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ETH Zürich 2010





Contents

1 Introduction 1
1.1 Motivation and key arguments . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 A remark about the thesis and the author . . . . . . . . . . . . . . . . . . . . 3

2 Preliminaries 5
2.1 Sobolev Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Finite Element Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3 Bochner Integral for Banach Space Valued Random Variables . . . . . . . . . 8
2.4 Tensor product spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.5 The Cameron Martin Space . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 Model Elliptic Problem with Random Coefficients 13
3.1 Variational Formulation and Well-Posedness . . . . . . . . . . . . . . . . . . . 14
3.2 Regularity of Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

4 Multi-Level Monte Carlo Finite Element Method 17
4.1 Mean Square Stability of the Galerkin Projection . . . . . . . . . . . . . . . . 17
4.2 Rate of convergence of the Monte Carlo method . . . . . . . . . . . . . . . . . 18
4.3 Single-Level Monte Carlo Finite Element method . . . . . . . . . . . . . . . 19
4.4 Multi-Level Monte Carlo Finite Element method . . . . . . . . . . . . . . . . 20

5 Multi-Level Monte Carlo Approximations of Higher Moments 25
5.1 Definition, Existence and Regularity of k-th Moments . . . . . . . . . . . . . 25
5.2 Finite elements with uniform mesh refinement . . . . . . . . . . . . . . . . . . 26
5.3 Wavelet basis for Vl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
5.4 Sparse tensor product spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
5.5 Sparse tensor Multi-Level Monte Carlo approximation of higher moments . . 30

6 Series Expansions of the Diffusion Coefficient 35
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1 Introduction

1.1 Motivation and key arguments

Solving elliptic partial differential equations (PDE) by means of Finite Element (FE) methods
has undergone extensive research. Convergence speeds are well known, depending on the
choice of Finite Elements and the regularity of the solution. Monte Carlo (MC) methods are
widely used in statistical simulations. In the case of PDEs with random inputs “sampling”
entails the numerical solution of a deterministic PDE. Here, we are concerned with MC for
elliptic problems where the source of randomness lies in the coefficients. Such problems
arise prominently in the numerical simulation of subsurface flow problems (see, e.g., [22,
23]). Some key characteristics of elliptic problems with stochastic coefficients which arise
in computational geosciences are low spatial regularity of the permeability samples, small
spatial correlation lengths (this implies slow convergence of the Karhúnen-Loève expansion),
and, more challenging, the possible non-stationarity of realistic stochastic models. All these
factors hinder the efficient numerical simulation of such problems. In order to deal with these
difficulties, we propose a Multi-Level Monte Carlo (MLMC) method. This family of methods
was introduced, to the authors’ knowledge, by Giles in [13, 12] for Itô stochastic ordinary
differential equations after earlier work by Heinrichs on numerical quadrature (see [18]). As a
model problem of the class of partial differential equations described above, we consider the
following elliptic problem

−div(a∇u) = f in D, (1.1.1)

where D ⊂ Rd, d = 1, 2, . . .. We impose mixed Dirichlet and Neumann boundary conditions
and assume f to be in L2(D). The coefficient a is a correlated random field over the spatial
domain D. The solution u of Problem (1.1.1) is a random field that depends on a stochastic
parameter ω ∈ Ω, where Ω is the stochastic state space, which we specify later. For a
fixed ω we face an elliptic PDE with a space dependent coefficient. This can be solved by
various numerical methods, for instance by a Galerkin approximation, which leads to a Finite
Element method. Our interest lies in the computation of the mean and higher moments of the
stochastic solution which can be calculated numerically by MC. As the sample size increases,
convergence is ensured by the law of large numbers stating that quadrupling the sample size
halves the error of the approximation.

To estimate the moments of the solution of (1.1.1) we must solve the deterministic equation
pointwise for each sample. The cost of this algorithm is of the order of number of samples
times the cost for the approximation in the space domain which depends on the solver which
is optimally in the order of the degrees of freedom for an FE method. One of the aims of
the proposed Multi-Level Monte Carlo Finite Element (MLMC-FE) method is to decrease
the cost of this computation. In order to do so, we introduce a hierarchical system of Finite
Element spaces (FE spaces), in each of which we calculate a certain number of samples of the
approximation of the solution. Dealing with a large number of samples on a very coarse grid
is computationally cheap, but overall convergence is yet limited by the spacial resolution. On
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1 Introduction

the other hand, solving the system of equations on a fine grid for each sample is expensive.
The MLMC method exploits this fact by solving samples on different grid resolutions and
gradually decreasing the sample size on each finer grid depending on a balance between
MC convergence and discretization error. This strategy allows us to have the same overall
convergence as the MC method on the finest grid, but the computational costs are only a
fraction of the latter.

Depending on an optimal solver used for solving the linear systems for each sample the
computational cost of the MLMC method is in the limit log-linear in the order of degrees of
freedom of the FE method for Rd, for d > 1. Only for d = 1, in the case D ⊂ R as the space
domain, the effort to balance the MC convergence with spacial convergence on different grids
still asks for such a high amount of samples per sublevel that the complexity of MLMC is of
the order of the square of the degrees of freedom of the FE method.

We continue our calculations to approximate higher moments of the solution with a similar
approach as above introducing a wavelet transformation. In this case the tensor product of
the solution may be estimated with log-linear complexity in terms of degrees of freedom of
the FE method. This leads to a sparse tensor MLMC-FE method with log-linear complexity
once more for d > 1. We show that the solution exhibits a certain mixed regularity taking the
form of an r-summable stochastic solution of a Bochner function in scale {Xs}s≥0 of Sobolev
spaces on the domain D.

Considering that the covariance operator is a compact operator, we look at two spec-
tral expansions of the stochastic diffusion coefficient. The coefficients of the expansion are
identically distributed random variables and here we look at log-normally distributed and
uniformly distributed random variables along with an orthonormal basis of the underlying
function space.

Eventually, we elaborate on an efficient algorithm to balance the load of the MLMC-FE
calculation on unstructured and structured grids among different numbers of processors. The
goal is to find an optimal load distribution depending on sublevel depth of grid refinements
and processors available. As an example we focus on load distributions based on Recursive
Spectral Bisection (RSB).

1.2 Overview

The second Chapter introduces the necessary notations for in this thesis, followed, in Chapter
3, by the formulation of our model problem. Here, we study the well-posedness and regularity
conditions of the solution. We point out that Chapter 3 to Chapter 5 follow closely [1], see
the remark in the following Section. In the fourth chapter we analyze the rate of convergence
of the Multi-Level Monte Carlo method. We prove convergence rates of the Monte Carlo
approximations for the continuous solution and its Galerkin Finite Element approximation.
Chapter 5 contains the extension of our previous results to the approximation of higher order
moments of the solution. Here we derive rates of convergence for the sparse tensor Multi-
Level Monte Carlo method for the k-th moment, 1 ≤ k ∈ N, of the solution. In Chapter 6 we
present three expansions of the stochastic diffusion coefficient a of (1.1.1). Subsequently, in
Chapter 7, we present the numerical simulations and analysis of some examples in one and
two space dimensions. Finally, we introduce the RSB method and discuss load balancing in
Chapter 8 followed by a conclusion and an outlook in Chapter 9.

2



1.3 A remark about the thesis and the author

1.3 A remark about the thesis and the author

This master thesis was written from March to July 2010 as part of the masters degree cur-
riculum in computational science and engineering (RW/CSE) at the Seminar for Applied
Mathematics (SAM) at the Department of Mathematics at the ETH Zurich in Switzerland.
A major part of this thesis is a preprint due for publication as a paper with the same title,
see [1]. The thesis introduces more mathematical preliminaries and contains an analysis on
the implementation and parallelization. The paper was a collaboration of Prof. Christoph
Schwab, Dr. Andrea Barth and Nathaniel Zollinger. The subject of this thesis was proposed
by Prof. Christoph Schwab as part of an ongoing project about the numerical analysis of
stochastic partial differential equations that can be followed on a steady basis as part of all
SAM reports currently accessible on the SAM webpage1.

On a personal note, I am very grateful to Christoph Schwab for the opportunity and intro-
duction that was given to me to study and research in this interesting field and the chance to
work next to skillful and dedicated scientists who allowed me to profit from their knowledge at
any time. Andrea Barth was an always supportive, excellent and experienced guide through-
out this thesis. Andrea Barth, Claude Gittelson and Roman Andreev had many an insightful
comment ready and alongside Oleg Reichmann critically reviewed this thesis. And there were
more people with an open ear at the SAM department.

Thank you all very much!

1Seminar for Applied Mathematics at ETH Zurich: http://www.sam.math.ethz.ch

3





2 Preliminaries

This chapter serves as a mathematical background for the MLMC-FE method discussed in
this thesis. Definitions and notations found here are valid throughout this thesis. Functional
analysis, measure theory, probability theory, linear algebra and numerical methods are used
without reference if they can be found in a standard textbook about the respective subject
and are assumed to be familiar to the reader.

In Section 2.1 we introduce the notion of Sobolev spaces for solutions to deterministic
elliptic partial differential equations. In Section 2.2 we introduce Finite Element spaces on
regular simplical meshes. Section 2.3 explains the definition of a Bochner integral as needed
for the notion of Banach space valued random variable such as the solution to an elliptic
stochastic PDE. The notion of tensor product spaces is used throughout this thesis and it is
defined in Section 2.4.

In some cases, one is given an elliptic stochastic PDE with a known covariance kernel. This
kernel, or rather the covariance operator, is needed to expand the diffusion coefficient as done
in Chapter 6. The expansions are based on a basis of the Cameron-Martin Space. This space
is defined in Section 2.5.

In the remainder of the thesis we denote:

• For d ∈ N, let D ⊂ Rd be a bounded open domain with Lipschitz boundary ∂D. A
Lipschitz boundary has the property that there exists a local Lipschitz parametrization
of the boundary, i.e. for every point on the boundary there exists an open neighborhood
and a Lipschitz continuous function that maps a subset of Rd−1 into the intersection of
the boundary with that neighborhood.

• (Ω,A,P) denotes a probability space with a set of elementary events Ω, a σ-algebra
A ⊂ 2Ω and a probability measure P as a σ-additive function

P : A → [0, 1] ⊂ R

with P(Ω) = 1.

• LetH be a real separable Hilbert space with norm ‖·‖H . Then L2(Ω,A,P;H), or equiva-
lently L2(Ω;H), is the space of square integrable functions f : Ω→ H, ω 7→ f(ω, ·) ∈ H,
with norm:

‖f‖L2(Ω;H) :=
(∫

Ω
‖f(ω)‖2HdP(ω)

)1/2

<∞

• The stochastic diffusion coefficient a ∈ L2 (Ω,A,P;L∞(D)) is an L∞(D)-valued random
field or random variable on Ω. In this case, since D is bounded, a is also an L2(D)-valued
random variable on Ω.
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2 Preliminaries

2.1 Sobolev Spaces

In general, Finite Element methods approximate solutions of partial differential equations. If
the partial differential equation is elliptic then these solutions are often limited to subspaces
of L2(D), depending on the elliptic operator, the boundary conditions and regularity. The
solutions to elliptic PDEs often only exist in a weak sense and are elements of a Banach
space, called Sobolev space. Typically, one is interested in the norm defined on the respective
Sobolev space for smoothness and error analysis. For a full and more general introduction,
we refer to [5, 10].

The following definition generalizes the definition of partial derivation for cases where so-
lutions to elliptic PDEs are not in C2(D).

Definition 2.1.1. (Weak derivative) The weak partial derivative
∂u

∂xi
, i = 1, . . . , d of a

locally integrable function u : D ∈ Rd → R is a locally integrable function gi : D → R that
satisfies ∫

D
givdx = −

∫
D
u
∂v

∂xi
dx, ∀v ∈ C∞0 (D) (2.1.1)

where C∞0 (D) is the space of compactly supported smooth R-valued functions. The definition
is only valid if gi exists.

Remark 2.1.2. The term locally means that we find this property on any bounded set K in
the interior of D. The term integrable is meant with respect to L1(K) and Definition 2.1.1
is a generalization of classic derivation. Note that we restrict our introduction to the spaces
necessary to support this thesis, i.e. only up to first order Sobolev spaces. These are denoted
by W 1,p(D) and are the space of all functions u ∈ Lp(D) whose Lp-norms of its first derivatives
are finite:

Definition 2.1.3. Let u ∈ L1(K) for any compact K ⊂ D (denoted as u ∈ L1
loc(D)). Suppose

that the weak partial derivatives
∂u

∂xi
exist for all i = 1, . . . , d. We define the Sobolev spaces

as

W 1,p(D) :=

{
u ∈ L1

loc(D) : ‖u‖pLp(D) +
d∑
i=1

∥∥∥∥ ∂u∂xi
∥∥∥∥p
Lp(D)

<∞

}
, for 1 ≤ p <∞ (2.1.2)

with the Sobolev norm

‖u‖W 1,p(D) :=

(
‖u‖pLp(D) +

d∑
i=1

∥∥∥∥ ∂u∂xi
∥∥∥∥p
Lp(D)

)1/p

, for 1 ≤ p <∞ (2.1.3)

and additionally

‖u‖W 1,∞(D) := max

(
‖u‖L∞(D), max

1≤i≤d

∥∥∥∥ ∂u∂xi
∥∥∥∥
L∞(D)

)
, for p =∞ (2.1.4)

W 1,∞(D) is defined with straight forward changes to (2.1.2)

For later use and numerical importance we define the first order Sobolev semi-norm
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2.2 Finite Element Spaces

Definition 2.1.4. For u ∈W 1,p(D) and D ⊂ Rd let

|u|W 1,p(D) :=

(
d∑
i=1

∥∥∥∥ ∂u∂xi
∥∥∥∥p
Lp(D)

)1/p

, for 1 ≤ p <∞ (2.1.5)

and additionally

|u|W 1,∞(D) := max
1≤i≤d

∥∥∥∥ ∂u∂xi
∥∥∥∥
L∞(D)

, for p =∞ (2.1.6)

The Sobolev space W 1,p(D) is a Banach space, for a proof see [5, Theorem 1.3.2]. The
space W 1,2(D) is usually denoted as H1(D) and H1

0 (D) denotes the closure of C∞0 (D) in
H1(D), i.e. u ∈ H1

0 (D) if and only if there exists a sequence of functions (fm)m∈N, fm ∈ C∞0 ,
m ∈ N, such that fm → u in H1(D). A generalization of H1

0 (D) is H1
Γ(D) for additional

restrictions on a subset of the boundary Γ ⊂ ∂D. The topological dual space to H1
0 (D) of

linear functionals into R is denoted as H−1.

Remark 2.1.5. The Definitions 2.1.3 and 2.1.4 are not defined exactly the same, but equiv-
alently, throughout the literature and can be defined more generally using the supremum
instead of the maximum as in [5] compared to [10]

2.2 Finite Element Spaces

For approximation of the solution to the elliptic SPDE we use a Finite Element method
and the FE method which we consider is based on hierarchic (or nested) sequences of regular
simplicial meshes of quasi-uniform triangles or tetrahedra {Tl}∞l=0 of the polygonal respectively
polyhedral domain D. For any l ≥ 0, we denote the mesh width of Tl by

hl = max
K∈Tl
{diam(K)} =: max

K∈Tl
{hK}.

We recall (see, e.g., [4, 5]) that the nested family {Tl}∞l=0 of regular, simplical meshes is called
κ-shape regular if there exists a κ <∞ such that κ := supl κl = supl maxK∈Tl

hK
ρK

. Here ρK is
the radius of the largest ball that can be inscribed into any K ∈ Tl.

The uniform refinement of the mesh is achieved by regular subdivision. This results in the
mesh width hl = 2−lh0, since hl+1 = 1

2hl, where h0 is the maximal diameter of the coarsest
mesh. Constructed like this the nested family {Tl}∞l=0 is κ-shape regular, since κl = κ0 = κ.

Definition 2.2.1. The finite element space or piecewise polynomial space on the domain D
with triangulation Tl is defined as

Sp,n(D, Tl) := {v ∈ Hn(D) : v|K ∈ Pp , ∀K ∈ Tl} (2.2.1)

where we denote the space of polynomials Pp(K) = span {xα : |α| ≤ p} of maximal total degree
p on a compact set K ⊂ D. And equivalently we define

Sp,nΓ (D, Tl) := {v ∈ Hn
Γ(D) : v|K ∈ Pp , ∀K ∈ Tl} (2.2.2)

as the corresponding Finite Element space respecting the boundary conditions on Γ ⊂ ∂D.
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2 Preliminaries

2.3 Bochner Integral for Banach Space Valued Random Variables

For the variational formulation for a stochastic elliptic PDE as well as for our error analysis
of the MLMC-FE method for the problem in hand, given by (1.1.1), we shall require Bochner
spaces of r-summable functions on D ⊂ Rd, for d = 1, 2, . . .

For each ω ∈ Ω, the solution to the elliptic PDE with stochastic coefficient is an element
of an appropriate function space B, a separable Banach space. It is thus necessary to extend
measurability and integrability to functions, or equivalence classes v : Ω→ B.

The idea here is to define an integral as a limit of simple functions:

Definition 2.3.1. For a Banach space (B, ‖ · ‖B) a function v : Ω→ B is

(i ) called simple if it has the form:

v(ω) =
n∑
i=1

IAi(ω)ui, (ω ∈ Ω) (2.3.1)

where Ai ∈ A, ui ∈ B for i = 1, . . . , n and IA is the indicator or characteristic function
for the set A ∈ A.

