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Static Scope Rules

» We extend IMP by blocks with local variable and
procedure declarations

begi n
var X:= /7;
proc p begin x := 0 end,;
begi n
var X:= 5;
call p
end
end

» With static scope rules, p updates the global
variable x

» A simple stack as state Is not sufficient
ETH

Peter Muller—Semantics of Programming Languages, SS04 — p.304



L ocations

» Without local variable declarations, we used states
that assoclate a value to each variable:
State : Var — Val

» For dynamic scope rules, we used stacks as states:
State : stack of(Var — Val)

» For static scope rules, we use locations

- A location can be seen as a memory cell
- A store maps locations to values
- An environment maps variables to locations
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Stores

» We use the sort Loc = 7Z for locations

- Think: addresses

» 10 obtain fresh locations, we need a function
new . Loc — Loc

- We could use the successor function on integers

» A store maps locations to values

Store : Loc U {next} — Val

We use the meta-variable $ for stores
next IS a special token for the next free location
Since Val = Loc = Z, $(next) is a location
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Variable Environments

» We used type environments to associate a type to
each variable: I' : var — Type

» Similarly a variable environment maps variables to
locations

Envy : Var — Loc

- We use the meta-variable @, for variable environments

» 1 he lookup function combines environment and store

lookup : Envyy — Store — State
lookup(Py,$) =$ o Oy

Peter Muller—Semantics of Programming Languages, SS04 — p.307



Extended Semantics of IMP

» With locations, we get a new semantic function
She : Stm — Envyy — Envp — (Store — Store)

» SKIp

pslSki p](®y, Pp) = id

» The clause for assignment uses the environment
bslr: =e](Py, ®p, $) = $[Py(x) — Ale]lookup(Py, )]

» Seqguential composition

Spslsi; s2](Pv, Pp) =
(Spsls2](@v, @p)) o (Spslsi](Pv, Pp))
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Extended Semantics of IMP (cont’d)

» Conditional statement

bsli T bthen s, el se s, end](Py, Pp) =
cond(B|b] o lookup(Pv ), Spslsi](Pv, Pp), Spels2](Py, Pp))

where

cond : (Store — Bool) X (Store <— Store) X (Store — Store) —

(Store — Store)

» Loop

bslwhi l e bdo send|(®y,Pp) = FIX F
where F'(g) = cond(B[b] o lookup(Pv), g o SHels|(Py, Pp), id)
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Syntax for Variable Declarations

Stm = ...
| 'begi n’ Dy s’end’

Decyy ='var’'z’:="e’; Dy |e€

» Dy IS a meta-variable for the syntactic category Decy
of variable declarations
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| ocal Variable Declarations

» The variable environment has to be updated
whenever a block is entered

Dgs : Decyy — Envy X Store — Envy, X Store

DYslvar x: =e; Dy](®y,$) =
DY, o[Dyv](®y [z — n], $[n — v][next — new(n)])
where n = $(next) and v = A[e](lookup(Py, $))
DY sle] = id

» For the semantics of blocks, we get

pslbegi n Dy s end](®v,$) = Sps[sl(Dps[Dv](®v, $))
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Syntax with Procedure Declarations

Stm = ...
| ’begi n” Dy Dp s’end’
|’'cal | " p
Decyy ='var'z’:="e’;" Dy |e¢
Decp =’'proc’p’begin’s’end’’;’ Dp|e

» Meta-variables

- Dp for the syntactic category Decp of procedure
declarations

- p for the syntactic category Pname of procedure names
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Procedure Environments

» A procedure environment maps procedure names to
the effect of executing its body

Envp : Pname — (Store < Store)

- We use the meta-variable ¢ for procedure environments

Peter Muller—Semantics of Programming Languages, SS04 — p.313



Updating Procedure Environments

DL - Decp — Envy — Envp — Envp
DS 4

DEg[proc p begi n s end; Dp](®y, Pp) =
Dhs[DPI(Pv, @plp — Spslsl(®v, @p))
Dpsle] = id

» This function works for non-recursive procedures

» The semantics of the procedure body is determined
by using the variable and procedure environment of
the procedure declaration (static scope rules)
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Block Declarations and Calls

» Blocks

})S[[begl n Dy Dp s end]](CI)V, bp, $) —
pslsl(@}, . 9)
where (®/,,$') = D [Dy](®v, $)
and @ = Dpg[Dp](2y,, Pp)

» The semantics of a procedure call is defined by
consulting the procedure environment

pslcal I p](®y, ®p) = Op(p)
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Example

» IN the final store, the local variable x has value 5 and
the global variable x has value 0

begi n
var X:= 7;
proc p begin x := 0 end;
begi n
var x:=5; call p
end
end
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Dealing with Recursion

» Semantics for non-recursive procedures

DEg[proc p begi n s end; Dp](®y, Pp) =
Dps[Drl(®v, plp — Sps[s](®v, ©p)])

» We have to ensure that the meaning of all recursive
calls in s Is the same as that of the procedure p being
defined

» For recursive procedures, we need a function g that
satisfies g = Sp4[s](Pyv, Pplp — g])
» Again, we need to use fixed points
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Semantics of Recursive Procedures

