
3 Scientific Information

3.1 Summary

The project comprises basic research in the theoretical analysis of online problems. We
shall consider the standard model of online computation, in which the algorithm is process-
ing a sequence of inputs, and has to deliver a piece of output to each input (independently
from the future inputs). The lack of information about the future input poses a new level
of hardness, which is usually characterized by means of the competitive ratio.
In the proposed project, we plan to characterize the hardness of online problems using
a generalization of this concept, taking into account the amount of the missing problem-
specific information. The project is divided into two phases. First, we define a complexity
measure that quantifies the amount of problem-specific information contained in the input.
This measure is expressed as the number of bits that must be communicated between the
algorithm and an oracle that sees the whole input, in order to solve the problem optimally.
In the first phase, we shall investigate this measure and its various variants, and deliver
lower and upper bounds on the amount of problem-specific information for a number of
online problems. In the second phase, we shall use this measure to investigate the tradeoff
relation between the amount of information about the future and the best achievable
solution quality.
The amount of problem-specific information has not been considered before, and we be-
lieve that it may give better insight into fundamental properties of online computation.
Moreover, this approach can lead to identifying some structural properties of inputs that
may in turn lead to the design of more efficient algorithms. Also, there may be semi-
online scenarios where the input is available, but has to be accessed sequentially by the
algorithm.
The project fits into the scope of existing expertise in the research area of hardness of
computational tasks.

3.2 Rationale for the proposed project and state of research

3.2.1 Rationale

The understanding of the hardness of online problems is both challenging from the point of
view of theory, and important for practical applications. The amount of problem-specific
information has not been considered before, and we believe that it may give better insight
into fundamental properties of online computation. Moreover, this approach can lead to
identifying some structural properties of inputs that may in turn lead to the design of more
efficient algorithms. Also, there may be semi-online scenarios where the input is available,
but has to be accessed sequentially by the algorithm (e.g. a series of orders sent to a remote
robot). In this case, it may be worthwhile to equip each data item with some additional
information to help guide the processing.

3.2.2 Introduction

One of the principal areas of interest in theoretical computer science is the understanding of
various aspects of hardness of computational tasks. The most standard approach to repre-
senting a computational task is by means of a mapping from a set of input values to a set
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of output values. Having this representation, it is natural to ask what formal models are ap-
propriate to describe a given mapping, how complex the description is in a particular model,
what resources are needed to implement it, etc. There are, however, many computational
tasks in the real world that do not comply with this representation for a variety of reasons.
For instance, numerous processes require that parts of output are delivered before the whole
input is revealed, as is typical for processing of large (potentially even infinite) sequences of
requests. This lack of information about future input poses a new level of hardness, and tasks
operating in this fashion are usually termed “online”. Many prominent examples of online
problems are found in operating systems and client-server applications. As an illustration,
one may consider a web server with caching: requests for specific web pages arrive to the
server, and to each request the corresponding page must be offered before processing the next
request. The fact that the future requests are not known makes it difficult to decide which
pages should be stored in a fast internal cache of the server for future reference.

On line problems have been subject to extensive study since the sixties, with the main
effort being put to the design and analysis of online algorithms that cope with the ignorance
of future in the best possible way. This objective of overcoming the lack of information is
usually measured by the degradation of the output quality incurred by the online setting, and
the most standard way of expressing this degradation is the competitive ratio: the ratio of
the output quality of a given online algorithm towards the optimal solution.

In the proposed project, we plan to characterize the hardness of online problems using a
generalization of this concept which is based on another central notion of theoretical com-
puter science – the notion of the complexity of an object. The central idea is that having
a set of finite objects, e.g. boolean functions or strings of letters, some of them are more
complex than others; the complex objects are more difficult to describe and hence they carry
more information. Many ways of measuring this information carried by an object have been
proposed, e.g. Kolmogorov complexity, communication complexity, Shannon’s entropy, etc.

Our aim is to study the relationship between the amount of information in the unknown
(future) part of the input and the best achievable solution quality for a given online problem.
However, we need to restrict ourselves only to the information that is relevant to the problem
(e.g. in the web server example the input contains large amounts of information concerning
the content of the pages, users that requested them etc., which is irrelevant to the problem).

We propose to measure the amount of problem-specific information by the number of bits
that must be given to the algorithm to perform optimally. The goal of the project is to find
out how much information is needed to achieve a required solution quality in various online
scenarios.

3.2.3 Scope of the project

The project comprises basic research in theoretical computer science. We shall consider the
standard model of online computation, in which the algorithm is processing a sequence of
inputs, and has to deliver a piece of output to each input (independently from the future
inputs).