(ii ) strongly measurable if there exist simple functions vk : Ω→ B such that

vk(ω)→ v(ω) a.s.

in other words, the subset A :=
{
ω ∈ Ω : lim

k→∞
vk(ω) 6= v(ω)

}
⊂ Ω has P-measure zero.

In the second step we define the Bochner integrals. Note that (Ω,A,P) is a probability
space, i.e. 0 ≤ P[A] ≤ 1, ∀A ∈ A:

Definition 2.3.2. (i ) If v(ω) =
∑n

i=1 IAi(ω)ui is simple, define:∫
Ω
v(ω)dP(ω) :=

n∑
i=1

P[Ai]ui (2.3.2)

(ii ) A strongly measurable function v : Ω→ B is called summable if there exists a sequence
{vk}∞k=1 of simple functions such that:∫

Ω
‖vk(ω)− v‖B dP(ω) −→ 0, as k →∞ (2.3.3)

(iii ) If v is summable, we define∫
Ω
v(ω)dP(ω) = lim

k→∞

∫
Ω
vk(ω)dP(ω) (2.3.4)

Suited to the notation above, it is possible to state Bochner’s Theorem on the existence of
a Bochner integral, [32, Theorem V.5.1]:
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2.4 Tensor product spaces

Theorem 2.3.3. (Bochner’s Theorem) Let B be a Banach space then a strongly mea-
surable function v : Ω → B is summable if and only if ω 7→ ‖v(ω)‖B is summable. In this
case ∥∥∥∥∫

A
v(ω)dP(ω)

∥∥∥∥
B

≤
∫
A
‖v(ω)‖BdP(ω), for A ∈ A (2.3.5)

In other words, a strongly measurable v is Bochner integrable if and only if the scalar
function ‖v‖B is P-integrable. For any separable Banach space B of real-valued functions on
the domain D with norm ‖ · ‖B, we then denote the set of strongly measurable, r-summable
mappings v : Ω→ B by

Lr(Ω;B) := Lr(Ω,A,P;B) :=
{
v : Ω→ B | v strongly measurable, ‖v‖Lp(Ω;B) <∞

}
where, for 0 < r ≤ ∞,

‖v‖Lr(Ω;B) :=


(∫

Ω
‖v(ω, ·)‖rBdP(ω)

)1/r

if 0 < r <∞,

ess supω∈Ω‖v(ω, ·)‖B if r =∞ .

Let X,Y be separable Hilbert spaces and B ∈ L(X,Y ) denote a continuous linear mapping
from X into Y . For a random field u ∈ Lr(Ω;X) this mapping defines a random variable
y(ω) = Bx(ω), and we have that y ∈ Lr(Ω;Y ) and

‖Bx‖Lr(Ω;Y ) ≤ C‖x‖Lr(Ω;X)

Furthermore there holds
B
∫

Ω
x dP (ω) =

∫
Ω
Bx dP (ω).

We refer to [8, Chapter 1] for a synopsis of these and further results for Banach space valued
random variables. A similar introduction is in [10, Appendix E.5] and further mathematical
background in [32].

2.4 Tensor product spaces

To calculate higher moments of the stochastic solution to the elliptic SPDE, we introduce
tensor product spaces. For any k ∈ N we denote the k-fold tensor product of a separable
Hilbert space X as

X(k) = X ⊗ · · · ⊗X︸ ︷︷ ︸
k-times

,

equipped with the natural norm ‖ · ‖X(k) . This norm has the property that for every
u1, . . . , uk ∈ X there holds the isometry

‖u1 ⊗ · · · ⊗ uk‖X(k) = ‖u1‖X · · · ‖uk‖X .

For u ∈ Lk(Ω;X) we now consider the random field (u)(k) defined by u(ω)⊗· · ·⊗u(ω). Then
(u)(k) = u⊗ · · · ⊗ u ∈ L1(Ω, X(k)) and we have the isometries:

‖(u)(k)‖L1(Ω;X(k)) =
∫

Ω
‖u(ω)⊗ · · · ⊗ u(ω)‖X(k)dP (ω) =

∫
Ω
‖u(ω)‖kXdP (ω) = ‖u‖kLk(Ω;X)

(2.4.1)

Remark 2.4.1. L2(Ω;H) is isometrically isomorph to L2(Ω)⊗H, see [28, Theorem II.10].
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2 Preliminaries

2.5 The Cameron Martin Space

Let B (H) be the Borel σ-algebra on the real separable Hilbert space H. For given a ∈
L2 (Ω,A,P;H) we formulate the mean ma and covariance operator Qa. A random variable a
on the probability space (Ω,A,P) with values in H is a mapping a : Ω → H such that for a
set I ∈ B (H) follows that a−1(I) ∈ A. The law of a is a probability measure on (H,B (H)).
It is denoted as a#P and formally defined by

a#P(I) = P(a−1(I)) = P(a ∈ I), ∀I ∈ B (H) (2.5.1)

The following theorem is proven in [7, Proposition 1.1.1] and we use it to state the mean ma

and covariance Qa later.

Theorem 2.5.1. Let X be a random variable on the probability space (Ω,A,P) into a Banach
space B and let B∗ be the dual of B. For a mapping ϑ ∈ B∗ we have:∫

Ω
ϑ (X(ω)) dP(ω) =

∫
B
ϑ(x)X#P(dx) (2.5.2)

Set a as above and choose a measure µ on (H,B(H)) as the pull-back of the measure P as
defined in (2.5.2). We formally define the mean ma as an element in H satisfying:

〈h,ma〉 =
∫
H
〈h, x〉Hdµ(x), ∀h ∈ H (2.5.3)

The integration is well defined as we can apply Theorem 2.5.1 to ϑ(·) := 〈h, ·〉 ∈ H∗ and the
element ma then exists in H due to Riesz representation theorem. By the same argument
we formally define the covariance operator Qa ∈ L(H), where L(H) denotes the space of all
continuous and linear operators from H into itself.

〈Qaf, g〉 =
∫
H
〈f, x−ma〉〈g, x−ma〉dµ(x), ∀f, g ∈ H (2.5.4)

Remark 2.5.2. Qa is as an element in L1
+(H), i.e. it is a symmetric, positive definite and

nuclear operator, see [7, Proposition 1.1.8], and, in other words, of trace class.

We set H := L2(D) as the Hilbert space with the scalar product 〈·, ·〉 induced by the
L2-norm. Based on Theorem 2.5.1 we state ma and Qa for a ∈ L2

(
Ω,A,P;L2(D)

)
less

formally. E[a](·) := ma is an element in L2(D) with:

〈h,E[a]〉 =
∫

Ω
〈h, a(ω, ·)〉dP(ω), ∀h ∈ L2(D) (2.5.5)

The covariance Qa(·, ·) is defined using the covariance operator Qa as:

Qa(f, g) := 〈Qaf, g〉 =
∫

Ω
〈f, a(ω, ·)− E[a]〉〈g, a(ω, ·)− E[a]〉dP(ω), ∀f, g ∈ L2(D) (2.5.6)

To finish our considerations, we state the definition of the Cameron-Martin space based on
our notation above. A basis of this space is needed in expansions of the stochastic diffusion
coefficient presented in Chapter 6. Since Qa is of trace class, see Remark 2.5.2, one can find a
sequence of eigenpairs (λk, ϕk)∞k=1 with Qaϕk = λkϕk and ϕk ∈ H, ∀k ∈ N. This is sufficient
to define:

10



2.5 The Cameron Martin Space

Definition 2.5.3. (Cameron-Martin space) For the seperable Hilbert space H with Borel
σ-algebra B(H), signed σ-finite measure µ and covariance operator Q in L1

+(H) with eigense-
quence (λk, ϕk)∞k=1 set:

Q1/2x :=
∞∑
k=1

√
λk〈x, ek〉ek, x ∈ H (2.5.7)

then define range(Q1/2) = Q1/2(H) as the Cameron-Martin space in H.

Remark 2.5.4. The Cameron-Martin space is also known as the reproducing kernel Hilbert
space and in the case of the Gaussian measure γ denoted as H(γ). It is a dense subspace
of H and even a null set in B(H) with respect to the Gaussian measure γ. Again in the
case of the Gaussian measure γ on an infinite dimensional separable Hilbert space, we have
H(γ) ∼= l2(R). See [7, 3] for a thorough introduction.
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3 Model Elliptic Problem with Random
Coefficients

Remark 3.0.5. In this chapter we closely follow [1, Section 3]

In the bounded Lipschitz polyhedron D ⊂ Rd, d = 1, 2, 3, . . ., we consider the elliptic
diffusion problem with stochastic diffusion coefficient a

−div(a∇u) = f in D (3.0.1)

Here, f ∈ L2(D) is a given source term. We assume that the Lipschitz boundary Γ = ∂D is
partitioned into a finite union of d− 1-dimensional planes, which in turn are grouped into a
Dirichlet part ΓD and a Neumann part ΓN . We assume in addition that

|ΓN | ≥ 0 and |ΓD| > 0 (3.0.2)

Furthermore, the exterior unit normal vector ~n to Γ exists almost everywhere on Γ. Equa-
tion 3.0.1 is completed by the boundary conditions

γ0u := u|ΓD = 0, γ1,au := (a~n · ∇u)|ΓN = g (3.0.3)

where g is a given normal flux on ΓN (specific assumptions on g is given below). In the case
of the Laplacean, i.e. when a = 1, we write γ1 in place of γ1,a.

To ensure well-posedness of our problem, we require that the following assumption on the
stochastic diffusion coefficient a is fulfilled:

Assumption 3.0.6. The stochastic diffusion coefficients a(ω, x) in (3.0.1), and (3.0.3) is
assumed to be a strongly measurable mapping from Ω into L∞(D).

There exist constants 0 < a− < a+ <∞ such that the random coefficient a(ω, x) in (3.0.1)
is uniformly elliptic, i.e. for every ω ∈ Ω holds1

0 < a− ≤ essinfx∈Da(ω, x) ≤ ‖a(ω, ·)‖L∞(D) ≤ a+ <∞ (3.0.4)

We remark that for Lipschitz domains D the trace operator γ0 in (3.0.3) is well-defined and
continuous from H1(D) onto H1/2(ΓD).

For the normal derivative operator γ1,a, we have

Lemma 3.0.7. Under Assumption 3.0.6, for f ∈ L2(D) and every 0 < r ≤ ∞, the co-
normal derivative operator γ1,a in (3.0.3) is a well-defined and surjective linear operator from
Lr(Ω;H1

ΓD
(D,∆)) onto Lr(Ω;H−1/2(ΓN )) where

H1
ΓD

(D,∆) := {v ∈ H1(D) : γ0v = 0, ∆v ∈ L2(D)}

and H−1/2(ΓN ) := (H1/2
00 (ΓD))∗ (with duality being understood with respect to the “pivot”

space L2(Γ); see [21] for the definition of H1/2
00 (ΓD)).

1We assume that the random coefficient a is, possibly after modification of a given a on a null-set, well-defined
and computationally accessible for every ω ∈ Ω
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3 Model Elliptic Problem with Random Coefficients

3.1 Variational Formulation and Well-Posedness

To present the variational formulation of (3.0.1) we introduce the Hilbert space

V = H1
ΓD

(D) = {v ∈ H1(D) : γ0v = 0} (3.1.1)

Due to the assumption |ΓD| > 0, by the continuity of the trace operator γ0 the space V is a
closed, linear subspace of H1(D) and by the Poincaré inequality the expression

V 3 v 7→ ‖v‖ :=
(∫

D
|∇v|2dx

)1/2

is a norm on V . We identify L2(D) with its dual and denote by V ∗ the dual of V with respect
to the “pivot” space L2(D), i.e. we work in the triplet V ⊂ L2(D) ' L2(D)∗ ⊂ V ∗.

To derive the variational formulation of the stochastic elliptic boundary value problem,
given by (3.0.1) - (3.0.3) we fix ω ∈ Ω for the moment. We then multiply (3.0.1) by a test
function v ∈ L2(Ω;V ) and integrate by parts in D to obtain (for fixed ω ∈ Ω) the (formal)
integral identity ∫

D
a∇v · ∇udx =

∫
D
fvdx+

∫
ΓN

gγ0vds.

Taking expectations on both sides of this expression, we arrive at the weak formulation of the
stochastic elliptic boundary value problem (Equations (3.0.1) - (3.0.3)):

given a satisfies Assumption 3.0.6, f ∈ L2(Ω;V ∗) and g ∈ L2(Ω;H−1/2(ΓN )), which are
mutually independent, find u ∈ L2(Ω;V ) such that

B(u, v) = F (v) ∀v ∈ L2(Ω;V ), (3.1.2)

where the bilinear form B(·, ·) : L2(Ω;V )× L2(Ω;V )→ R is given by

B(u, v) = E

[∫
D
a(·, x)∇u(·, x) · ∇v(·, x)dx

]
,

and

F (v) = E

[∫
D
f(·, x)v(·, x)dx

]
+ E

[∫
ΓN

gγ0v(·, x)dsx

]
,

where the ‘integrals’
∫
D f(·, x)v(·, x)dx and

∫
x∈ΓN

...dsx understood as L2(Ω;V )× L2(Ω;V ∗)

respectively as L2(Ω;H1/2
00 (ΓN ))× L2(Ω;H−1/2(ΓN )) duality pairings obtained by extending

the corresponding L2 inner products by continuity. By Riesz Representation Theorem there
exists a linear operator A(ω) ∈ L(V, V ∗) such that for all v, w ∈ V

B(v, w) = V 〈w,A(ω)v〉V ∗ (3.1.3)

Theorem 3.1.1. Under Assumption 3.0.6, for every f ∈ L2(Ω;V ∗) and g ∈ L2(Ω;H−1/2(ΓN )),
the weak formulation, (3.1.2), of the stochastic elliptic boundary value problem, given by
(3.0.1) - (3.0.3), admits a unique solution u ∈ L2(Ω;V ).

Proof. By Assumption 3.0.6, we have for every v, w ∈ V

|B(v, w)| ≤ esssupω∈Ω‖a(·, x)‖L∞(D)‖v‖L2(Ω;V )‖w‖L2(Ω;V ) ≤ a+‖v‖L2(Ω;V )‖w‖L2(Ω;V ) (3.1.4)
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3.2 Regularity of Solutions

and
B(v, v) ≥ a−‖v‖2L2(Ω;V ) (3.1.5)

Moreover, for given g ∈ L2(Ω;H−1/2(ΓN )) and f ∈ L2(Ω;V ∗), we have by the Cauchy-
Schwarz and Poincaré inequalities and the continuity of the trace operator γ0 that for every
w ∈ V

|F (w)| ≤ ‖f‖L2(Ω;V ∗)‖w‖L2(Ω;V ) + ‖g‖L2(Ω;H−1/2(ΓN ))‖γ0w‖L2(Ω;H1/2(ΓD))

≤ C(D)
(
‖f‖2L2(Ω;V ∗) + ‖g‖2

L2(Ω;H−1/2(ΓN ))

)1/2
‖w‖L2(Ω;V ).

(3.1.6)

The assertion now follows from the Lax-Milgram Lemma.

Remark 3.1.2. The variational formulation, (3.1.2), requires in Assumption 3.0.6 only the
definition and boundedness of the random coefficient a P-a.s.. The (stronger) Assump-
tion 3.0.6 implies in particular the unique solvability of the stochastic diffusion problem,
defined in (3.0.1) for every sample ω; this is required for the MLMC-FE simulation. Assump-
tion 3.0.6 in addition also implies

∀ω ∈ Ω : ‖u(ω, ·)‖V ≤
1
a−

(
‖f(ω, ·)‖2V ∗ + ‖g(ω, ·)‖2

H−1/2(ΓN )

)1/2
(3.1.7)

3.2 Regularity of Solutions

To ensure local H2(D) regularity and the existence of higher moments of the stochastic
solution u ∈ L2(Ω;V ) we impose additional assumptions on the data f and g:

Assumption 3.2.1. We assume that f ∈ Lr(Ω;L2(D)), g ∈ Lr(Ω;H1/2(ΓN )), for some
2 ≤ r ≤ ∞, and that the mapping Ω 3 ω 7→ a(ω, ·) takes values in W 1,∞(D) for every
ω ∈ Ω. Moreover, we assume that the sources of randomness, i.e. a, f and (if |ΓN | > 0) g
are independent and strongly measurable as mappings taking values in the respective Banach
spaces W 1,∞(D), L2(D) and in H1/2(ΓN ).

By the usual elliptic regularity theory (see, e.g., [11]), Assumption 3.2.1 ensures in particular
that u ∈ H2

loc(D), P-a.s.. We have the following

Proposition 3.2.2. Under Assumption 3.2.1 and by (3.0.4), the elliptic problem, given by
(3.0.1) - (3.0.3), admits a unique solution u ∈ Lr(Ω;W ). Here, the space W is defined by

W := {w ∈ V : ∆w ∈ L2(D), γ0w = 0, γ1w ∈ H1/2(ΓN )},

equipped with the norm ‖ · ‖W given by

‖w‖W := ‖∆w‖L2(D) + ‖w‖L2(D).