» Declaration of recursive procedures

DY s[proc p begi n s end; Dp](®y, Pp) =
DpslDp](Pyv, ®plp — FIXF])
where F'(g) = Spels](Pv, Pplp — g])])

» Functions for empty procedure declaration (¢) and
procedure call stay unchanged

» To show well-definedness of S}, ¢, we have to prove

1. that D} is a well-defined function
2. that (Envp, ') is a ccpo
3. that the semantic clauses define continuous functions
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Exceptions

» We extend IMP by exceptions

Stm =...
| 'begi n’ sy ’handl e’ r : 55 ’end’
| 'rai se’r

» 7 IS a meta-variable for the syntactic category
Exception Oof exceptions

» Therai se r statement transfers control flow to the
handler of exception e
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Exceptions: Example

begi n
whil e true do
I1f X <= 0 then ral se exit
else x :=x -1 end
end
handle exit: y =7
end

» If the example statement is executed from a state o
with o(x) > 0 then it will terminate in a state where
X=0andy =7
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Remainder of the Program

» With exceptions, the meaning of a statement cannot
be defined independently of following statements

» Example 1. What is the meaning of the conditional?

I1f X <= 0 then ralse exit
else x := x -1 end

» Example 2: Do we have to execute s3?

| f bt hen s; el se s, end; s;

» We define the meaning of a statement by the effect
of executing the remainder of the program

Eidgendssische Technische Hochschule Zarich
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Continuations

» A continuation is a function ¢ of the domain Cont:

Cont = State — State

» For a statement s, we can assume that we
meaning of the program after s, c(s)

C

:

nave the

» We want to define the meaning of s and the program

after s, c(s)

C/
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Continuation Style Semantics of IMP

» With continuations, we get a new semantic function
S @ Stm — Envg — (Cont — Cont)

» SKIp

Scs|ski p](Pg) = id

- 1d IS the identity on Cont

» Assignment
Scslz: =€e](Pg, c,0) = c(o|r — Ale]o])
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Continuation Style Semantics (cont’'d)

» Seguential composition
Scslsi; 52)(Pr) = (Sos|s1](Pr)) o (Ses(s2](Pr))

- The functional composition is reversed compared to the
direct style semantics

- The continuations are pulled backwards

» Conditional statement

Scslif bthen s; el se sy end|(®g,c) =
cond(B|b], Scs|s1](Pg, ¢), Scs|s2](PE, c))
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Continuation Style Semantics (cont’'d)

» Loop

Sos[whil e bdo s end|(®p) = FIX F
where F'(g)c = cond(B[b], Scs|s|(Pg, g(c)), c)

» If the condition is ff, we simple return the
continuation of the remainder of the program

» If the condition is tt, then g(c) denotes the effect of
executing the remainder of the loop, followed by the
remainder of the program (continuation for first
unfolding)
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Example

» What is the meaning of the following statement?

Z:=X; XI=y, Y=z

Scslz: =x; x:=y; y:=z|(®g,id)
= (Scs|z: =x[(PE) o Scs[x: =y|(PE) o Scsly: =z|(Pr))(id)
= (Scs|z: =x][(PE) o Scs[x: =y[(Pr))(g1)
where g1(0) = id(aly — 0(z)]) = aly = o(z)]
= Scs|z: =x|(Pg, 92)
where g2(0) = gi(a[X — a(y)]) = a[x — a(y)]ly — o(z)]
— 03
where g3(0) = ga(0[z 1 o(X)]) = o[z = o (X)][X = o(Y)]ly = ()]
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Semantics of Exceptions

» An exception environment maps each exception
name r to the effect of executing the remainder of the
program starting from r’s handler

Envg : Exception — Cont

- We use the meta-variable ® 5 for exception environments

» Semantic clauses

Scsﬂbegi N S handl e r : S9 end]](CDE,c) —
Scsls1](Pe(r — Scs|s2)(PE, ¢)))
Scslrai se r|(®g,c) = Pp(r)
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Denotational Semantics

» Denotational semantics describes the effect of a
computation

- Direct style: effect of the statement s

- Continuation style: effect of the remainder of the program,
starting from statement s

» A semantic function is defined compositionally for
each syntactic construct

» EXpressiveness
- Denotational semantics is well understood for imperative,
functional, and logical programming languages

- Very little work on object-oriented and concurrent
languages

e Technische Hochschule Zhrich
ks - ¥ Tl g

Peter Muller—Semantics of Programming Languages, SS04 — p.329



	3. Denotational Semantics
	Static Scope Rules
	Locations
	Stores
	Variable Environments
	Extended Semantics of IMP
	Extended Semantics of IMP (cont'd)
	Syntax for Variable Declarations
	Local Variable Declarations
	Syntax with Procedure Declarations
	Procedure Environments
	Updating Procedure Environments
	Block Declarations and Calls
	Example
	Dealing with Recursion
	Semantics of Recursive Procedures
	3. Denotational Semantics
	Exceptions
	Exceptions: Example
	Remainder of the Program
	Continuations
	Continuation Style Semantics of IMP
	Continuation Style Semantics (cont'd)
	Continuation Style Semantics (cont'd)
	Example
	Semantics of Exceptions
	Denotational Semantics