First, we modify the model by allowing the algorithm to communicate with an external
entity that has all information about the input. We measure the amount of problem-relevant
information by the number of bits the algorithm needs to communicate in order to achieve
optimal performance. The first stage of the project will be devoted to tuning the formal
model of this concept in order to mimic the intuition as much as possible, and to deliver tight
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upper and lower bounds on the problem-specific information of a number of well understood
online problems.

In the second stage of the project, we shall study the amount of information that needs
to be communicated in order to achieve performance with a given worst case approximation
guarantee. We may consider also modifications of the scenario (e.g. by introducing random
sources) to see how these affect the solutions.

3.2.4 State of research

Competitive analysis
The first results dealing with online problems were published in the sixties in the context of
searching algorithms [32]. A systematic study of online algorithms began in the late sixties
[50], and it has received much attention over the years (see e.g. [24, 39, 74, 53]). Formally,
an online algorithm processing an input sequence of requests x = 〈x1, x2, . . . , xn〉 produces
an output sequence y = 〈y1, y2, . . . , yn〉 in such a way that each yi is computed as a function
of the prefix 〈x1, x2, . . . , xi〉. On the other hand, an algorithm computing the whole output
sequence y from the entire input sequence x is termed “offline”. The standard measure
used for evaluating online algorithms is the competitive ratio [57, 69], i.e. the worst-case
ratio of the solution quality of the given online algorithm to the optimal solution. An online
algorithm is c-competitive, if there is a constant c > 0 such that, for each input sequence x,
QA(x) ≥ c · QOPT (x) holds, where QA and QOPT denote the solution quality of the online
algorithm and the best possible solution quality, respectively.

One of the most extensively studied and best understood online problem is the Paging
problem, originated in the context of memory management in operating systems. The virtual
memory of a computer is divided into logical pages. At any time, K logical pages can reside in
the physical memory. A paging algorithm is the part of the operating system responsible for
maintaining the physical memory. If a program requests access to a logical page that is not
currently in the physical memory, a page fault interrupt occurs and the paging algorithm has
to transfer the requested page into physical memory, possibly replacing another one. Formally,
the input for a paging algorithm is a sequence of integers (logical pages) x = 〈x1, x2, . . . , xn〉,
xi > 0. The algorithm maintains a buffer (physical memory) B = {b1, . . . , bK} of K integers.
Upon receiving an input xi for which xi 6∈ B, a page fault is generated, and the algorithm has
to find some victim bj that shall be replaced in the physical memory, i.e. B := B \{bj}∪{xi}.
The quality is measured by the number of generated page faults.

A number of online algorithms for the paging problem has been proposed, two of the most
notoriously known are the LRU (least recently used), where the victim is always the page
that has been requested least recently, and FIFO (first in – first out), where the victim is
the page that has been in the physical memory longest. Sleator and Tarjan have proven [77]
that both LRU and FIFO are K-competitive. Moreover, it the same work it is proven that
no deterministic online paging algorithm can have competitive ratio better than K. We just
note that the optimal offline algorithm is due to Belady [33].

The previous example illustrates the flavor of typical results in the theory of online algo-
rithms. On one hand, there are algorithms with guaranteed competitive ratio, on the other
hand there are lower bounds stating that a better competitive ratio cannot be achieved.

There have been many other problems originating from different areas of computer science
studied within this framework, and it is beyond the scope of this survey to give an exhaustive
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overview. We only briefly mention some representative problems from selected application
areas.

In the data structures setting, one of most prominent problems is the ListUpdate prob-
lem, where the task is to maintain a dictionary as an unsorted linear list. The requests may
be of three kinds: access, insertion, and deletion of an item. All three requests are processed
by scanning the list sequentially until either the requested item is found, or the end of the list
is reached. The cost of this scan is proportional to the number of elements scanned. While
processing a request sequence, a list update algorithm may rearrange the list. Immediately
after an access or insertion, the requested item may be moved at no extra cost to any position
closer to the front of the list. These exchanges are called free exchanges. Using free exchanges,
the algorithm can lower the cost on subsequent requests. At any time, two adjacent items in
the list may be exchanged at a cost of 1. These exchanges are called paid exchanges. For the
list update problem, algorithms with competitive ratio 2 have been proposed in [23], and a
matching lower bound was proven in an unpublished result of Karp and Raghavan.