Further, with 2 ≤ r ≤ ∞ as in Assumption 3.2.1, there holds the a-priori estimate

‖u‖Lr(Ω;W ) ≤ C(a)
(
‖f‖Lr(Ω;L2(D)) + ‖g‖Lr(Ω;H1/2(ΓN ))

)
(3.2.1)

Here, C(a) depends on a− and a+, resp. on ‖a‖L∞(Ω;W 1,∞(D)).
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3 Model Elliptic Problem with Random Coefficients

Proof. The proof is a consequence of the W 1,∞(D)-regularity of all realizations of the stochas-
tic coefficient a which implies that the stochastic solution u ∈ L2(Ω;V ) satisfies the identity

−∆u(ω, ·) = f(ω, ·) +∇a(ω, ·) · ∇u(ω, ·) in L2(D), ∀ω ∈ Ω.

Therefore we may estimate for every ω ∈ Ω

‖∆u(ω, ·)‖L2(D) ≤ C(a)
(
‖f(ω, ·)‖L2(D) + ‖g(ω, ·)‖H1/2(ΓN )

)
, ω ∈ Ω.

Adding the corresponding L2(D) bound (which results from (3.1.7) and the Poincaré-inequality),
raising both sides of the resulting bound on the ‖ · ‖W norm of u to the power r and taking
expectations implies the assertion.

We remark that the space W can be characterized as a weighted Sobolev space with weights
vanishing at vertices and (in case d = 3) at edges of the polyhedron D; see, e.g., [17].

In the following section we introduce the Galerkin projections our Finite Element method is
based on. We prove convergence of the resulting discrete problem by a Monte Carlo method,
before we proceed with the convergence and a work estimate for the MLMC method for the
discrete equation.
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4 Multi-Level Monte Carlo Finite Element
Method

Remark 4.0.3. In this section we closely follow [1, Section 4]. Changes were made in Section
4.1 and 4.2

A key ingredient in MLMC-FE method are path-wise, hierarchic Finite Element discretiza-
tions of the stochastic elliptic problem ((3.0.1)) which we present next. Followed by an error
estimate for the Monte Carlo method of the (non discrete) solution of the problem at hand.
From this result we derive a convergence rate for the MC method of the discrete solution (full
tensor MC-FE method) and finally for the Multi-Level MC-FE method.

4.1 Mean Square Stability of the Galerkin Projection

The family of FE spaces that we employ is V = {S1,1
ΓD

(D, Tl)}∞l=0, which is the family of spaces
of continuous, piecewise linear functions on the regular, simplicial triangulation {Tl}∞l=0 that
satisfy the homogeneous essential boundary conditions on the Dirichlet boundary ΓD (whose
closure coincides, by assumption, with the union of all closed edges of elements K ∈ Tl
abutting at ΓD).

The Galerkin approximation is based on the weak formulation in (3.1.2) of the stochastic
elliptic boundary value problem, presented in (3.0.1) - (3.0.3).

Since for each level l of mesh refinement, Vl = S1,1
ΓD

(D, Tl) ⊂ H1
ΓD

(D) the corresponding
discrete problem reads: find ul ∈ L2(Ω;S1,1

ΓD
(D, Tl)) such that

B(ul, vl) = F (vl) ∀vl ∈ L2(Ω;S1,1
ΓD

(D, Tl)) (4.1.1)

where F (v) is defined as in (3.1.2).
By (3.1.4), (3.1.5) and (3.1.6), for each l = 0, 1, 2, . . . exists a unique stochastic FE solution

ul ∈ L2(Ω;S1,1
ΓD

(D, Tl)).
The operator Gl projecting the variational solution u ∈ L2(Ω;V ) into the stochastic Finite

Element solution ul ∈ L2(Ω;S1,1
ΓD

(D, Tl)) is an L2(Ω;V )-stable projection: by (4.1.1) and
(3.1.5), we have for every l

a−‖ul‖2L2(Ω;V ) ≤ B(ul, ul) = B(u, ul) ≤ a+‖u‖L2(Ω;V )‖ul‖L2(Ω;V ),

which implies

‖Glv‖L2(Ω;V ) ≤
1
a−
‖v‖L2(Ω;V ) ∀v ∈ L2(Ω;V ).

Under Assumption 3.0.6, the Galerkin projection Gl is well-known to be quasioptimal (see,
e.g., [4, 5]), i.e.

‖u− ul‖L2(Ω;V ) ≤ Ca inf
vl∈Vl

‖u− vl‖L2(Ω;V ) (4.1.2)
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4 Multi-Level Monte Carlo Finite Element Method

where Ca =
√

a+

a−
.

Assumptions 3.0.6 and 3.2.1 imply local H2(D) -regularity of the solution. More precisely,
with the space W ⊂ V as defined in (3.2.2), there exists a unique weak solution u ∈ L2(Ω;W )
and (3.2.1) holds. Then, C(a) depends on a− and a+ resp. on ‖a‖L∞(Ω;W 1,∞(D)). With the
same assumptions and by well known results (see for example [4, 5]) we have for all w ∈W

inf
vl∈S1

ΓD
(D,Tl)

‖w − vl‖H1
ΓD

(D) ≤ CI2−lh0‖w‖W (4.1.3)

where CI > 0 is some constant, independent of l.
We proceed with an analysis of the rate of convergence of the Monte Carlo method for

the solution of the stochastic elliptic problem at hand. First we derive the estimate for the
solution which is not discretized in space and then generalize this result to the Finite Element
solution.

4.2 Rate of convergence of the Monte Carlo method

The stochastic solution is characterized by its moments. We estimate the expectation E[u] ∈
V by the mean over solution samples ûi ∈ V , i = 1, . . . ,M corresponding to M independent,
identically distributed realizations of the random input data a, f and g:

EM [u] :=
1
M

M∑
i=1

ûi ∈ V (4.2.1)

For the random variable u ∈ L2(Ω, V ) we consider the samples (ûi)Mi=1 as realizations of M
independent and identically distributed random variables and the sum as a realization of a
random variable on ΩM :=

⊗M
i=1 Ω With this notation the following result is a fixed upper

bound on the error of Monte Carlo sampling:

Lemma 4.2.1. For any M ∈ N and for u ∈ L2(Ω;V ) holds

‖E[u]− EM [u]‖L2(ΩM ;V ) ≤M−1/2‖u‖L2(Ω;V ).

Proof. For u ∈ L2(Ω;V ) it is clear that E[u] and Var[u] exist and similar to [31, Lemma 4.2]
denote v := u− E[u] and for non-fixed sample v̂i = ûi − E[u] then follows:

‖v̂i‖2L2(ΩM ;V ) =
∫

Ω(M)
M−2 (v̂1 + · · ·+ v̂M , v̂1 + . . .+ v̂M )P(dω)⊗ . . .⊗ P(dω)

= M−2

(∫
Ω
‖v̂1‖2VP(dω) + · · ·+

∫
Ω
‖v̂1‖2VP(dω)

)
= M−1‖v̂i‖2L2(Ω,V )

Since E[v] = 0 and ‖v‖L2(Ω,V ) ≤ ‖u‖L2(Ω,V ), the claim is proven.
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4.3 Single-Level Monte Carlo Finite Element method

4.3 Single-Level Monte Carlo Finite Element method

The implementation of the estimator EM [u] in (4.2.1) requires a Finite Element approximation
of the ‘samples’ ûi which we choose from a continuous, piecewise linear Finite Element space
on a family of shape regular, affine and simplicial triangulations {Tl}∞l=0.

The key question which arises naturally here is which is the optimal choice of the sample
size in dependence of the grid size to achieve a prescribed error level with minimal work.

We shall address this question under the following assumptions on the Finite Element
method.

Assumption 4.3.1. For a given Finite Element mesh Tl from the family of meshes the FE
solution for a given realization âi ∈ W 1,∞(D) of the stochastic coefficient which satisfies
Assumption 3.0.6, the Galerkin projection ul = Glu ∈ Vl on the Finite Element subspace
Vl = S1,1

ΓD
(D, Tl) of dimension Nl = dim(S1,1

ΓD
(D, Tl)) can be realized in O(Nl) work and

memory. The approximation has the accuracy

‖w −Glw‖V ≤ CaCIhl‖w‖W ,

where hl = 2−lh0 = maxK∈Tl diam(K) denotes the meshwidth of Tl.

We remark that for polygonal domains D ⊂ R2, Assumption 4.3.1 on the space W can
be satisfied by standard Multi-Level solvers for the Finite Element equations on families of
meshes with suitable refinement towards the vertices of D. We now establish a first error
estimate for the MC-FE method in the case when the same Finite Element mesh Tl is used
for all samples: we estimate the expectation of the solution, E[u], by

EM [ul] :=
1
M

M∑
i=1

Glû
i ∈ S1,1(D, Tl) (4.3.1)

Theorem 4.3.2. Under Assumptions 3.0.6 and 3.2.1 holds the error bound

‖E[u]− EM [ul]‖L2(ΩM ,V ) ≤ C(a)
(

1√
M

+ hl

)(
‖f‖L2(Ω;L2(D)) + ‖g‖L2(Ω;H3/2(ΓN ))

)
(4.3.2)

Proof. We split the left hand side of the equation above as follows

‖E[u]− EM [ul]‖L2(ΩM ,V ) ≤ ‖E[u]− E[ul]‖L2(ΩM ,V ) + ‖E[ul]− EM [ul]‖L2(ΩM ,V )

≤ E‖[u]− [ul]‖V + ‖E[ul]− EM [ul]‖L2(ΩM ,V ).

The first term on the right hand side is bounded by Assumption 4.3.1 and Proposition 3.2.2.
The assertion follows with Lemma 4.2.1 for the second term.

The optimal choice of sample size versus grid size for a fixed error is reached when the
statistical and the discretization errors are equilibrated, i.e. when M−

1
2 = O(hl) = O(2−l).

In terms of the degrees of freedom of the Finite Element method, Nl, therefore, we obtain
from (4.3.2) the basic relation

M−
1
2 = O(hl) = O(N

− 1
d

l ) (4.3.3)
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4 Multi-Level Monte Carlo Finite Element Method

We have a closer look at the computational cost of the Monte Carlo method. We work under
Assumption 4.3.1 and take the same estimate as before, i.e. we estimate E[u] by the mean of
ûil, i = 1, . . . ,M for M independent samples with the fixed discretization level l:

E[ul] ' EM [ul] =
1
M

M∑
i=1

ûil =
1
M

M∑
i=1

Glû
i.

Under Assumption 4.3.1, the computational cost of this estimate is O(M · Nl) work and
memory, i.e. the number of samples times the cost for each Finite Element solution with
Nl = 2ld degrees of freedom. With the previous calculation on the optimal sample size, i.e.

(4.3.3), which implies M = N
2
d
l = O(22l), we may write for the computational cost O(2l(2+d)).

Subsequently we generalize these calculations to the case of a Multi-Level approximation
of the Monte Carlo method.

4.4 Multi-Level Monte Carlo Finite Element method

For the MLMC method we discretize the variational formulation, given by (3.1.2), by Galerkin
projection onto a hierarchic sequence of finite dimensional subspaces

V0(D) ⊂ V1(D) ⊂ . . . ⊂ Vl(D) ⊂ . . . ⊂ V (D),

where Vl(D) := S1,1
ΓD

(D, Tl), here l denotes the level of mesh refinement. With the notation
u0 := 0 we may write

uL =
L∑
l=1

(ul − ul−1)

and, by linearity of the expectation operator E[·],

E[uL] = E

[
L∑
l=1

(ul − ul−1)

]
=

L∑
l=1

E[ul − ul−1] =
L∑
l=1

(E[ul]− E[ul−1]) .

In the MLMC-FE method, we estimate E[ul − ul−1] by a sublevel dependent number Ml of
samples, which implies that we may estimate E[u] by

EL[u] :=
L∑
l=1

EMl
[Glu−Gl−1u] =

L∑
l=1

(EMl
[ul]− EMl

[ul−1]) (4.4.1)

Convergence of the MLMC-FE method is guaranteed by the following

Lemma 4.4.1. Under Assumptions 3.0.6, 3.2.1 and 4.3.1, the MLMC-FE approximation,
(4.4.1) of the expectation E[u] of the solution u ∈ L2(Ω;W ) to the stochastic elliptic boundary
value problem, presented in (3.0.1) - (3.0.3), in the polyhedral domain D ⊂ Rd admits the
error bound

‖E[u]− EL[u]‖
L2(Ω cM ,V )

≤ C

(
hL +

L∑
l=1

hlM
−1/2
l

)(
‖f‖L2(Ω;L2(D)) + ‖g‖L2(Ω;H1/2(ΓN ))

)
(4.4.2)

Here, the constant C depends only on d, a− and on the bound ‖a‖L∞(Ω;W 1,∞(D)) in Assump-

tion 3.2.1 and ΩcM = ΩM1+···+ML, i.e. M̂ =
∑L

l=1Ml.
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4.4 Multi-Level Monte Carlo Finite Element method

Proof. We rewrite the error to be estimated as in the proof of Theorem 4.3.2 as

‖E[u]− EL[u]‖
L2(Ω cM ,V )

= ‖E[u]− E[uL] + E[uL]−
L∑
l=1

EMl
[ul − ul−1]‖

L2(Ω cM ,V )

≤ ‖E[u]− E[uL]‖
L2(Ω cM ,V )

+ ‖
L∑
l=1

(E[ul − ul−1]− EMl
[ul − ul−1]) ‖

L2(Ω cM ,V )

=: I + II.

We calculate the error bounds for the terms I and II separately.
Term I: By Jensen’s and the Cauchy-Schwarz inequality, for every l = 1, ..., L, we get

I ≤
(

[‖E(u−Glu)‖2
L2(Ω cM ,V )

]
)1/2

= ‖u− ul‖L2(Ω;V ) ≤ CICa hl‖u‖L2(Ω;W ).

In particular for l = L we obtain the asserted bound for Term I.
Term II: by the triangle inequality, we must consider for each l = 1, ..., L the term

‖E[ul − ul−1]− EMl
[ul − ul−1]‖L2(ΩMl ,V ) .

Each of these terms is estimated as follows:

‖E[ul − ul−1]− EMl
[ul − ul−1]‖L2(ΩMl ,V ) = ‖(E− EMl

)[ul − ul−1]‖L2(ΩMl ,V )

≤M−1/2
l ‖ul − ul−1‖L2(Ω;V )

≤M−1/2
l

(
‖u− ul‖L2(Ω;V ) + ‖u− ul−1‖L2(Ω;V )

)
≤ CaCIM−1/2

l (hl + hl−1)‖u‖L2(Ω;W )

= 3CaCI hlM
−1/2
l ‖u‖L2(Ω;W ).

Here we used Lemma 4.2.1, (4.1.2) and (4.1.3). Summing these estimates from l = 1, ..., L
completes the proof.

Remark 4.4.2. Lemma 4.4.1 gives a convergence result in the norm of L2(ΩcM , V ). The
choice of ΩcM is reasonable since we chose a sublevel dependent number Ml of samples in
(4.4.1). In the case where the estimate is given by EL[u] :=

∑L
l=1(EMl

[ul]− EMl−1
[ul−1]) we

would have ΩcM , where M̂ =
∑L

l=1(Ml −Ml−1).

The preceding result gives an error bound for the MLMC-FE approximation, for any dis-
tribution {Ml}Ll=1 of samples over the mesh levels. Like in the Single-Level Monte Carlo
approximation one is interested in the optimal ratio of sample size versus grid size in every
sublevel, i.e. how Ml relates to hl to achieve an overall convergence rate of O(hL).

Theorem 4.4.3. Under Assumptions 3.0.6, 3.2.1 and 4.3.1, the MLMC-FE approximation,
given by (4.4.1), of the expectation of the solution of the stochastic elliptic boundary value
problem ( (3.0.1) – (3.0.3)) in the polyhedral domain D ⊂ Rd with Ml samples on mesh sublevel
l given by

Ml = l2+2ε22(L−l)h0, l = 1, 2, ..., L,
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4 Multi-Level Monte Carlo Finite Element Method

where ε > 0 is arbitrarily small, admits the error bound

‖E[u]− EL[u]‖
L2(Ω cM ,V )

≤ ChL
(
‖f‖L2(Ω;L2(D)) + ‖g‖L2(Ω;H3/2(ΓN ))

)
.

If, at each sublevel l the Finite Element equations for each sample ûil in the estimator EMl
[ul]

are solved approximately with a full Multigrid method to accuracy O(hl) in the energy norm,
the total work Work(L) and memory for computing EL[u] approximately to accuracy O(hL)
is bounded by

Work(L) ≤ Cε


N2
L for d = 1,

NL(logNL)3+ε for d = 2,
NL(logNL)2+ε for d = 3,

where the constant C depends on ε but is independent of L.

Proof. The convergence result in Lemma 4.4.1 suggests that we choose Ml such that the
overall rate of convergence is O(hL). With the choice

Ml = l2+2ε(hl/hL)2 = O(l2+2ε22(L−l)), l = 1, . . . , L (4.4.3)

for some ε > 0, we obtain from (4.4.2) the asserted error bound, since for ε > 0 this implies
L∑
l=1

hlM
−1/2
l ≤ C

L∑
l=1

2−lh0(l)−(1+ε)2(l−L)h0

≤ C2−Lh0

L∑
l=1

(l)−(1+ε)

≤ ChL
L∑
l=1

(l)−(1+ε)

= C(ε)hL.

