Exercise 9

Exercise 1

Are (a) and (b) complete lattices?
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, (a) (b)
Solution:
(a) is not a complete lattice because d U e does not exist.
(b) is a complete lattice.
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Exercise 2

Consider the lattice L = (A4, C), where A = {a,b,c,d}. The partial order C
C A x A is depicted in the Hasse diagram below.

1. List the elements of C.

Solution:
C = {(a,a),(b,b),(c,c), (d,d),(a,b),(a,c), (b, d),(c,d), (a,d)}



2. Consider the following functions f,g: A+~ A
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Function f Function ¢

e Is f monotone? Is g monotone?
Solution:
f is monotone.
g is not monotone because b C d but g(b) =b £ g(d) =
e List the set Fiz(f) of fixpoints of f, and the set Red(f) of post-
fixpoints of f.
Solution:
Fiz(f) = {a,d}.
Red(f) ={a,d}.
e List the sets of fixpoints/post-fixpoints of the function g.
Solution:
Fiz(g) = {b,c}.
Red(g) = {b,c,d}.

Exercise 3

1. Consider the following three functions: f,g,h: A — A, defined below:
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Function f Function ¢ Function h



e Does g approximate f?
Solution:
Yes, g approximates f.
e Does h approximate f?
Solution:
No, h does not approximate f because f(b) = d £ h(b) = c.

2. Let R=RU{—00,+00} and Z = Z U {—00, +00}, where R is the set
of rational numbers and Z is the set of integers.

(R, <) and (Z, <) are complete lattices.

Let a: R+— Z as a(x) = [z]. (Here [z] rounds-up x to the nearest
integer.)

Let v: Z+— R as y(z) = x.
Consider the function f : R+ R defined as f(z) = 2.

e Give two functions g, h : Z — Z that approximate f. Which one
is more precise?

Solution:
gla) = |z +1?
22 ifx>0
h(w) = { (Jz] +1)2  otherwise

h is more precise.

e Give a function k : Z — Z that approximates any function f :
R~ R.

Solution:
k(z) = 4o0.
Exercise 4
Recall that an interval transformer for an action a is defined as:
[a]i : (Var — L) — (Var — L)

where L' = {[z,y] | x,y € Z®,x < y} U{L;} are the interval domain’s
elements (see slide 17 from the lecture).



1. Consider the interval maps:
mi; =z +— [—3,8],y — [0,5]
me =z +— [-3,8],y — L;

The interval transformer for < is defined on slide 33. Apply the trans-
former to compute the result of:

[z < yl(m1) = [z < y[(m2) =
[3 < 5](m1) = [3 < 5](m2) =
[5 < 3](m1) = [5 < 3](m2) =
Solution:

z <y[(m1) = y+— [-3,5],y = [0,5]

3 <5](my) = =~ [-3,8],y — [0,5]

)

)
5<3|(my) = z— Ljy— L,
<yl(m2) = z— Lijy— 1
5](m2) = z— Ljyy— L;
)=z~ Liyy— L

2. Define the interval transformer for assignment:
Solution:
[z :=a](m) = m[z — [p,q]] where (a,m) |; [p,q]
3. Define the multiplication expression for interval elements:
Solution:
Let
(a1, m) Ui [p, q]
(ag, m) {; [r, s]
A={p*xr,pxs,q*r,q*s}
Then,
(a1 * ag, m) |; [min(A), maz(A)]

4. Define the interval transformer for equality:
Solution:
Let
[z = y[(m) = m[x = m(z) T m(y),y = m(z) M m(y)]
Recall that if m(z) = [p, q] and m(y) = [r, s] then

} _ f [mazx(p,r), min(q,s)] if maz(p,r) < min(q,s)
[P, gl M [, s] = { 1, otherwise



Exercise 5
Consider the following program:

foo (int x) {

1 y =2

2 if (x <= y)

3 z := 3 * X
else

4 zZ =y

5 Z =y % Z

6 }

e Give two concrete traces t; and to of the program.

Solution:

Trace t; for foo(1):

(y:=2; (if (x <y) z:=3xx; else z:=y; );z:=yxz,{x — 1,y = 0,2 — 0})
= (i (x<y)z:=3xz;else z:=y;);z:=y*xz,{z— Ly~ 2 2z 0})
= (z:=3%xz:=yxz,{x— 1Ly— 2,2 0})

= (z=yxz,{z—1,y— 22— 3})

—{z—1ly— 2z~ 6}

Trace t9 for foo(5):

(y:=2; (if (x <y) z:=3%x; else z:=y; ); 2z :=yxz,{x — 5,y = 0,z — 0})
= (if (x<y)z:=3xx; else z:=y;);z:=yx*xz,{z—5y— 2 2z~ 0})
= (z:=y;zi=yxz,{x—5y—2,z—0})

= (z=yxz,{z—=5y—2z—2})

= {zx—5y— 2,24}

Apply the interval abstraction function o’ given on slide 19 from the
lecture on the set {t1,%2}.

Solution:

{1~ {z—[1,5],y — [0,0],z — [0,0]},
{2—={z—[1,5],y— [2,2],2 — [0,0]},
8= {x— 1,1,y [2,2],2+— [0,0]},
{4— {x— 5,5,y [2,2],z+— [0,0]},
{5—={x—[1,5,y— [2,2],2z— [2,3]},
{6 = {z—[1,5],y — [2,2],z — [4,6]},



e Compute the least fixpoint IfpF"? of the program using the interval
domain abstraction.

Solution:

{1 {z+— [—o00,+0],y — [—00, +0], 2 — [—00, +0]},
{2 {x— [—00,+00],y = [2,2], 2 — [—00, +0]},

{83 {z—[-00,2],y — [2,2], 2 — [—00, +0]},

{4 = {x— [3,400],y — [2,2], 2z — [—00, +00]},

{5 {z— [—00,+o0],y — [2,2], 2 — [—00, 6]},

{6 = {x — [—o0,+00],y = [2,2], 2 — [—00,12]},

e Give a concrete trace t € v*(IfpF") that is not a valid trace. Here " is
the concertization function; see slides 19-20 from the lecture.

Solution:
(y:=2; (if (x <y) z:=3xx; else z:=y; ); 2z :=yxz,{x — 0,y = 0,z — 0})
= ((if (x<y)z:=3xx; else z:=y;);z:=y*xz,{xr— 5y~ 2 2+ 0})
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