(43l)
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Finally, using (42f) in (42c), we get the following condition determining l?:

φ (1− α− β − δ) l−γ = η (1 + η (1− l))−γ ρ φ (1− α− β − δ) l1−γ

1− ρ (1 + η (1− l))1−γ
(44a)

⇔ 1− ρ (1 + η (1− l))1−γ = η ρ l (1 + η (1− l))−γ (44b)

⇔ (1 + η (1− l))γ = ρ (η l + 1 + η (1− l)) = ρ (1 + η) (44c)

⇔ l = 1− 1

η

(
(ρ (1 + η))

1
γ − 1

)
(44d)

C. Proof of Proposition 4

To derive the optimal tax rate, I make use of the fact that FKt = α (Kt − Ct)
−γ Kγ

t+1 (cf.

equation 1).

τt−1 =
−FXt
FKt

+
−FXt+1 + τt+1

FKt FKt+1

(45a)

=
δ (Kt − Ct)γ

αSγt
+
δ (Kt − Ct)γ (Kt+1 − Ct+1)

γ

αKγ
t+1 S

γ
t+1

+
τt+1

FKt FKt+1

(45b)

=

(
Kt − Ct
St

)γ ( δ
α

+
δ (1− κ)γ

(1− δ) (1− σ)γ

)
+

τt+1

FKt FKt+1

(45c)

=

(
Kt − Ct
St

)γ δ

α

(
1−

(
1− κ
1− σ

)γ)−1
(45d)

=

(
Kt − Ct
St

)γ δ β

β + δ σγ
(45e)

D. Proof of Proposition 8

In the following I show that the guess for the value function (18a) and the optimal feedback

policies (18b), (18c), and (18d) fulfill the Bellman equation and the first-order conditions for the

dynamic optimization problem with respect to C, R, and l. The first-order conditions are (using

the linear feedback rules)

1

1− η

[
φ̃K1−γ + ψ̃ S1−γ + ξ̃ H1−γ − 1

1− ρ

]
= κ̃1−γ K1−γ

+
ρ

1− γ

[
φ̃ E

[
ω1−γ] [α (1− κ̃)1−γ K1−γ + β σ̃1−γ S1−γ + (1− α− β − δ) (l̃ H)1−γ + δ S1−γ

]
+ ψ̃ E

[
ε1−γ

]
(1− σ̃)1−γ S1−γ + ξ̃ E

[
ζ1−γ

]
((1 + η (1− l̃))H)1−γ

]
(46a)
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and the first-order conditions for the dynamic optimization problem with respect to C, R, and l

are

0 =
(
κ̃−γ − ρ φ̃E

[
ω1−γ] α (1− κ̃)−γ

)
K−γ (46b)

0 =
(
φ̃ E

[
ω1−γ] (1− α) σ̃−γ − ψ̃ E

[
ε1−γ

]
(1− σ̃)−γ

)
S−γ (46c)

0 = ρH
(
φ̃ E

[
ω1−γ] (1− α− β − δ) (l̃ H)−γ − η ξ̃ E

[
ζ1−γ

]
((1 + η (1− l))H)−γ

)
(46d)

Rearranging the first-order conditions and equating coefficients for the Bellman equation leads to

the following set of equations determining κ̃, σ̃, l̃, φ̃, ψ̃, and ξ̃.

(
1− κ̃
κ̃

)γ
= ρ φ̃E

[
ω1−γ] α (47a)

φ̃ E
[
ω1−γ] β (1− σ̃

σ̃

)γ
= ψ̃ E

[
ε1−γ

]
(47b)

φ̃ E
[
ω1−γ] (1− α− β − δ) l̃−γ = η ξ̃ E

[
ζ1−γ

]
(1 + η (1− l̃))−γ (47c)

φ̃ = κ̃1−γ + ρ φ̃E
[
ω1−γ] α (1− κ̃)1−γ (47d)

ψ̃ = ρ φ̃E
[
ω1−γ] β σ̃1−γ + ρ φ̃E[ω1−γ ] δ + ρ ψ̃ E

[
ε1−γ

]
(1− σ̃)1−γ (47e)

ξ̃ = ρ φ̃E
[
ω1−γ] (1− α− β − δ) l̃1−γ + ρ ξ̃ E

[
ζ1−γ

]
(1 + η (1− l̃))1−γ (47f)

Similarly as in Appendix B, I obtain κ̃ and φ̃:

κ̃ = 1−
(
ραE

[
ω1−γ]) 1

γ (48)

φ̃ = κ̃−γ (49)

In the next step, I derive the condition for σ̃

φ̃ E
[
ω1−γ] β (1− σ

σ

)γ
=
ρ φ̃E

[
ω1−γ] β σ̃1−γ + ρ φ̃E[ω1−γ ] δ

1− ρE [ε1−γ ] (1− σ̃)1−γ
E
[
ε1−γ

]
(50)
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⇔ β
(
(1− σ̃)γ − ρE

[
ε1−γ

]
+ ρE

[
ε1−γ

]
σ̃
)

= (ρ β σ̃ + ρ δ σ̃γ) E
[
ε1−γ

]
(51)

⇔ β
(
(1− σ̃)γ − ρE

[
ε1−γ

])
= ρ δ E

[
ε1−γ

]
σ̃γ (52)

Finally, to obtain l,

φ̃ E
[
ω1−γ] (1− α− β) l̃−γ = η E

[
ζ1−γ

]
(1 + η (1− l̃))−γ

ρ φ̃E
[
ω1−γ] (1− α− β) l̃1−γ

1− ρE [ζ1−γ ] (1 + η (1− l̃))1−γ

⇔ 1− ρE
[
ζ1−γ

]
(1 + η (1− l̃))1−γ = η E

[
ζ1−γ

]
ρ l̃ (1 + η (1− l̃))−γ

⇔ (1 + η (1− l̃))γ = ρE
[
ζ1−γ

] (
η l̃ + 1 + η (1− l̃)

)
= ρE

[
ζ1−γ

]
(1 + η)

⇔ l̃ = 1− 1

η

((
ρE

[
ζ1−γ

]
(1 + η)

) 1
γ − 1

)
(53)
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