To estimate the work, we observe that the approximate solution given by the Finite Element
equation solved by a full Multigrid method at mesh level l to accuracy hl is of linear complexity
in the number Nl of unknowns at mesh level l (see, e.g., [4, 5]). For Ml samples (possibly in
parallel) this requires a total of O(MlNl) computational work and memory. This amounts to
the following bound for the overall work for the MLMC-FE method at level L

Work(L) .
L∑
l=0

MlNl

≤
L∑
l=1

(l)2+2ε22(L−l)2dl

= 2dL
L∑
l=1

(l)2+2ε22(L−l)2d(l−L)

= 2dL
L∑
l=1

(l)2+2ε2(d−2)(l−L)

. NL


∑L−1

l′=0(L− l′)2+2ε2l
′

for d = 1,∑L−1
l′=0(L− l′)2+2ε for d = 2,∑L−1
l′=0(L− l′)2+2ε2−l

′
for d = 3.
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4.4 Multi-Level Monte Carlo Finite Element method

This implies the asserted work estimates, if we use in the case d = 1 for 0 < ε < 1 summation
by parts three times.

Remark 4.4.4. We remark that in the particular case d = 1, i.e. when the domain D
coincides with an interval, with the standard “hat function” basis for S1,1(D, Tl) the stiffness
matrix is tridiagonal and symmetric positive definite provided Assumption 3.0.6 is satisfied.
Therefore, direct solvers are applicable with complexity O(Nl).

Remark 4.4.5. In the same particular case d = 1, the approximation with standard “hat
functions” is already too accurate for the model problem. Since we equilibrate the errors of
the MC method and the FE method, the MC error is dominating the overall error, leading
to an increase of the samples which causes the quadratic complexity. In the cases of higher
space dimensions the accuracy of the FE approximation, expressed in terms of the degrees of
freedom, is lower. In this case the overall error is not dominated by the MC error.

In the subsequent chapter we further detail these results for the mean field to the approxi-
mation of higher moments of the solution of the elliptic model problem.
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5 Multi-Level Monte Carlo Approximations of
Higher Moments

Remark 5.0.6. In this chapter we closely follow [1, Section 5]. Changes were made in
Section 5.1

We now address two generalizations of the MLMC-FE approximation: the efficient com-
putation of k-th moments of the stochastic solution u ∈ L2(Ω;V ), and the use of Finite
Elements which are based on continuous, piecewise polynomials of degree p ≥ 1. In particu-
lar the case k = 2, i.e. second moments, is of substantial interest in practice. Since, however,
k-th moments (which are sometimes referred to as k-point correlation functions) are functions
on the k-fold product domain Dk = D × . . . ×D, a naive MC estimation (with M samples)
of the product of the solution vectors will entail complexity MNk

L. The main result of the
present section states that in order to recover log-linear complexity of k-th moments with
k ≥ 2, the MLMC-FE approximation must be combined with a wavelet compression of the
Finite Element solutions for each sample. For k = 1, the results constitute a generalization
of the preceding analysis to higher order elements. For k = 2 in two spatial dimensions (i.e.
when d = 2) we obtain in particular a log-linear complexity scheme for the computation of a
Galerkin approximation to the so-called “4d-VAR” of the stochastic solution.

Therefore, we first establish the regularity of the k-th moment of the solution of the elliptic
problem given certain smoothness and regularity conditions on the data and the coefficient
and we introduce wavelet bases for the hierarchical meshes. Under these assumptions we
derive full and sparse tensor error bounds for the Finite Element approximation. Those
bounds are essential for the error of the sparse tensor MLMC-FE approximation.

5.1 Definition, Existence and Regularity of k-th Moments

Based on notation given in the Preliminaries, we define the momentMku as the expectation
of

(u)(k) = u⊗ · · · ⊗ u︸ ︷︷ ︸
k−times

Definition 5.1.1. For u ∈ Lk(Ω;V ), for some integer k ≥ 1, the k-th moment (or k-point
correlation function) of u(ω) is defined by

Mku = E[(u)(k)] = E[u⊗ · · · ⊗ u︸ ︷︷ ︸
k−times

] =
∫
ω∈Ω

u(ω)⊗ · · · ⊗ u(ω)︸ ︷︷ ︸
k−times

dP (ω) ∈ V (k) (5.1.1)

As above, the numerical analysis of the higher order MLMC-FE method requires a regularity
theory for solutions of (3.0.1) - (3.0.3). To this end we introduce a smoothness scale (Ys)s≥0

for the data f , g with Y0 = H−1(D)×H−1/2(ΓN ) and with Ys ⊂ Yt for s > t.
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5 Multi-Level Monte Carlo Approximations of Higher Moments

We assume that we have a corresponding scale (Xs)s≥0 of “smoothness spaces” for the
solutions with X0 = V = H1

ΓD
(D) and with Xs ⊂ Xt for s > t, such that (A(ω))−1 : Ys → Xs,

defined in (3.1.3), is continuous for all coefficient realization P-a.s..
For example, for our model problem, (3.0.1) - (3.0.3) with smooth random coefficients

a(ω, x) in a domain D with smooth boundary ∂D and with ΓN = ∅, we may choose Ys =
V ∗ ∩ H−1+s(D) × H−1/2+s(ΓN ) and Xs = V ∩ H1+s(D) for any s > 0. We remark that
in non-smooth domains such as polyhedra in R3 the spaces Xs are weighted spaces which
contain functions which are singular at corners and edges (see, e.g., [17]). We can now state
our assumptions on the data of the model problem, given by (3.0.1) - (3.0.3):

Assumption 5.1.2. For some r∗ ≥ 2 and some s∗ > 0, the data (f, g) in Problem (3.0.1)
- (3.0.3) belong to Lr

∗
(Ω;Ys∗) and the mapping Ω 3 ω 7→ a(ω, ·) is such that the operator

A(ω) is boundedly invertible from Ys to Xs ⊂ V P-a.s. for all 0 < s ≤ s∗ for some s∗ > 0.
Moreover, the random inputs a, f and g are independent.

We remark that Assumption 5.1.2 is satisfied if a(·, ω) ∈ W s,∞(D) for P-a.e. ω ∈ Ω and
every 0 ≤ s ≤ s∗.

Theorem 5.1.3. If Assumptions 3.0.6 and 5.1.2 hold, then for every 2 ≤ k ≤ r∗, for all
1 ≤ r ≤ r∗/k, and every 0 ≤ s < s∗ holds the apriori estimate

‖(u)(k)‖
Lr(Ω;X

(k)
s )
≤ C‖(f, g)(k)‖

Lr(Ω;Y
(k)
s )
≤ C‖(f, g)‖kLrk(Ω;Ys)

(5.1.2)

Proof. Under Assumption 5.1.2, the operator A(ω)(k) is boundedly invertible from Ys to Xs

for each coefficient realization P-a.s.. The stochastic solution satisfies, for ω ∈ Ω P-a.s., the
apriori estimate

‖u(ω, ·)‖Xs ≤ C(s, ω)‖(f, g)(ω, ·)‖Ys , 0 ≤ s ≤ s∗,

with a constant C(ω) bounded independently of ω. Raising both sides of the bounds to the
r-th power and integrating the resulting inequality over ω ∈ Ω with respect to the probability
measure P(dω), we obtain the first inequality. The second inequality follows from the isometry
given in (2.4.1).

Note in particular that in the case s = 1, we have W = X1, Y1 = H1/2(ΓN ) × L2(D) and
for k = 2 Assumption 3.2.1 and (3.2.1) imply the a-priori estimates

‖M2u‖W (2) = ‖E[(u)(2)]‖W (2) ≤ ‖u‖2L4(Ω;W )

≤ C(a)
(
‖f‖2L4(Ω;L2(D)) + ‖g‖2

L4(Ω;H1/2(ΓN ))

)
,

and
‖(u)(2)‖L2(Ω;W (2)) ≤ C(a)

(
‖f‖2L4(Ω;L2(D)) + ‖g‖2

L4(Ω;H1/2(ΓN ))

)
.

5.2 Finite elements with uniform mesh refinement

We generalize the subspaces Vl to simplicial Finite Elements of order p ≥ 1.
First, we consider the case of a bounded polyhedron D ⊂ Rd. Let {Tl}∞l=0 be the sequence

of partitions obtained by uniform mesh refinement: we can bisect the edges of Tl and obtain
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5.3 Wavelet basis for Vl

a new partition into simplices which belong to finitely many congruency classes. Then we set
Vl = Sp,1(D, Tl) and hl = max{diam(K) : K ∈ Tl}. We obtain Nl = dimVl = O(h−dl ).

With V as before, and Xs = V ∩ H1+s(D) the standard Finite Element approximation
results give that the following bound holds for s ∈ [0, p].

inf
v∈Vl
‖u− v‖V ≤ C N−s/dl ‖u‖Xs (5.2.1)

For a d-dimensional domain D ⊂ Rd with a smooth boundary we first divide D into patches
DJ which can be mapped to a simplex S by smooth, bijective mappings ΦJ : DJ → S (which
must be C0 compatible where two pieces DJ and DJ ′ touch). Then we define on D Finite
Elements functions which on DJ are of the form γ ◦ ΦJ where γ is a polynomial.

For a d-dimensional smooth surface D ⊂ Rd+1 we similarly divide D into patches which
can be mapped to simplices in Rd, and again define Finite Elements using these mappings.

5.3 Wavelet basis for Vl

We introduce a hierarchical basis for the nested spaces V0 ⊂ · · · ⊂ VL: we start with a
basis {(ψl)j}j=1,...,N0 for the space V0. We write the finer spaces Vl with l > 0 as a di-
rect sum Vl = Vl−1 ⊕ Wl with a suitable space Wl. We assume available explicitly ba-
sis functions {(ψl)j}j=1,...,N̄l

. Therefore we have that VL = V0 ⊕ W1 ⊕ · · · ⊕ WL, and
{ (ψl)j | l = 0, . . . , L; j = 1, . . . , N̄l } is a hierarchical basis for VL where N̄0 := N0:

(W1) Vl = span{(ψl)j |1 ≤ j ≤ N̄k, 0 ≤ k ≤ l},

with Nl := dimVl and, N̄l := Nl −Nl−1 for l ≥ 0.
Property (W1) is in principle sufficient for the formulation and implementation of the sparse

MC-FE method and the deterministic sparse Finite Element method. In order to obtain an
algorithm with log-linear complexity we need the hierarchical basis to satisfie the additional
properties (W2)-(W6) of a wavelet basis. This allows to perform a matrix compression, and
to obtain optimal preconditioning for the iterative linear system solver.

(W2) Small support: diam supp((ψl)j) = O(2−l).

(W3) Biorthogonal Basis: there exists a biorthogonal basis Ψ̃ = {(ψ̃l)j : 1 ≤ j ≤ N̄k, 0 ≤
k ≤ l = 1, 2, ...} such that

〈(ψl)j , (ψ̃l′)j′〉 = δll′δjj′ .

(W4) Energy norm stability: there is a constant CB > 0 independent of level L, such that
for all vL =

∑L
l=0

∑N̄l
j=1 (vl)j (ψl)j(x) ∈ VL holds (vl)j = 〈v, (ψl)j〉 and

1
CB

L∑
l=0

N̄l∑
j=1

|(vl)j |2 ≤ ‖vL‖2V ≤ CB
L∑
l=0

N̄l∑
j=1

|(vl)j |2.

(W5) Wavelets (ψl)j with l ≥ l0 have vanishing moments up to order p0 ≥ p− 2∫
(ψl)j(x)xα dx = 0, 0 ≤ |α| ≤ p0.

Except possibly for wavelets where the closure of the support intersects the boundary
∂D or the boundaries of the coarsest mesh.
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5 Multi-Level Monte Carlo Approximations of Higher Moments

(W6) Decay of coefficients for “smooth” functions in Xs:
there exists C > 0 independent of L such that for every v ∈ Xs and every L holds∑L

l=0

∑N̄l
j=1 |(vl)j |

2 22ls ≤ CLν‖v‖2Xs ,

ν =

{
0 for 0 ≤ s < p,

1 for s = p .

Many concrete, piecewise polynomial wavelet systems satisfying (W1)-(W6) are available, also
in polygonal and polyhydral domains D. Any function u ∈ V admits a wavelet expansion

(a) Full grid (b) Sparse grid

Figure 5.1: Biorthogonal, piecewise linear spline wavelets∑∞
l=0

∑N̄l
j=1 (ul)j (ψl)j . We define the projection PL : V → VL by the truncating this wavelet

expansion of u, i.e.,

PLu :=
L∑
`=0

N̄l∑
j=1

(ul)j (ψl)j , (ul)j = 〈u, (ψ̃l)j〉.

With the stability (W3) and the approximation property in (5.2.1) we obtain that the wavelet
projection PL is quasioptimal: with NL = dimVL, we have for 0 ≤ s ≤ s∗ and u ∈ Xs the
asymptotic error bound

‖u− PLu‖V ≤ C N−s/dL ‖u‖Xs .

5.4 Sparse tensor product spaces

To compute MLMC-FE approximations for Mku ∈ V ⊗ · · · ⊗ V = V (k) (cf. (5.1.1)), we
project Mku onto a finite dimensional subspace of V (k). The choice of the k-fold tensor
product space V (k)

L = VL ⊗ · · · ⊗ VL leads to the full tensor MC-FE estimates for Mku in
(5.1.1):

EM [(ul)(k)] =
1
M

M∑
i=1

(ûil)
(k) (5.4.1)
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5.4 Sparse tensor product spaces

Here, the ûil ∈ Vl are the previously discussed Galerkin approximations for i = 1, ...,Ml i.i.d.
samples of the stochastic coefficients.

The space V (k)
L has dimension Nk

L and even forming one tensor product (ûjL)(k) of a Finite
Element sample in the Monte Carlo estimate of (5.4.1) would destroy the linear complexity
of the MC-FE estimator for moments of order k > 1.

A reduction in cost at, as we shall show, essentially no loss in accuracy, is possible by using
so-called sparse tensor products of the Finite Element spaces Vl which we define next.

We now define the k-fold sparse tensor product space V̂ (k)
L by

V̂
(k)
L =

∑
~̀∈Nk0
|~̀|≤L

V`1 ⊗ · · · ⊗ V`k ,

where we denote by ~̀ the vector (`1, . . . , `k) ∈ Nk
0 and its length by |~̀| = `1 + · · · + `k. We

write V as a direct sum by using the complement spaces Wl:

V̂
(k)
L =

∑
~̀∈Nk0
|~̀|≤L

W`1 ⊗ · · · ⊗W`k .

We define a projection operator P̂ (k)
L : V (k) → V̂

(k)
L , for x = (x1, ..., xk) ∈ D(k) by truncating

the wavelet expansion:

(P̂ (k)
L v)(x) :=

∑
0≤`1+···+`k≤L

1≤jν≤N̄`ν ,ν=1,...,k

(v`1...`k)j1...jk (ψ`1)j1(x1) . . . (ψ`k)jk(xk) (5.4.2)

Here, the coefficients are given by

(v`1...`k)j1...jk = V (k)〈v, (ψ̃`1)j1 ⊗ ...⊗ (ψ̃`k)jk〉(V (k))′ .

With the projections Πl := Pl − Pl−1, l = 0, 1, . . . and P−1 := 0 we can express P̂ (k)
L as

P̂
(k)
L =

∑
0≤`1+···+`k≤L

Π`1 ⊗ · · · ⊗Π`k .

The approximation property of sparse tensor products of the finite element spaces, i.e. of
V̂

(k)
L , was established for example in [25, 26, Proposition 4.2], [16], [30].

Proposition 5.4.1. For u ∈ X(k)
s with 0 ≤ s ≤ s∗ we have

inf
v∈bV (k)

L

‖u− v‖V (k) ≤ C(k)

{
N
−s/d
L ‖u‖

X
(k)
s

if 0 ≤ s < p,

N
−s/d
L L(k−1)/2‖u‖

X
(k)
s

if s = p .

The stability property (W3) implies the following result (see, e.g., [30]):

Lemma 5.4.2. (Properties of P̂ (k)
L )

Assume (W1)–(W6) and that the component spaces V` of V̂ (k)
L have the approximation property
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5 Multi-Level Monte Carlo Approximations of Higher Moments

given in (5.2.1). Then for u ∈ V (k) the truncated tensorized wavelet expansion is stable, i.e.
for every k ∈ N exists C(k) > 0 such that for every u ∈ V (k) and every L holds

‖P̂ (k)
L u‖V (k) ≤ C(k) ‖u‖V (k) (5.4.3)

For u ∈ X(k)
s and 0 ≤ s ≤ s∗ we have quasioptimal convergence of P̂ (k)

L u:

‖u− P̂ (k)
L u‖V (k) ≤ C(k)N−s/dL (logNL)(k−1)/2‖u‖

X
(k)
s

(5.4.4)

This results provide us with the necessary tools to estimate the rate of convergence for the
sparse tensor MLMC-FE method for Mku.

5.5 Sparse tensor Multi-Level Monte Carlo approximation of
higher moments

We aim at estimating

Mku = E[(u)(k)] = E[u⊗ ...⊗ u].

To do so, we have at our disposal coefficient samples a(ωi, x) and the Galerkin Finite Element
approximations ûil(x) defined in (4.1.1). We therefore define MLMC-FE estimates as statisti-
cal averages of the compressed tensor products of the Galerkin Finite Element approximations
as follows:

ÊL[(uL)(k)] :=
L∑
l=1

EMl

[
P̂

(k)
l (ul)(k) − P̂ (k)

l−1(ul−1)(k)
]

(5.5.1)

where we once again used the convention that u0 := 0 and that P̂ (k)
0 := 0. We remark that

due to P̂ (1)
l = Pl, the estimator in (5.5.1) coincides with our standard MLMC-FE estimator

in the case k = 1, i.e. for estimating the expectation of u. We can now state our MLMC-FE
error bound for moments Mku of order k ≥ 2.