As a typical problem for the traffic management in communications, we may consider the
DiffServ problem, widely studied using competitive analysis (see [45, 66], and references
therein). The setting involves a server processing an incoming stream of packets of various
values. If the processing speed of the server is slower than the arrival rate, some packets
must be dropped, ideally those least valuable. Usually it is assumed that the packets arrive
in discrete time steps. In each step, a number of packets can arrive, one packet can be
processed, and at most K packets can be stored in a buffer. Moreover, it is required that
the packets are processed in FIFO manner. More formally, the input is formed by a sequence
of items of various values that is partitioned into (possibly empty) requests. In each step
the algorithm maintains an ordered buffer B of K items. Upon receiving a request x, the
algorithm discards some elements from the sequence 〈B, x〉, keeping some subsequence of
length at most K + 1. The first item of this sequence (if it is non-empty) is submitted,
and the remainder of the sequence forms the new buffer. The process ends if there are no
more requests and the buffer is empty. The quality of the solution is the sum of the values
of all submitted elements. Lotker and Patt-Shamir [66] presented an optimal greedy offline
algorithm. In [45], tight lower and upper bounds of approximately 1.281 on the competitive
ratio were proven.

In the distributed data management area, many variants of migration and replication
problems have been studied. In the FileAllocation problem, one considers a network of
computers that want to access (i.e., read from or write to) a single file. There may be many
copies of this file in the network, and for a read request any of them can be accessed. Data
may be transmitted along the communication links, and each transmission incurs a unit cost.
Copies of the file can be created or destroyed, however, they must be kept consistent, i.e.,
every write access must be followed by a number of data transfers that update (or destroy)
each copy. In [31], a lower bound Ω(log n) has been shown on the competitive ratio of any
file allocation algorithm, and in [30] a matching upper bound has been established.

Other widely-studied areas include robot searching and navigation (e.g. [26, 38, 81, 37, 44,
63]), routing (e.g. [65, 27, 29]), graph problems like coloring (e.g. [52, 62, 67, 80]), matching
(e.g. [61, 55, 59]), Steiner tree (e.g. [28, 36, 51, 82]) etc.
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Randomization
All previously mentioned examples were of a deterministic setting, with the analysis being
performed against the worst case. The advantage of this approach is that the obtained results
hold in general without any a priori assumptions about the environment. On the other hand,
there is also a number of drawbacks. The worst case scenario is often a very special situation
that is quite unlikely to happen in reality. Moreover, often a single very unlikely case can
degrade the performance of any algorithm to such extent that it is not possible to distinguish
between algorithms that behave quite differently in real-life situations. As an example, both
LRU and FIFO algorithms for the paging problem have optimal competitive ratio of K.
Another example is the list update problem, where the optimal competitive ratio of 2 is
achieved by a simple move-to-the-front algorithm, although it is by far outperformed in real
life situations by more advanced algorithms.

The worst-case analysis of online problems can be viewed as a game between the algorithm
and an adversary which selects the worst possible input. Many problems of the competitive
analysis rise from the fact that this adversary is given too much power to choose the input
without any restrictions. Hence, a number of ways to restrict the power of the adversary have
been investigated, perhaps the most prominent one being randomization.

There are two ways of introducing randomness into the computation. In the probabilistic
analysis, one would not consider the worst-case input, but a random input chosen from a
given distribution. The advantage of this approach is that it limits the power of adversary,
thus giving less pessimistic (and, hopefully, more realistic) results. The input distribution can
be viewed as a form of information about the future input. In this setting, the paging prob-
lem (formulated in the context of designing interfaces between IP networks and connection-
oriented networks) has been analyzed in [68]. In [58], the input distribution is considered to
be generated by a Markov chain, and an optimal online algorithm in this setting is designed.

In randomized online algorithms, the worst-case input is considered, but the power of the
adversary is counterbalanced by allowing the algorithm to access a source of random bits,
and analyze the expected behavior of the algorithm on the input (over the choice of random
bits). The rationale is that, since the algorithm is not deterministic, it is more difficult for
the adversary to induce poor behavior by selecting a particular input. In this setting, Ben-
David et al. [35] introduced three kinds of adversaries; the basic difference is that an adaptive
adversary can react to the behavior of the algorithm, whereas an oblivious adversary has to
generate the whole input in advance without knowing the random bits.

1. Oblivious Adversary The oblivious adversary has to generate a complete request se-
quence in advance, before any requests are served by the online algorithm. The adver-
sary is charged the cost of the optimum offline algorithm for that sequence.

2. Adaptive Online Adversary This adversary may observe the online algorithm and gen-
erate the next request based on the algorithm’s (randomized) answers to all previous
requests. The adversary must serve each request online, i.e., without knowing the ran-
dom choices made by the online algorithm on the present or any future request.

3. Adaptive Offline Adversary This adversary also generates a request sequence adaptively.
However, it is charged the optimum offline cost for that sequence.

A randomized online algorithm A is called c-competitive against any oblivious adversary if
there is a constant a such that for all request sequences x generated by an oblivious adversary,
E[QA(x)] ≥ c ·QOPT (x) + a The expectation is taken over the random choices made by A.