Theorem 5.5.1. Assume that (f, g) ∈ L2k(Ω, Ys) and that the operators A(ω) ∈ L(Xs, Ys),
as defined in (3.1.3), are boundedly invertible for 0 ≤ s ≤ s∗ uniformly for ω ∈ Ω P-a.s.,
and that the Finite Element spaces Sp,n(D, τl), for l = 1, . . . , L, defined in (2.2.1), satisfy the
approximation property in (5.2.1).

Then there holds for 0 ≤ s ≤ min(s∗, p) and for any numbers Ml of coefficient samples in
the Galerkin Finite Element method on mesh Tl the bound

∥∥∥Mku− ÊL[(uL)(k)]
∥∥∥
L2(Ω cM ,V (k))

.

(
L∑
l=1

M
−1/2
l hsl | log hl|(k−1)/2

)
‖(f, g)‖kL2k(Ω;Ys)

.

Here, ML = 1 and the constant in . depends on s, p, k but is independent of the number L
of mesh refinements and of the distribution of the numbers Ml of samples at mesh sublevels l.
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5.5 Sparse tensor Multi-Level Monte Carlo approximation of higher moments

Proof. We write

‖Mku− ÊL[(uL)(k)]‖
L2(Ω cM ,V (k))

= ‖E[(u)(k)]− ÊL[(uL)(k)]‖
L2(Ω cM ,V (k))

≤ ‖E[(u)(k)]− E[P̂ (k)
L (uL)(k)]‖

L2(Ω cM ,V (k))

+ ‖E[P̂ (k)
L (uL)(k)]−

L∑
l=1

EMl

[
P̂

(k)
l (ul)(k) − P̂ (k)

l−1(ul−1)(k)
]
‖
L2(Ω cM ,V (k))

=: I + II.

We estimate the terms separately. For term I, we obtain with Jensen’s inequality and (5.4.3),
for any 0 ≤ s ≤ min(p, s∗), the error bound

I =
∥∥∥E[(u)(k)]− E[P̂ (k)

L (uL)(k)]
∥∥∥
L2(Ω cM ,V (k))

≤
∥∥∥E[(u)(k) − P̂ (k)

L (uL)(k)]
∥∥∥
V (k)

≤
∥∥∥(u)(k) − P̂ (k)

L (u)(k)
∥∥∥
L1(Ω;V (k))

+
∥∥∥P̂ (k)

L

(
(u)(k) − (uL)(k)

)∥∥∥
L1(Ω;V (k))

.
∥∥∥(I − P̂ (k)

L

)
(u)(k)

∥∥∥
L1(Ω;V (k))

+ ‖(u)(k) − (uL)(k)‖L1(Ω;V (k))

=: Ia + Ib.

Term Ia is a consistency error which is bounded with (5.4.4). To estimate term Ib, we denote
the k dependence of this term by Ib(k), then we write

Ib(k) = ‖(u)(k) − (uL)(k)‖L1(Ω;V (k))

≤ ‖(u− uL)⊗ (u)(k)‖L1(Ω;V (k)) + ‖uL ⊗ ((u)(k−1) − (uL)(k−1))‖L1(Ω;V (k))

≤ ‖u− uL‖L2(Ω;V )‖(u)(k−1)‖L2(Ω;V (k−1)) + ‖uL‖L∞(Ω;V )‖(u)(k−1) − (uL)(k−1)‖L1(Ω;V (k−1))

= ‖u− uL‖L2(Ω;V )‖u‖k−1
L2k−2(Ω;V )

+ ‖uL‖L∞(Ω;V )Ib(k − 1)

≤ C(s)N−s/dL ‖f‖L2(Ω;Ys)‖f‖
k−1
L2k−2(Ω;V ∗)

+ C(a)Ib(k − 1) .

Induction with respect to k leads to the overall bound for I

I ≤ Ia + Ib(k) ≤ C(a, f, k)N−s/dL (logNL)(k−1)/2 .

We estimate term II as follows.

II = ‖E
[
P̂

(k)
L (uL)(k)

]
−

L∑
l=1

EMl

[
P̂

(k)
l (ul)(k) − P̂ (k)

l−1(ul−1)(k)
]
‖
L2(Ω cM ,V (k))

= ‖
L∑
l=0

{
(E− EMl

)
[
P̂

(k)
l (ul)(k) − P̂ (k)

l−1(ul−1)(k)
]}
‖
L2(Ω cM ,V (k))

≤
L∑
l=1

M
−1/2
l

∥∥∥P̂ (k)
l (ul)(k) − P̂ (k)

l−1(ul−1)(k)
∥∥∥
L2(Ω;V (k))

≤
L∑
l=1

M
−1/2
l

{∥∥∥(u)(k) − P̂ (k)
l (ul)(k)

∥∥∥
L2(Ω;V (k))

+
∥∥∥(u)(k) − P̂ (k)

l−1(ul−1)(k)
∥∥∥
L2(Ω;V (k))

}
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5 Multi-Level Monte Carlo Approximations of Higher Moments

=:
L∑
l=1

M
−1/2
l (III(l) + III(l − 1)).

Each of the terms in the sum is bounded as

III(l) :=
∥∥∥(u)(k) − P̂ (k)

l (u)(k)
l

∥∥∥
L2(Ω;V (k))

≤
∥∥∥(u)(k) − P̂ (k)

l (u)(k)
∥∥∥
L2(Ω;V (k))

+
∥∥∥P̂ (k)

l ((u)(k) − (ul)(k))
∥∥∥
L2(Ω;V (k))

.
∥∥∥(u)(k) − P̂ (k)

l (u)(k)
∥∥∥
L2(Ω;V (k))

+
∥∥∥(u)(k) − (ul)(k)

∥∥∥
L2(Ω;V (k))

=: IIIa + IIIb.

We estimate IIIa with (5.4.4). Term IIIb is bounded as term Ib(k), with l in place of L.
Combining the bounds for IIIa and IIIb, we obtain with hl ' N

−1/d
l for every k ≥ 1 and

every l ≥ 0 the error estimate

III ≤ C(k)N−min(s,p)/d
l (logNl)(k−1)/2‖(u)(k)‖

L2(Ω;X
(k)
s )

+ h
kmin(s,p)
l ‖u‖kL2k(Ω;Xs)

≤ C(k, s)N−min(s,p)/d
l (logNl)(k−1)/2‖u‖kL2k(Ω;Xs)

= C(k, s)hmin(s,p)
l | log hl|(k−1)/2‖u‖kL2k(Ω;Xs)

.

Using this estimate for each l = 0, ..., L to bound II, and referring to (5.1.2) with p = 2, we
obtain with the estimate for I the asserted error bound.

We observe that in the case k = 1 and p = 1, with the choices X0 = V and X1 = W , we
recover the previous results. We now optimize the selection of MC samples {Ml}Ll=0 and state
the resulting overall convergence rate of the MLMC-FE method for moments, Mku, for any
order k ≥ 1.

Theorem 5.5.2. Assume that (f, g) ∈ L2k(Ω, Ys) and that the operators A(ω) ∈ L(Xs, Ys)
are boundedly invertible, for 0 ≤ s ≤ min(s∗, p) for ω ∈ Ω, P-a.s..

Given any k ∈ N, we choose the number of MC samples in the MC-FE method at level l
used in the computation of the MLMC-FE estimators in (5.5.1) as

Ml = O(22s(L−l)(l/L)k−1), l = 1, ..., L (5.5.2)

Then there holds for 0 ≤ s ≤ min(s∗, p) the error bound∥∥∥Mku− ÊL[(uL)(k)]
∥∥∥
L2(Ω cM ,V (k))

. hsL| log hL|(k+1)/2‖(f, g)‖kL2k(Ω;Ys)
.

and the total work Ŵ (L) for computing the MLMC-FE estimator in (5.5.1) is bounded by

Ŵ (L) ≤ C(k)

{
NL(logNL)k−1 2s ≤ d,
N

2s/d
L (logNL)k−1 2s > d.

(5.5.3)

Proof. In Theorem 5.5.1, we choose the numbers Ml of samples at mesh sublevel l such that
the error contributions from the sublevels to the error bound are equilibrated. This gives, for
l = 1, 2, ..., L,

M
−1/2
l = 2−s(L−l)(L/l)(k−1)/2,
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5.5 Sparse tensor Multi-Level Monte Carlo approximation of higher moments

which implies (5.5.2). Inserting this into the error bound of Theorem 5.5.1, we obtain (5.5.2).
To estimate the complexity, we observe that the work to solve the Galerkin Finite Element

equations to the required accuracy O(hsl ) in the ‖·‖V -norm can be achieved in linear complex-
ity, i.e. in O(Nl) = O(2ld) work and memory; this complexity estimate can be attained in two
ways: either by using the standard (one-scale) Finite Element basis and full Multigrid (see
e.g., [4, 5]), or by using a diagonally preconditioned Richardson iteration in wavelet bases.
In the latter case, the wavelet Galerkin Finite Element solution vector is directly obtained
in the wavelet representation, so that the formation of the sparse tensor approximation in
(5.4.2) of the k-th moment of the Galerkin Finite Element approximation is obtained at cost
O(Nl(logNl)k−1) in work and memory.

In case the Finite Element solution is computed in the standard (one-scale) basis, the
solution vector for each sample must first be transformed into the wavelet basis. This is
achieved as usual in O(Nl) work and memory by the pyramid scheme (see e.g., [6]). Then the
formation of the k-fold sparse tensor product of P̂lu

(k)
l proceeds again according to (5.4.2).

For the work estimate, we therefore obtain

Ŵ (L) =
L∑
l=1

MlNl(logNl)k−1

.
L∑
l=1

22s(L−l)(l/L)k−12dllk−1

= 2dL
L∑
l=1

L−(k−1)l2(k−1)22sL+l(d−2s)−dL

= NLL
−(k−1)

L∑
l=1

l2(k−1)2(l−L)(d−2s)

= NLL
−(k−1)

L−1∑
l′=0

(L− l′)2(k−1)2l
′(2s−d)

. NLL
−(k−1)

{
L2(k−1) 2s ≤ d,∑L−1

l′=0(L− l′)2(k−1)2l
′(2s−d) 2s > d.

Remark 5.5.3. We remark that the case discussed in Theorem 4.4.3 corresponds to the case
k = 1, s = 1 and p = 1 in Theorems 5.5.1 and 5.5.2. Upon comparing both error bounds and
the corresponding work estimates, we observe slight differences in the logarithmic terms; this
is due to the slightly more conservative choice of the numbers Ml of samples in (4.4.3) which
we made in order to avoid the appearance of log hL terms in the error bound of (4.4.2). For
moments of order k ≥ 2, however, such terms appear in any case due to the sparse tensor
approximation error bound in Proposition 5.4.1 which is sharp, so that the slightly more
straightforward selection in (5.5.2) is sufficient to achieve the expected convergence rates.

Remark 5.5.4. The complexity bound in (5.5.3) in Theorem 5.5.2 indicates loss of log-
linear complexity as soon as 2s > d. In this case, the smoothness s of the solution mapping
A(ω)−1 allows for higher convergence rates of the Galerkin Finite Element approximation in
D which, when combined with a linear complexity solver such as Multigrid or a diagonally
preconditioned wavelet solver, will imply that the efficiency of the MLMC-FE method (i.e.
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5 Multi-Level Monte Carlo Approximations of Higher Moments

accuracy versus work) is dominated by the “weaker” of the two methods. In the case s > d/2,
this is the MC method. We conclude from Theorem 5.5.2 that, therefore, the use of a MLMC-
FE method is only advisable in connection with low order Finite Element methods: in spatial
dimension d = 2, log-linear complexity will be retained with linear simplicial Finite Element
methods where p = 1. In spatial dimension d = 3, linear complexity can be retained up to
s = 3/2; to access this range of convergence orders, it will suffice to use simplicial Finite
Element methods of polynomial degree p = 2. With these methods, convergence for the
expectation and k-th moments can be achieved in overall complexity of O(N4/3

L (logNL)k−1)
for work and O(NL(logNL)k−1) for memory.
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6 Series Expansions of the Diffusion
Coefficient

In this section we discuss expansions of the stochastic diffusion coefficient of the form:

a ∈ L2
(
Ω,A,P;L2(D)

)
: Ω→ L2(D), ω 7→ a(ω, ·)

The diffusion coefficient a can be approximated by a truncated series. Section 6.1 presents an
approach by K. Karhúnen and M. Loève found in the thirties of the last century which uses the
covariance operator Qa and the expected value ma of the random field a. Another method
to represent a was recently proposed in [14] by C. Gittleson. It also uses the covariance
operator and the expected value and is looked at in Section6.2. We combine the first method
with a hierarchic wavelet expansion. The wavelet expansion allows to optimally represent
a realization of the stochastic diffusion coefficient a for a given discretization level in the
sense that the coefficients of the expansion vanish after a certain index given a discretization
level. This is explained in Section 6.3. The different approaches are compared in numerical
simulations presented in Chapter 7.

The mathematical basis of this Chapter and a thorough introduction to infinite-dimensional
analysis can be found in [7, 3]. Notation is given in Section 2.5. We specify for a the definitions
of the covariance, the covariance operator and the covariance kernel:
The covariance kernel qa is defined as:

qa(x, x′) := E
[
(a(·, x)− E[a](x))

(
a(·, x′)− E[a](x′)

)]
, a. e. x, x′ ∈ D (6.0.1)

The covariance operator Qa operates on L2(D) into itself:

(Qaf)(x) :=
∫
D
f(x′)qa(x, x′)dx′ (6.0.2)

And the pair (λ, ϕ), with λ ∈ R and ϕ ∈ L2(D), is an eigenpair of the covariance operator
Qa if we have:

Qaϕ = λϕ (6.0.3)

For f, g ∈ L2(D) the covariance Qa is defined as:

Qa(f, g) = 〈Qaf, g〉L2(D)⊗L2(D) =
∫
D

∫
D
f(x)g(x′)qa(x, x′)dxdx′ (6.0.4)

6.1 The Karhúnen-Loève Expansion

Stochastic diffusion coefficients a ∈ L2(Ω;L2(D)) admit a Karhúnen-Loève expansion in terms
of the eigenpairs (λk, ϕk)∞k=1 of the covariance operator Qa. Qa is a compact and self-adjoint
integral operator with given kernel qa. Assuming the eigenfunctions ϕk are normalized in
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6 Series Expansions of the Diffusion Coefficient

L2(D), with corresponding eigenvalues λk, the stochastic diffusion coefficient admits the
Karhúnen-Loève expansion

a(x, ω) = E[a](x) +
∞∑
k=1

√
λkYk(ω)ϕk(x) (6.1.1)

where the random coefficients Yk(ω), for k = 1, 2, . . ., are defined by

Yk(ω) =


1√
λk

∫
D

(a(ω, x)− E[a](x))ϕk(x)dx , if λk > 0,

0 otherwise
(6.1.2)

The Yk are here assumed to be identically U [−1, 1] distributed. In the case of independent
standard normally distributed random Yk, i.e. they are independent an identically distributed
(i.i.d.), we consider the following log-normal expansion:

log (a(x, ω)) = E[log(a)](x) +
∞∑
k=1

√
λkYk(ω)ϕk(x), Yk i.i.d (6.1.3)

Where

a(ω, x) = exp

(
E[log(a)](x) +

∞∑
k=1

√
λkYk(ω)ϕk(x)

)
Without loss of generality we assume: λ1 ≥ λ2 ≥ . . . > 0, see Remark 2.5.2.

The Karhúnen-Loève series in (6.1.3) converges in L2(Ω;L2(D)) and it allows the following
error estimation:

Lemma 6.1.1. For a ∈ L2
(
Ω,A,P;L2(D)

)
let (λk, ϕk)∞k=1 be the eigenpair sequence of the

covariance operator Qa and define aµKL as the truncated Karhúnen-Loève expansion of a up
to the term µKL ∈ N . If we have the algebraic decay rate of σ > 1 for ψk :=

√
λkϕk, i.e. for

the k-th term:
‖ψk‖L2(D) ≤ k−σ

then we have the truncation error estimate:

‖a− aµKL‖L2(Ω;L2(D)) ≤ c · µ
−(σ−1)
KL , P− a.s. (6.1.4)

with a constant c ∈ R only depending on σ.

Proof.

‖a− aµKL‖L2(Ω;L2(D)) = ‖
∞∑

k=µKL+1

√
λkYkϕk‖L2(Ω;L2(D)) ≤

∞∑
k=µKL+1

‖
√
λkϕk‖L2(D)‖Yk‖L2(Ω)

≤
∞∑

k=µKL+1

‖ψk‖L2(D) ≤
∞∑

k=µKL+1

k−σ ≤
∫ ∞
µKL

x−σdx =
1

σ − 1
µ
−(σ−1)
KL

The proof follows if we define c :=
1

σ − 1
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6.2 Hierarchic Discrete Spectral Expansion

Corollary 6.1.2. Let the Karhúnen-Loève expansion of a with the algebraic decay rate of σ
and a regular domain discretization with hL = 2−L = N

−1/2
L . Then µKL = 2L/(σ−1) is of the

same order as the discretization error.

The Corollary is proven by balancing the discretization and truncation errors with µ−(σ−1)
KL =

hL and it shows that a high decay rate is very favorable for an efficient implementation of the
MLMC-FE method using the Karhúnen-Loève expansion.
Estimation of the probability density function for the stochastic coefficients Yk in the Karhúnen-
Loève expansion, (6.1.3), from an ensemble {âi ∈ L∞(D) : i = 1, ..., I}, is performed via
(6.1.2) provided the covariance Qa in (2.5.6) is known. In this case, the smoothness of the co-
variance kernel qa is well known to determine the rate of decay of the eigenvalues to zero in the
Karhúnen-Loève expansion (e.g., [27]). Moreover, approximate eigenpairs can be computed
via variational methods using Finite Element subspaces, and rates of pointwise convergence
in D can be established.

6.2 Hierarchic Discrete Spectral Expansion

Based on [14] we present the hierarchic discrete spectral expansion (HDSE) of the covariance
operator of a random field suited to our notations introduced above. Consider a Gaussian
measure γ on a separable Banach space X. The Gaussian measure γ is uniquely defined by
its mean mγ and covariance operator Rγ , with covariance kernel qγ . The covariance operator
itself can by [14, Proposition 1.4] be expressed as an expansion using an orthonormal basis
of the Cameron-Martin space H(γ), i.e. for any orthonormal basis, with index set Λ, (ek)k∈Λ

of H(γ) we have
Rγϕ =

∑
k∈Λ

ϕ(ek)ek, ∀ϕ ∈ X∗

Thus we have to find an orthonormal basis of H(γ). Let (pi)i∈N be a sequence of dense
points in D. For kpi := Rγδx, i ∈ N, the sequence (kpi)i∈N is dense in H(γ) as proven in [14,
Theorem 1.8]. According to [14, Remark 1.9] we construct an orthonormal basis of H(γ) by
choosing a dense sequence of points (pi)i∈N in D and apply Gram-Schmidt orthogonalization
to (kpi)i∈N. In the case of given triangulation Tl with nl vertices (pi)

nl
i=1 we use Gram-

Schmidt for the corresponding sequence (kpi)
nl
i=1. We do Gram-Schmidt in the Hilbert space(

H(γ), 〈·, ·〉H(γ)

)
, i.e. for the given finite sequence of vertices (pi)

nl
i=1, nl ∈ N, we construct the

covariance matrix K = (k(pi, pj))1≤i,j≤nl and find an orthonormal system of vectors in Rnl
with respect to the scalar product 〈·, ·〉K. This gives coefficients for an orthonormal system
of functions in H(γ), see [14, Corollary 1.10]. The orthonormal system is then denoted as
(em)nlm=1 and it is not orthonormal in X in general. After regular nested refinement to obtain
Tl+1 we continue Gram-Schmidt for the functions (kpi)

nl+1

i=nl
. This is referred to as augmenting

the former system (em)nlm=1 on Tl by adding the elements (em)nl+1

m=nl+1 for a system of functions
on Tl+1. For l→∞, the stochastic diffusion coefficient a can, as proven in [14, Theorem 1.5],
be expanded in the obtained orthonormal basis (em)m∈N of

(
H(γ), 〈·, ·〉H(γ)

)
as

a(x, ω) = E[a](x) +
∞∑
k=1

Yk(ω)ek(x) (6.2.1)

Where Yk are identically distributed and uncorrelated because by construction

〈ek, ej〉H(γ) = 0 for k 6= j.
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6 Series Expansions of the Diffusion Coefficient

Remark 6.2.1. For a given covariance qa(·, ·) := k(·, ·) the functions kpi(·) are simply:

kpi(x) := k(pi, x) = k(x, pi), ∀k ∈ N, x ∈ D

6.3 The Wavelet Expansion

The Finite Element spaces Vl = S1,1
ΓD

(D, Tl), as defined in (2.2.1), in the domain D are built
on the nested sequence {Tl}∞l=0 of regular, simplicial triangulations, obtained by l uniform
refinements of some initial, regular partition T0 of D into simplices (K0)j , j = 1, ...,#T0. The
idea is to find a hierarchic orthonormal basis of (Vl)Ll=0 such that the support of each basis
function is exactly one simplex and vanishing outside.

For each l ∈ N0, every simplex (Kl)j ∈ Tl is affinely equivalent to the reference simplex
K̂ = {x̂ ∈ Rd+ : ‖x̂‖1 < 1}: there are affine mappings

(Fl)j : K̂ 3 x̂ 7→ x ∈ (Kl)j ∈ Tl,

such that, for all j = 1, ...,#(Tl),

det|D(Fl)j | = |(Kl)j |/|K̂| = O(2−ld) .

We observe that for every p ≥ 1 and any regular, simplicial partition T of D holds

∇(Sp,1ΓD
(D, T )) ⊆ Sp−1,0(D, T )d ⊂ L2(D)d (6.3.1)

For any L, q ∈ N0, we have the orthonormal decomposition

Sq,0(D, TL) =
L⊕
l=0

Rl,

where

Rl := Sq,0(D, Tl) ∩ Sq,0(D, Tl−1)⊥ if l ≥ 1, and R0 := Sq,0(D, T0) .

An L2(D)-orthonormal basis of Sq,0(D, T ) is explicitly constructed as follows: let T̂0 = {K̂}
and define T̂1 = {(K̂1)j : j = 1, ..., 2d}, the set of 2d many simplices (K̂1)j that are obtained
by regular subdivision of the reference simplex K̂. We define for any q ∈ N0,

Nq := dim(Sq,0(K̂, T̂0)) =
(
q + d
d

)
,

and, for d = 1, 2, ... and q = 0, 1, ...,

Ñq := dim(Sq,0(K̂, T̂1) ∩ Sq,0(K̂, T̂0)⊥) = (2d − 1)
(
q + d
d

)
.

Denote by {ϕ̂n}
Nq
n=1 an L2(K̂) orthonormal basis of

Ŵ0 := Sq,0(K̂, T̂0) = Pq(K̂)
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and by {ψ̂n}
Ñq
n=1 an L2(K̂) orthonormal basis of

Ŵ1 := Sq,0(K̂, T̂1) ∩ Sq,0(K̂, T̂0)⊥ (6.3.2)

For l = 0 we define the basis Ψ0 by

Ψ0 :=
{

(ψ0)j,n| ∀(K0)j ∈ T0 : (ψ0)j,n|(K0)j ◦ (F0)j = ϕ̂n, ; ϕ̂k ∈ Ŵ0

}
(6.3.3)

and, for every l ≥ 1, we define Ψl by

Ψl := {(ψl)j,n : j = 1, ...,#(Tl−1), n = 1, ..., Ñq} (6.3.4)

i.e. by the set of affine images of the (mother-wavelets) ψ̂n under (Fl−1)j :

(ψl)j,n ◦ (Fl−1)j = ψ̂n, l ≥ 1, j = 1, ...,#(Tl−1), n = 1, ..., Ñq.

By construction, (ψl)j,n = ψ̂k ◦ ((Fl−1)j)−1 forms an L2(D) orthogonal system.

Theorem 6.3.1. Assume that the elements (ψl)j,n of the sets Ψl defined in (6.3.3) and (6.3.4)
are L2(D) normalized, i.e. that

((ψl)j,n, (ψl′)j′,n′)L2(D) = δl,l′δj,j′δn,n′ , ∀l, l′ ∈ N0, j = 1, ...,#(Tl), j′ = 1, ...,#(Tl′).

Then

L2(D) =
∞⊕
l=0

Rl, where Rl := span{Ψl}, l ≥ 0 (6.3.5)

Proof. Since the (ψl)j,n are L2(D) orthonormal by construction, the algebraic sums Ψ0 +Ψ1 +
... of subspaces are direct. Since, for every L ∈ N0 and every q ∈ N0

Sq,0(D, TL) =
L⊕
l=0

Ψl ⊇ S0,0(D, TL) (6.3.6)

and since the space of simple functions on the partition TL coincides with S0,0(D, TL), the
sequence of subspaces defined in (6.3.6) is dense in L2(D) as L→∞, which proves (6.3.5).

Every stochastic diffusion coefficient a ∈ L2(Ω;L2(D)) = L2(Ω,A,P;L2(D)) admits, by
(6.3.5), a multi-wavelet expansion

a(ω, x) =
∞∑
l=0

N̄l∑
j=1

Ñq∑
n=1

(al)j,n(ω)(ψl)j,n(x) (6.3.7)

where the “coefficients” (al)j,n(ω) ∈ L2(Ω,A,P;R) are random variables defined by

(al)j,n(ω) =
∫
D
a(ω, x)(ψl)j,n(x)dx = (a(ω, ·), (ψl)j,n)L2(D) (6.3.8)

The convergence in (6.3.7) is, as in the case of the Karhúnen-Loève expansion, in L2(Ω, L2(D)).
However, unlike in the case of a Karhúnen-Loève expansion, in certain cases the Finite Ele-
ment discretization of (4.1.1) on mesh TL coincides exactly with the discretization of a diffusion
problem where the wavelet coefficient expansion, (6.3.7), is truncated at level L.
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6 Series Expansions of the Diffusion Coefficient

Theorem 6.3.2. Assume that the stochastic coefficient a in (3.0.1) is given in the form of
(6.3.7). Denote for 1 ≤ L <∞ by aL the partial sum

aL(ω, ·) =
L∑
l=0

N̄l∑
j=1

Ñq∑
n=1

(al)j,n(ω)(ψl)j,n (6.3.9)

and define the corresponding bilinear form BL(·, ·) by

BL(v, w) = E

[∫
D
aL(ω, x)∇xv · ∇xwdx

]
, v, w ∈ L2(Ω, V ) (6.3.10)

Then, under the assumption
q ≥ 2p− 2 (6.3.11)

the bilinear forms B(·, ·) in (3.1.2) and BL(·, ·) in (6.3.10) coincide on the FE spaces Sp,1(D, TL):

∀vL, wL ∈ L2(Ω;Sp,1(D, TL)) : B(vL, wL) = BL(vL, wL) (6.3.12)

Proof. The proof follows from the definition of B(·, ·) and of BL(·, ·), upon noting that by
(6.3.1) for every vL, wL ∈ Sp,1(D, TL) it holds that ∇vL ·∇wL ∈ S2p−2,0(D, TL). The orthogo-
nal sum property of the decomposition in (6.3.5) then implies with (6.3.11) the assertion.

Remark 6.3.3. The identity, (6.3.12), has the important implication that in the MLMC-FE
method, in one Finite Element simulation at mesh level l the bi-linear form B(·, ·) is evaluated
on the exact stochastic diffusion coefficient a in (6.3.7) with O(Nl) work. This is easily verified
from (6.3.9) together with the identity in (6.3.12).

Remark 6.3.4. From (6.3.11) and Remark 5.5.4 we see that for linear scaling MLMC-FE
methods for the most important spatial dimensions d = 2, 3, piece-wise constant (i.e. q = 0
for p = 1) and piece-wise quadratic (i.e. q = 2 for p = 2) discontinuous multi-wavelets have
to be used in the wavelet representation, (6.3.7), of the stochastic diffusion coefficient. For
q = 0 in spatial dimension d = 2, the Ñq = 3 generating mother-wavelets ψ̂n are shown in
Figure 6.1.

Remark 6.3.5. The wavelet expansion (6.3.7) is centered around the mean ma. Hence the
first wavelet in the hierarchy is always a normalized constant function on the whole domain.

Remark 6.3.6. We only consider the case q = 0 in the simulations thus the wavelets on
sublevel L vanish and the expansion for aL in (6.3.7) only goes up to L− 1, i.e.

aL(ω, ·) =
L∑
l=0

N̄l∑
j=1

Ñq∑
n=1

(al)j,n(ω)(ψl)j,n
(q=0)

=
L−1∑
l=0

N̄l∑
j=1

Ñ0∑
n=1

(al)j,n(ω)(ψl)j,n (6.3.13)
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6.3 The Wavelet Expansion

0

0.5

1

0

0.5

1
−1

−0.5

0

0.5

1

0

0.5

1

0

0.5

1
−1

−0.5

0

0.5

1

0

0.5

1

0

0.5

1
−1

−0.5

0

0.5

1

Figure 6.1: Ñq = 3 Mother-Multi-wavelets in (6.3.2) for q = 0 and d = 2.
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7 Numerical Examples

Results obtained by numerical simulations are in general subject to interpretation and always
reflect the choice of the underlying mathematical model. This is especially the case for results
obtained by simulating randomness. Section 7.1 and 7.2 aim at verification of the convergence
results and work load propositions in Chapter 4 and 5. For these simulations we truncated the
Karhúnen-Loève expansion (6.1.3) after the first term and then calculated the respective exact
solution of the first moment for d = 1 for comparison. The expansion was considered with
uniformly distributed random variables. The simulations are explained in form of pseudo
code algorithms. In Section 7.3 we consider the case of log-normally distributed random
variables. We repeat the simulations of the previous sections and we truncate again after the
first term of the Karhúnen-Loève expansion. Section 7.4 gives a comparison of the different
expansions presented in Chapter 6. Truncation occurs based on error balancing in the case
of Karhúnen-Loève and on the vertices of the discretized domain for the HDSE (6.2.1). In
the final section of this chapter, we name the sources of the code some of our simulations was
built on, we point out the way parallelization was done and we want to make a distinction of
different programming approaches and the consequences for convergence speed in both cases.

7.1 Numerical example on D = [0, 1]

In dimension d = 1 we verify the mean field MLMC work load estimate on level L, Work(L) ≤
N2
L, of Theorem 4.4.3 and we show that the MLMC error is of order O(hL). Additionally, we

confirm the MC error as proposed in Lemma 4.2.1. These results are followed by a verification
of the second moment MLMC error and MLMC work load estimates in Theorem 5.5.2.

In our implementation the mesh Tl at level l is the family of intervals of the form
[(i− 1)2−l, i2−l] for i = 1, ..., 2l, the mesh width is then given by hl = 2−lh0 = 2−l, with 2l

elements per level. This results in a 1-shape regular mesh (the maximal inscribed ball and
circumscribed ball are identical) and the family {Tl}∞l=1 is nested. Here we employ Dirichlet
boundary conditions which imposes no degrees of freedom on the boundary. The hat basis
(bl)i at each level l is defined, for i = 1, . . . , 2l − 1, as:

(bl)i(x) = 2l ·


x− (i− 1)hl, for x ∈ [(i− 1)hl, ihl]
(i+ 1)hl − x, for x ∈ [ihl, (i+ 1)hl]
0, otherwise

(7.1.1)

We consider the following example adapted from [2].

Example 7.1.1. Let D = [0, 1], Ea(x) = 5 + x, qa(x, x′) = min{x,x′}+1
2 ∈ H1(D) ⊗H1(D).

The corresponding eigenpairs in the Karhúnen-Loève expansion are given by λ̃m = 8
π2(2m−1)2 ,

φ̃m(x) = sin((x+ 1)/
√

2λ̃m), for m ≥ 1. The eigenvalues feature algebraic decay with rate 2.
The data f , on the right hand side of (3.0.1), is set equal to 1.
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7 Numerical Examples

The diffusion coefficient a expressed in the Karhúnen-Loève expansion, see (6.1.3), was
truncated after the first term:

a1(ω, x) := 5 + x+
2
√

2
π

Y (ω) sin
(
π(x+ 1)

4

)
, Y ∼ U [−1, 1] (7.1.2)

This leads to an increased consistency error between the exact moment of the solution of
(3.0.1) and the MC-FE method, resp. MLMC-FE approximation.

To establish the error bounds, proven in the previous chapters, in simulations we integrate
(3.0.1), given the stochastic diffusion coefficient a1 of (7.1.2) and the right hand side f = 1:

u′(ω, x) =
−
∫
D fdx

a1(ω, x)
=

c− x

5 + x+ 2
√

2
π · Y (ω) · sin

(
π(x+1)

4

) (7.1.3)

For some c ∈ R which has to be chosen such that the Dirichlet boundary conditions are
satisfied. Then the first moment is calculated as

Mu(x) = E[u(ω, x)] =
1
2

∫ 1

−1

∫ x

0

c− y

5 + y + 2
√

2
π · Y (ω) · sin

(
π(y+1)

4

)dydP(ω)

=
1
2

∫ x

0

c− y
5 + y

∫ 1

−1

∞∑
i=0

− 2
√

2
π Y (ω) sin

(
π(y+1)

4

)
(5 + y)

i

dP(ω)dy

=
∞∑
i=0

2
√

2
π(2i+ 1)

∫ x

0

c− y
5 + y

sin
(
π(y+1)

4

)
5 + y

2i

dy

using symmetry, Fubini’s theorem and the fact that the sequence converges almost surely in
probability and in space. The constant c is the solution of the above expression set to zero
when integrating over the whole domain D = [0, 1]:

0 =
∞∑
i=0

2
√

2
π(2i+ 1)

∫ 1

0

c− y
5 + y

sin
(
π(y+1)

4

)
5 + y

2i

dy (7.1.4)

The integrals were calculated with Mathematica 1. Terminating the sum in Equation (7.1.4)
after i = 5 leads to c ≈ 0.4850. The integration in each term in the sum is tedious. For the
simulations we terminate the series for the first moment after i = 5. The L2-norm of the
difference between the expansion up to i = 4 and to i ≥ 5 is approximately 10−10. Up to
level L = 10, where hL ≈ 10−3, we neglect the remainder of the series. More precisely, if we

1Wolfram Research, Inc., Mathematica, Version 7.0; Champaign, IL (2008).
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7.1 Numerical example on D = [0, 1]

sum up from i = 6 to infinity we get:

∞∑
i=6

2
√

2
π(2i+ 1)

∫ x

0

c− y
5 + y

sin
(
π(y+1)

4

)
5 + y

2i

dy

≤
∞∑
i=6

2
√

2
π(2i+ 1)

∫ x

0

c− y
(5 + y)2i+1

dy

≤
∞∑
i=6

2
√

2c
π(2i+ 1)

∫ x

0

1
(5 + y)2i+1

dy

≤
∞∑
i=6

2
√

2c
π(2i+ 1)(2i)

1
52i

< 10−9, for c ≈ 0.4850

This error is insignificant given the accuracy of the approximation for simulations up to level
L = 10 for point estimates and for the L2-norm on the domain D = [0, 1].

The error estimates are calculated in the first order Sobolev semi-norm, see Definition 2.1.4.
For ul ∈ Vl = S1,1

ΓD
(D, Tl) we have

|ul|2H1(D) =
∫
D

(
2l−1∑
i=1

(ul)i∇(bl)i(x))(
2l−1∑
i=1

(ul)i∇(bl)i(x)) dx (7.1.5)

If we denote by Sl the stiffness matrix of the Laplace operator and by ul the coefficient vector

of ul with respect to the nodal hat basis {(bl)i}2
l−1
i=1 at level l we may write (7.1.5) as

|ul|H1(D) = (utlSlul)
1/2 (7.1.6)

As a first example Figure 7.1 shows the MC convergence as predicted by the Lemma 4.2.1.

Remark 7.1.1. All the simulations in one space dimension were carried out with a two
GHz core and one GB RAM using Matlab2. As a solver we used the backslash operator,
mldivide, in Matlab. In our symmetric and positive diagonal case this is the modified Cholesky
factorization algorithm called CHOLMOD and if Matlab’s built in test for CHOLMOD failed
it used the unsymmetric multifrontal method, a sparse LU factorization.

7.1.1 MLMC-FE method for the approximation of E[u]

We consider the nested family {Tl}Ll=1 and the spaces Vl = S1,1(D,Tl) with basis functions
{(bl)i}2

l−1
i=1 , defined in (7.1.1), on each level l = 1, . . . , L. Each sublevel is constructed by

adding the mid points between two vertices to the mesh of the previous sublevel. Thus, we
get 2(l−1) additional linear independent basis functions refining from Vl−1 to Vl. To construct
the single scale basis {(bl)i}2

l−1
i=1 , we transform each basis function of sublevel l − 1 into the

basis function of sublevel l plus 2(l−1) additional basis functions. This allows us to calculate
EL[u], since we need to subtract the solution in Vl−1 from the solution in Vl (see (4.4.1)). For
each sample of the stochastic coefficient on each sublevel we assemble the stiffness matrix and
solve the deterministic system of equations, given in (3.1.2), to obtain uil. With this and the
projected exact solution we get, with (7.1.6), the desired error.

2MATLAB, version 7.9.0.529 (R2009b); Natick, Massachusetts: The MathWorks Inc., 2009.
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Figure 7.1: Rate of convergence of the MC-FE method with respect to the H1-semi-norm for
the approximation of E(u) in dimension d = 1 against the samplesize M .

The rate of convergence of the MLMC-FE approximation, depending on the level L, is
displayed in Figure 7.2(a). The theoretical convergence rate of Theorem 4.4.3, O(hL), is
resembled in the simulation (as indicated by the reference slope). Figure 7.3(a) shows the total
CPU-time needed to calculate EL[u] for different levels L. It reflects the calculated expected
behavior of the total work Work(L) ≤ CεN2

L in Theorem 4.4.3 for d = 1. Figure 7.4(a) is the
CPU-time per sublevel l, for l = 1, . . . , L. For Ml as in Theorem 4.4.3 the CPU-time at each
sublevel l is of rate O(l2 2−l). The pseudo algorithm to calculate the first moment is given in
Algorithm 1 in Appendix A.
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7.1 Numerical example on D = [0, 1]
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Figure 7.2: Rate of convergence of the MLMC-FE method with respect to the H1-semi-norm
for the approximation of E(u) in (a) andM2(u) in (b) in dimension d = 1 against
the level.

7.1.2 MLMC-FE method for the approximation of M2[u]

The calculation of the second moment M2u is performed in three steps. First we set up
the linear Finite Element equation using a standard nodal hat basis for a given level l, as
described above, to get uil. In a second step, we transform the result into a hierarchic B-spline
linear wavelet basis, leading to Plui. Finally, in a third step, we generate the sparse tensor
product by implementing (5.4.2), the projection. This algorithm is repeated for each sublevel
and, according to (5.4.4), this leads to the MLMC-FE approximation ÊL((uL)2) of M2u.

In Figure 7.2(b) we compare the sparse tensor product solution to the sparse tensor product
of the solution ÊL((uL+4)2). The error resembles the theoretical results of Theorem 5.5.2, as
the reference slope indicates. The total CPU-time in dependence of the degrees of freedom
has quadratic growth as stated in (5.5.3), is displayed in Figure 7.3(b). Figure 7.4(b) shows
the CPU-time on all sublevels l, for l = 1, . . . , L for a fixed level L. Theoretically this is, for
fixed level L, MlNl = O(l 2−l), with Ml as in Theorem 4.4.3.
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Figure 7.3: Total CPU time for the MLMC-FE approximation of EL(u) in (a) andM2(u) in
(b) in 1d against the level.

7.2 Numerical example on D = [0, 1]2

We consider the unit square and define level l = 0 to be the space of the boundary basis func-
tions with four vertices P1 = (0, 0), P2 = (1, 0), P3 = (1, 1) and P4 = (0, 1), the triangulation
of the unit square is given by the triangles P1P2P4 and P2P3P4. Given the Dirichlet boundary
condition the simulation on this level is superfluous. The nested family Tl+1 is constructed by
dividing each triangle of level l into four congruent triangles of the same size. The resulting
mesh is then (1+

√
2)-shape regular. Figure 7.8(a) shows the T2 mesh. Similar to the example

in one space dimension, we apply Dirichlet boundary conditions. We adapt Example 7.1.1 to
R2 as follows:

Example 7.2.1. Let D = [0, 1]2 and choose the sequence {fm}m≥1 as the tensor product
of the sequence from Example 7.1.1, ordered by the magnitude of the resulting eigenvalues
{λ̃}m≥1. The eigenvalues λm are chosen as λm = (λ̃m)θ with θ = 2.5, such that the algebraic
decay of {λ}m≥1 is of rate 5/2.

The simulation in dimension d = 2 was carried out on a cluster with AMD Opteron Pro-
cessors, between 2.4 and 2.8 GHz per core. We used here, as in the case d = 1, the backslash
operator to solve each linear system, see Remark 7.1.1.
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Figure 7.4: CPU-time per sublevel for different levels for the MLMC-FE approximation of
E(u) in (a) and M2(u) in (b) in dimension d = 1.

7.2.1 MLMC-FE method for the approximation of E[u]

For d = 2 we did not calculate the exact solution E[uL] as before. In this case the reference
solution is the solution of the MLMC-FE simulation on level L + 1. Further, we did not
integrate the entries of the stiffness matrix, B given in (3.1.2), exactly. Here we use a seven
point Gaussian quadrature rule of order six. Figure 7.5(a) shows the error of the MLMC-FE
approximation for the mean field in dependence of the level. The theoretical results from The-
orem 4.4.3 are resembled. For the total computational costs we calculated in Theorem 4.4.3,
for d = 2, Work(L) = O(NL(logNl)3+ε). This is also apparent in Figure 7.6(a). We deduce
that the MLMC-FE method has log-linear computational time, whereas the convergence is the
same as in the Monte Carlo method. The results can be compared to those in Figure 7.3(a)
for d = 1, where the CPU-time is quadratic in the degrees of freedom. The work load on
each sublevel l, for l = 1, . . . , L can easily be computed as O(l2), matching the results of the
simulation in Figure 7.7(a).

7.2.2 MLMC-FE method for the second moment M2[u]

For the calculation of the error of the MLMC-FE method for M2[u] we proceed as in
the one dimensional case. An example of a 2d wavelet is given in Figure 7.8(b). Re-
sults in Figure 7.5(b) reflect the theoretical error for the MLMC-FE approximation of rate
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Figure 7.5: Rate of convergence of the MLMC-FE method with respect to the H1-semi-norm
for the approximation of E(u) in (a) andM2(u) in (b) in dimension d = 2 against
the level.

O(hL(log hL)3/2) as stated in Theorem 5.5.2 for k = 2 and s = 1. Equally the simulation
results on the total CPU-time shown in Figure 7.6(b) for the theoretical result in (5.5.3)
(Ŵ (L) = O(NL(logNL))).For the CPU-time on the sublevels l, for l = 1, . . . , L, we have
a linear growth with increasing sublevel. This can be calculated with Ml as in (5.5.2) and
Nl = 22l. The results in Figure 7.7(b) are influenced by the calculating the sparse tensor
product. As Figure 7.9 shows, level times and consequently the sublevel times are dominated
by the calculation of the sparse tensor product. Creating the sparse tensor product for even
levels is not exactly the same as creating it for odd levels, this explains the graph of the sparse
tensor product time per level in Figure 7.9.

Remark 7.2.1. For the simulations we truncated the sum in the Karhúnen-Loève expansion
(6.1.3) after the first term. This truncation could be coupled to the degrees of freedom of
the spatial approximation as well, or it could be fixed to some higher term. This leads to
a more complex calculation of the exact solution and the stiffness matrix, but also to an
error reduction in the approximation of the exact moments of the solution. An algorithm to
generate correlated Gaussian random fields is given in [20].

Remark 7.2.2. The choice of samples per sublevel l of a given level L as proposed in Theo-
rem 4.4.3 and Theorem 5.5.2 is given in O(·) notation. Throughout this thesis we chose the
constant factor as 1.
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7.3 Simulations with log-normally distributed random variables
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Figure 7.6: Total CPU time for the MLMC-FE approximation of EL(u) in (a) andM2(u) in
(b) in 2d against the level.

7.3 Simulations with log-normally distributed random variables

It is well known, see ,e.g., [7], that the countably infinite product of Gaussian measures on R
is again a Gaussian measure on RN and under certain conditions even concentrated on a space
isomorphic to l2(R). The same is not the case for the uniform measure. Additionally errors
in statistical models, e.g., for linear models, are usually considered normally distributed and
it is thus of practical interest to investigate expansions with normally distributed random
variables. Since the Lax-Milgram Lemma requires the diffusion coefficient to be positive
valued we consider log-normally distributed random variables and formulate our assumptions
on the diffusion coefficient analogue to [15, Assumption 2.1].

Let (Yi)i∈N be i.i.d. standard normal random variables on Ω, cmin,ci ∈ L∞(D) for all
i ∈ N0 with cmin(x) ≥ 0, c0(x) > 0 for all x ∈ D and (‖cm‖L∞(D)) ∈ l1(N) and define the
diffusion coefficient as:

a(ω, x) := cmin(x) + c0(x)e
P∞
i=1 ci(x)Yi(ω), Yi ∼ N (0, 1) (7.3.1)

To be able to compare to the convergence results in Section 7.1 and 7.2 we cut off the expansion
after the first term to get:

ã1(ω, x) := cmin(x) + c0(x)ec(x)Y (ω), Y ∼ N (0, 1) (7.3.2)
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Figure 7.7: CPU-time per sublevel for different levels for the MLMC-FE approximation of
E(u) in (a) and M2(u) in (b) in dimension d = 2.
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7.3 Simulations with log-normally distributed random variables
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Figure 7.8: Objects in 2d: the grid for level 2 in (a) and a wavelet on level 4 with three
refinement steps in (b)

53



7 Numerical Examples
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Figure 7.9: A closer look at the work vs degrees of freedom in Figure 7.6(b)

For the 1d-case we set cmin ≡ 0, c0(x) := cos(x), c(x) := sin(x). The coefficients then satisfy
the conditions above for D = [0, 1] and they allow to integrate a over D exactly:

ã1(ω, x) := cos(x)esin(x)Y (ω) (7.3.3)

Since the random variable Y in the exponent of the expansion above cannot be taken out of
the integral of the calculation of the elements for the stiffness matrix one cannot precompute
the partial stiffness matrix before hand which would later be weighted by the term Y . Instead,
one has to calculate the stiffness matrix component wise for each sample. Both methods are of
similar complexity in the 1d-case as Figure 7.13 indicates but the component wise calculation
is still considerably slower. A more detailed discussion is given in Section 7.5.2. This is the
only difference in the work load between the expansion with log-normally distributed random
variables and uniformly distributed random variables. As a direct consequence work load
estimates are of the same order and comparable to the results obtained in Section 7.1 and
Section 7.2.

As for the convergence speed of first and second moments for d = 1 we do not formulate
a theoretical analysis, but point to [15] for more background. A qualitative result is give in
Figure 7.10.

7.4 Comparison of the different expansion

We compare the three expansions discussed in Chapter 6 based on Example 7.1.1. In the cur-
rent setting all three expansion, the Karhúnen-Loève expansion, the HDSE and the wavelet
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Figure 7.10: Error comparison on different levels for d = 1 for first moment (a) and second
moment (b) between the log-normally distributed and uniformly distributed case
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expansion, need some sort of truncated series to be able to represent them numerically. Trun-
cation for Karhúnen-Loève is according to Lemma 6.1.1. Truncation for HDSE is based on
the amount of vertices. The wavelet expansion needs a truncated series for the calculation of
the weights (al)j,n(ω) defined in (6.3.8). The calculation was done in such a way that partial
stiffness matrices, see Section 7.5.2, were precalculated for each expansion.

7.4.1 Comparison in convergence and work load

The implementation was done for d = 1. The convergence speed for all three expansions of
the diffusion coefficient is similar for the calculation of the first and second moment as seen
in Figure 7.11. And by similar we mean that each converge of the same order towards a
reference solution created with the same expansion. In Figure 7.12 the work load on each
sublevel is approximately the same for Karhúnen-Loève and HDSE, but is of higher order for
the wavelet expansion. This is due to the calculation of the weights (al)j,n(ω) as defined in
(6.3.8), where truncation for each weight is based on the discretization error of the current
sublevel.

Remark 7.4.1. An important difference of Karhúnen-Loève and HDSE is that we do not
compute the eigenpairs (λk, ϕk)k ∈ N in the implementation for Karhúnen-Loève but consider
them as given along with the covariance kernel and the mean of the diffusion coefficient. For
HDSE we only have the covariance kernel and the mean given and compute the expansion
by augmenting from sublevel to sublevel. Calculating the eigenpairs would increase the work
load of Karhúnen-Loève as we would be required to solve an eigenvalue problems of the same
scale as the finite element method of the highest sublevel.
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Figure 7.11: Comparison of the error for the different expansions of the diffusion coefficient a
in MLMC-FE for EL(u) in (a) and M2(u) in (b) in 1d against the level L
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Figure 7.12: Comparison for total CPU time for the MLMC-FE approximation of EL(u) in
(a) and M2(u) in (b) in 1d against the level L.

7.5 A comment on the programs and the programming style

7.5.1 Parallelization

Parallelization of Monte Carlo simulations without domain decomposition as done for this
thesis does not need communication between processors. Here we use bash3 scripts to send
the necessary programming parameter to each processor and to run the same program with
different parameters on each different processor. We won’t introduce bash scripting but give
an example of what a typical script looks like in Algorithm 3 in the Appendix.

Collection of the data was done similarly by collecting and preparing results, i.e error
calculations and timings, from different processors via parameter based bash scripts. On
clusters with full Matlab functionality available one can achieve the same result using Matlab’s
native pmode and sliced variables or Matlab’s MPI scripts, see Matlab4 documentations for
details.

3bash, bourne again shell, free UNIX shell language
4MATLAB online documentation: http://www.mathworks.com/access/helpdesk/help/techdoc/.
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7.5 A comment on the programs and the programming style

7.5.2 A distinction of different programming approaches

We want to point out certain programming obstacles we encountered. One of them concerns
the efficient handling and calculating of the stiffness matrix which, in this case, is obtained by
implementing the bilinear form B of the discretized variational formulation in (4.1.1). Another
obstacle is the choice of reference solution for the mean or second moment. An exact solution
is always the first choice, but if it is not available then one has to generate a reference solution.

As stated in Corollary (6.1.2) the truncation of the Karhúnen-Loève expansion should be at
µKL = 2L/(σ−1) to balance the truncation error with the discretization error. This leads to a
tradeoff of low memory usage vs. run-speed. Let A(ω) be the stiffness matrix depending on ω.
In the case of the diffusion coefficient a1(ω, x) given in (7.1.2) we separate the stiffness matrix
into A(ω) = A0 +Y (ω)A1 with two partial stiffness matrices and a weight factor Y (ω). While
Y (ω) changes for every sample the partial stiffness matrices A0 and A1 do not. In the case
of an error dependent truncation of the Karhúnen-Loève expansion after the term µKL we
separate the stiffness matrix into A(ω) = A0 +

∑µKL
i=1 Yi(ω)Ai. Again, Yi(ω) changes for every

sample but the Ais do not change. It is in any case faster to pre calculate the stiffness matrices
before running an MC simulation for ω ∈ Ω. A high algebraic decay σ of the Karhúnen-Loève
expansion reduces the amount of partial stiffness matrices to be precomputed but since µKL
is also level dependent one needs an increasing amount of memory for every higher level.If
memory becomes an issue or if the stiffness matrix cannot be separated into weights as in the
case of the diffusion coefficient ã1 from (7.3.2), then the stiffness matrix has to be calculated
component wise for every generated Y (ω). The complexity of both approaches is similar as
we show in Figure 7.13.

Calculating a reference solution for the mean, in the case an exact solution is not available,
is done by approximating the mean with N samples. In our case we used N = 105. For the
simulation of the MLMC and the MC algorithm we again use a subset of the same N samples.
In the case of the second moment we used a reference solution calculated at n levels higher
than the level of the approximation. In our case n ∈ {1, 2, 3} depending on the convergence
of the error, i.e. if the convergence is similar for n ∈ {2, 3, 4} but different for n = 1 then
we choose n = 2 as the level difference to the reference second moment. The choice of n has
a significant influence on the speed for the calculation of the error estimate and since n is
arbitrary it can only be considered a good hint to the correct estimate.

7.5.3 Source of various codes

The following is a list of programs, i.e. Matlab m-files, that were offered by Prof. Christoph
Schwab and his team at the SAM department to use on this thesis:

• The transformation into the wavelet basis in 1d was copied from the lecture of Numerical
Analysis of Stochastic Partial Differential Equations 2009. The code was not changed.

• The solver for deterministic elliptic partial differential equations in 2d is based on code
from the lecture on Numerical Solution of Differential Equations 2007. The code was
significantly altered.

• The transformation into wavelet basis in 2d is a code initially written by Gisela Wid-
mer and extended by Roman Andreev. The code was changed marginally to be made
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Figure 7.13: Comparison of work for d = 1 for precomputing and not precomputing the partial
stiffness matrices. Time per level high in the legend means time used on each
level for the high memory approach.

compatible with own code.

• The HDSE basis generator and a program to augment the basis was coded by Claude
Gittelson. The code was not altered.
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8 Load Balancing

In parallel numerical simulations load balancing is a term used to describe the equal distribu-
tion of work among a certain amount of processors and to minimize processor idle times. For
deterministic FE methods this is achieved by domain decomposition where the domain gets
partitioned into a number of subdomains. Assembly of matrices and solving linear systems is
done locally on these subdomains. Usually the subdomains include ghost elements from other
subdomains that connect via the boundary and assembly is handled by processor specific
maps. One possibility is that one processor creates those maps and handles the correct data
distribution and solution assembly of the problem based on those maps.

For stochastic FE methods parallelization entails the calculation of mean and higher mo-
ments on each processor based on a subset of samples, i.e. each processor runs the same
programs but uses a different sample stream. In general, Monte Carlo methods, are very well
suited for parallel computations. Sampling a set of independent data can be run on different
CPUs without the need for communication if the memory allows it and if suitable uncorre-
lated random number streams are used on each processor. This is looked at in Section 8.1.
In Section 8.2 we present an algorithm for partitioning a mesh and discusse advantages and
disadvantages.

8.1 Load balancing for Parallel MLMC-FE

We are faced with the following problem. Let (Tl)∞l=0 be a nested grid with Ml the samples
on each sublevel l. On each grid Tl, 1 ≤ l ≤ L, we solve Ml deterministic elliptic partial dif-
ferential equations, i.e. transformation into a linear system, solving it and, for the calculation
of the second moment, compute a sparse tensor product. For this we use a given number of
processors, P ∈ N. We assume that the grid is structured and refined regularly. We, as well,
assume that one sample can be calculated on one processor for any level of discretization.
We do not perform a domain decomposition into different subdomains thus each processor
has the full domain information available. For the discussion we recall common terms used
in parallel numerical computing.

Definition 8.1.1. (i) Speed-up. For tserial as CPU-time from start to finish of the serial
execution and tparallel as the CPU-time from start to finish of the parallel execution of
an algorithm A, the speed-up S is defined as:

SA :=
tAparallel

tAserial

(ii) Efficiency. For speed-up S and amount of processors P used on parallel execution of
an algorithm A, the efficiency E is defined as:

EA :=
SA

P
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8 Load Balancing

Algorithm tserial tparallel SA EA

MF-1d N2
L ≈ 22L N2

L/P ≈ 22L/P SMF−1d ≈ P EMF−1d ≈ 1
M2-1d N2

L log(NL) ≈ L22L N2
L log(NL)/P ≈ L22L/P SM2−1d ≈ P EM2−1d ≈ 1

Table 8.1: Efficiency predictions for P < Work(L)
NL

Let L be the number of sublevels for the MLMC-FE first moment or second moment
calculation in any dimension and let P be the number of available or used processors to
execute the algorithm. We denote as MF-1d the algorithm for the MLMC-FE simulation of
the first moment in one space dimension and M2-1d the algorithm for the second moment
in one space dimension. In the same way we denote the MF-2d and M2-2d algorithms. We
make theoretical predictions based on Theorem 4.4.3 and Theorem 5.5.2. We only focus on
the parallelization of the loop from lines 3 to 14 of Alogrithm 1 in the Appendix and lines 3
to 13 of Algorithm 2 as these loops can easily be replaced by a parallel loop like parfor for
Matlab.

For d = 1 Figure 7.4 shows the sublevel times for different levels. It reflects that the work
load is dominated by the degrees of freedomNl times samplesMl per sublevel and the majority
of the load is on low sublevels with a high sample count. Which means we spend most of
the time calculating independent samples on low sublevels. This allows to distribute the load
by balancing

∑L
l=0Nl ·Ml for the given processors P , i.e. we divide the Work estimates from

Theorem 4.4.3 and Theorem 5.5.2 by the number of processors to get Table 8.1. This shows
that an efficiency of close to one should be reachable in the above cases and balancing works
up to P < Work(L)

NL
, i.e. once we are down to the most complex linear system. For higher P

we can only speed up the algorithms by solving linear systems in parallel and by assembling
matrices in parallel.

For d = 2 we see in Figure 7.7 that the majority of the work load is on higher sublevels where
we have few samples and the approach from d = 1 only works for a much smallerP < Work(L)

NL

as NL ∼ 22L for d = 2. Yet we can see in Figure 7.9 that the work load of M2-2d is dominated
by the creation of the sparse tensor product. The sparse tensor product is a single instruction,
the multiplication, on multiple data that can be done independently. At least this part of
the algorithm can reach significant speed-up without the need for parallel assembly or solving
linear systems in parallel.

Remark 8.1.2. In the case of a Single-Level MC-FE method each partial moment calculation
on one processor can be added independently to the result of any other processor and data
loss only leads to a reduction in convergence speed. In the case of an MLMC-FE method
the correct order of summation of the final result on each sublevel has to be respected. This
means that MLMC-FE is more sensitive to data loss than MC-FE.

Remark 8.1.3. The upper bound for P < Work(L)
NL

is found by the following consideration.
The linear system on the highest sublevel L takes the longest to solve and solving this linear
system on one processor defines the lower bound of the parallel execution of MLMC-FE
without assembling and solving the linear system itself in parallel and this system is of order
NL. Once we have distributed the work down to the time it takes to solve one linear system
on the highest sublevel, we cannot further speed-up the algorithm in this way.
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8.2 Recursive Spectral Bisection (RSB) on unstructured grids

8.2 Recursive Spectral Bisection (RSB) on unstructured grids

Creating maps for distribution of data for assembly of matrices and for solving linear systems
in parallel we need to divide our grid in a number of subgrids. A grid Tl with a certain number
of vertices and connecting edges is mathematically a graph. One approach to partition the
graph into p̂ subgrids is to minimize the number of edges that connect different subgrids. This
is called the graph p̂-way partitioning problem. If p̂ is a power of 2, such as approximately in
our case, partitioning can be done by recursively bisecting the graph into two subgraphs by
minimizing the edges cut on bisection. RSB does exactly that, see [24].

Let V be the even number of vertices of the connected graph G and denote as K the edges
of the graph. We cut the graph into two subgrids G1 and G2 by cutting through a number of
edges to completely separate the two subgrids. We denote the edges in G1 as K1, the edges
in G2 as K2 and the remaining edges from G that were cut we denote as K̃. Thus we have
|K| = |K1| + |K2| + |K̃|. We denote the vertices in G1 as V1 and the vertices in G2 as V2.
We give each vertex v, w ∈ V the value 1 if v ∈ V1 and the value −1 if v ∈ V2 and denote
the value of v as mv. An edge e ∈ K connects two vertices v, w ∈ V and this connection is
denoted as ev,w or equivalently ew,v. This allows us to formulate the following minimization
problem:

|K̃| = 1
4

∑
ev,w∈K

(mv −mw)2 (8.2.1)

is to be minimized subject to the following constraints:

(i) The two subgraphs G1 an G2 is balanced, i.e. |V1| = |V2| or∑
v∈V

mv = 0 (8.2.2)

(ii) The square of the values mv summed is equal to the amount of all vertices, i.e.∑
v∈V

m2
v = |V | (8.2.3)

Solving this problem by, e.g., using Lagrange multipliers gives an optimal bisection bar some
exceptions. The term spectral stems from the fact that by solving the above minimization
problem one has to find eigenvalues of the Laplacian matrix of (8.2.1). For a full introduction
we refer to [19].

Remark 8.2.1. In the case of the domain decomposition of the structured grids proposed in
this thesis RSB is trivial as we can minimize the edge cut by just cutting along a line in the
center.

Remark 8.2.2. RSB is generally not optimal for a general p̂-way partition, see [29].
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9 Conclusion and Outlook

9.1 Interpretation of the Results

Our error and complexity analysis reveals that for low order Finite Element discretization
in the physical domain D, the proposed MLMC-FE method achieves an approximation of
the mean field of the random solution and its k-th moments with efficiency (i.e. error versus
computational work) which is comparable to one solve of a linear complexity Finite Element
method for a deterministic elliptic problem of the same type.

The analysis also shows that preservation of increased convergence rates of higher order
Finite Element methods for the approximation of stochastic solutions with higher spatial reg-
ularity entails corresponding increase of the MC samples at each mesh level. This implies a
loss of the overall log-linear complexity of the MLMC-FE scheme. For problems with random
solutions that exhibit high spatial smoothness as well as high summability, higher convergence
rates of the overall discretization scheme will require apart from high order Finite Element
methods in the physical domain also improved discretization strategies in the stochastic do-
main.

Therefore, the MLMC-FE method proposed here is competitive for stochastic PDE prob-
lems whose solutions have low smoothness in physical space, and moderate summability in
ω ∈ Ω as, e.g., finite second moments. This is typically the case in Gaussian models of porous
media where realizations of a are, roughly speaking, Hölder continuous with exponent at
most 1/2.

In closing, we emphasize that the presently proposed MLMC-FE method does not require
stationarity or Gaussianity of the stochastic diffusion coefficient a in any way. For stationary,
Gaussian random inputs, linear scaling simulation methods can be built on tensorized Fast
Fourier Transform algorithms (see, e.g., [9]). All three methods proposed here, the Karhúnen-
Loève based, the HDSE based and the wavelet based parametrization of a, allow for non-
stationary and irregular random inputs.

The representations in (6.3.7) and (6.3.9) can, due to the L2(D) orthogonality in (6.3.8) of
the (multi) wavelets be utilized directly in scenario generation based on a stream of “coefficient
realizations” of a, possibly in digital form with uniform pixel resolution ≥ L. In this case,
(6.3.12) implies that a “forward” MLMC-FE simulation on mesh TL can account for all
available data on a exactly.

9.2 Unanswered Questions and Possible Extensions to the Thesis

Currently, our MLMC-FE solver for elliptic SPDEs with stochastic data works for d ∈ {1, 2}
for first and second moment calculations, but only for Dirichlet boundary conditions. We
use Monte Carlo sampling and work in parallel on a cluster. The grid has to be regularly
refined and there are more limitations to our algorithms. The following is a, by no means a
comprehensive, list of extensions to the simulation and possible questions that ask for more
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investigation:

• First we would have to make the current solver more flexible, i.e. allow different bound-
ary conditions, different domains, different meshes and calculate moments higher than
the second moment. For meshes we could investigate unstructured grids.

• There are different possibilities to increase the capability of the simulations. An exten-
sive extension would be an MLMC elliptic SPDE solver for d = 3 for different moments.

• An MLMC solver for parabolic SPDEs would be a necessary extension to simulate
many a real world problem. For real time problems in general one could imagine a
real time data analysis with discrete covariance calculation and use this for time depen-
dent moment calculations, i.e. predictions with confidence intervals for, e.g., weather
simulations.

• The effect of using different random number generators or even QMC could be imple-
mented without major changes to the current programs. Sample generation is not fully
covered in this thesis and could be discussed more extensively.

• The effect of using linear functionals on u ∈ V , i.e Φ ∈ V ∗, was mentioned at the end
of Section 2.3, but not simulated.

• Another discussion is due for non-stationary or non-homogeneous covariance kernels.

• Simulating with a different programming language, like c++, and taking advantage of
available parallel libraries would likely improve parallel performance. This is especially
the case for more complex grids.

• The discussion also omits approximation methods based on polynomial chaos or colloca-
tion methods. And there are other approaches to calculating first and second moments
of solutions to SPDEs. Methods that do not calculate pointwise solutions of the SPDE,
see, e.g., [15].
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A Algorithms

We present a selection of algorithms in pseudo code for first an second moment in 1d and 2d:

Algorithm 1: CALCULATING THE FIRST MOMENT BY MLMC-FEM
%Define parameters:1

L define level
Mesh initialize mesh, with information on vertices, edges, etc.
RHS define right hand side function, here RHS ≡ 1
rand −→ Set random number stream

%Define sublevel dependent parameters:2

Mi for sample at sublevel i for given level L
µi for sublevel dependent truncation of the Karhúnen-Loève expansion

%MLMC-FE mean field algorithm:3

for (sublevel = 1 : L) do
if (sublevel > 1) then

on low sublevel: update deterministic part of stiffness matrix and load4

vector reusing variables of the previous high sublevel
transform current solution of first moment into current high sublevel basis5

on high sublevel: update deterministic part of the stiffness matrix up to6

µsublevel and load vector, refine the mesh
for (sample = 1 : Msublevel) do

Yµsublevel %Generate µsublevel samples Yi ∼ U [−1, 1]7

on high sublevel: assemble stiffness matrix8

solve linear problem for solution on high sublevel of deterministic PDE9

add solution to current solution of first moment dividing it first by Msublevel10

if (sublevel > 1) then
on low sublevel: assemble stiffness matrix11

solve linear problem for solution on low sublevel of deterministic PDE12

subtract solution of current solution of first moment dividing it first by13

Msublevel

end
%Comment: subtracting and adding could be done here14

end
%Error calculations and solution presentation15

Error calculation to reference first moment, transform solution into reference solution
level basis and perform a first order Sobolev semi-norm calculation on the difference
to the solution
Make plots, etc
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A Algorithms

Algorithm 2: CALCULATING THE SECOND MOMENT BY MLMC-FEM
%Define parameters:1

L define level
Mesh initialize mesh, with information on vertices, edges, etc.
RHS define right hand side function, here RHS ≡ 1
rand −→ Set random number stream

%Define sublevel dependent parameters:2

Mi for sample at sublevel i for given level L
µi for sublevel dependent truncation of the Karhúnen-Loève expansion
Ti precalculate wavelet compression

%MLMC-FE mean field algorithm:3

for (sublevel = 1 : L) do
if (sublevel > 1) then

on low sublevel: update deterministic part of stiffness matrix and load4

vector reusing variables of the previous high sublevel
on high sublevel: update deterministic part of the stiffness matrix up to5

µsublevel and load vector, refine the mesh
for (sample = 1 : Msublevel) do

Yµsublevel %Generate µsublevel samples Yi ∼ U [−1, 1]6

on high sublevel: assemble stiffness matrix7

solve linear problem combined with wavelet compression for a solution to the8

PDE in wavelet basis
calculate second moment of the solution and add it to current solution of9

second moment dividing it first by Msublevel

if (sublevel > 1) then
on low sublevel: assemble stiffness matrix10

solve linear problem combined with wavelet compression for a solution to11

the PDE in wavelet basis
calculate second moment of the solution and subtract it of the current12

solution of second moment dividing it first by Msublevel

end
%Comment: subtracting and adding could be done here13

end
%Error calculations and solution presentation14

Error calculation to reference second moment by performing a first order tensor
product Sobolev semi-norm calculation to the difference to the calculated second
moment
Make plots, etc
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Algorithm 3: Parallel distribution by a bash script
#!/bin/bash
#This script executes MATLAB m-files in the following way:
# 1. It takes the m-file routine.m and changes the sublevel parameter
# i for each processor and stores the routine in ZZZ\$i.m.
# This is done in the same way for a sample parameter
# that defines the seed of the random number generator
# 2. It changes a predefined batch-job file, called MLMCstart.lsf, and
# stores it to ZZZ\$i.lsf. This allows to easily collect data
# specific to this program after successful completion.
# Processor specifics and memory requests are part of an
# lsf-file.
# 3. It sends each batch-job file to the batch queue for execution of
# the program on an available processor.

for ((i=1;1<=10;i++))
do
cat routine.m | sed "s/LEVELCOUNTER=0/LEVELCOUNTER=$i/" > ZZZ$i.m
cat MLMCstart.lsf | sed "s/routine.m/ZZZ$i.m/" |

sed "s/myjob/myjob$i/" > ZZ$i.lsf
bsub < ZZZ$i.lsf
done
exit 0
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