5



In [35], the relative strengths of the adversaries have been investigated, with the conclusion
that randomization does not help against the adaptive offline adversary, and at most quadratic
improvement in the competitive ratio can be achieved against adaptive online adversary.
Hence, most of the results deal with the oblivious adversary.

There is a fundamental relationship between the randomized algorithms against the obliv-
ious adversary, and the probabilistic analysis of deterministic algorithms, which is an appli-
cation of the Yao’s minimax theorem [83]. In the context of online computation, it can be
formulated as follows: Given an online problem, the competitive ratio of the best random-
ized online algorithm against any oblivious adversary is equal to the competitive ratio of
the best deterministic online algorithm under a worst-case distribution. Hence, for proving
lower bounds on the competitiveness of a randomized algorithm against the oblivious adver-
sary, it is sufficient to consider the optimal deterministic algorithm against all possible input
distributions.

As in the deterministic case, there are many results concerning many different problems.
Here, we present just some examples that complement the results mentioned in the previous
section. For the Paging problem, Fiat et al. [46] proved a lower bound Ω(HK) on the
competitive ratio of the randomized online algorithms against oblivious adversaries, with
tight upper bounds following in [21, 70]. For the ListUpdate problem, a 1.6-competitive
algorithm against the oblivious adversary is presented in [25], and a lower bound of 1.5 is
established in [78]. For the FileAllocation problem, tight bounds are established in [31].

The following table summarizes the deterministic and randomized competitive ratios of
the presented examples. It demonstrates that in some cases (e.g.Paging) randomization

problem competitive ratio
deterministic randomized (oblivious adversary)

Paging K HK ≈ log K
ListUpdate 2 between 1.5 and 1.6
DiffServ ≈ 1.281
FileAllocation Θ(log n) Θ(log n)

brings an exponential improvement, whereas in other cases it does not help much.

Other approaches
The main disadvantage of the randomized approach is that it cannot give a-priori bounds,
only bounds on the expected behavior. To overcome this, a number of alternative measures of
hardness of online algorithms have been proposed, either tailored to some particular problems
(e.g. loose competitiveness [84]), or usable in a more general setting. Among the more
general models, many forms of resource augmentation have been studied (e.g. [43, 56, 75]).
The common idea of these approaches is to counterbalance the lack of information about the
input by granting more resources to the online algorithm (e.g. by comparing the optimal
offline algorithm to an online algorithm that works k times faster). Another approach was to
use a look-ahead where the online algorithm is allowed to see some limited number of future
requests [22, 34, 56, 79]. The main problem with the look-ahead approach is that a look-
ahead of constant size generally does not improve the worst case performance measured by
the competitive ratio. Yet another approach is based on not comparing the online algorithms
to offline ones, but to other online algorithms instead (e.g. Max/Max ratio [34], relative worst-
order ratio [42]; see also [41]). Still another approach is to limit the power of the adversary
as e.g. in the access graph model [40, 54], statistical adversary model [76], diffuse adversary
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model [64], etc. Still another approach that shares some similarities with the method proposed
in this project is based on entropy [72, 73]. Finally, a somewhat similar approach of measuring
the complexity of a problem by the amount of additional information that has to be added to
the algorithm to solve it has been recently pursued in the context of distributed computing
by Fraigniaud, Gavoille, Ilcinkas, and Pelc [47, 49, 48].

3.2.5 Proposed model

Our approach is a generalization of the ideas that have been implicitly present in previous
work: e.g. the assumption about known distribution of inputs is a form of information that
is additionally given to the algorithm. Also, adding the relevant information can be seen as
a form of resource augmentation.

The idea how to measure the relevant information about the input is inspired by the
communication complexity research. We consider, in addition to the algorithm itself, an
oracle that sees the whole input and knows the algorithm. When computing the i-th output
yi, the algorithm not only sees the sequence 〈x1, x2, . . . , xi〉, but can also communicate with
the oracle. We require that the algorithm always computes an optimal solution, and define the
advice complexity of the algorithm-oracle pair (B(A,O)) as the number of bits communicated
between the algorithm and the oracle, normalized per request, i.e.,

B(A,O) = lim sup
n 7→∞

max
|x|=n

B(A,O)(x)
n

where B(A,O)(x) is the number of bits communicated on the input sequence x, and n is the
length of the input sequence.

The amount of problem-specific information contained in the input is the advice complex-
ity of an online problem, and it is the minimum advice complexity over all oracle–algorithm
pairs that together solve the problem, i.e.

B(P) = min
(A,O)

B(A,O)

where the minimum is taken over all (A,O) such that ∀x : Q(A,O)(x) = QOPT (x)
Note that there are two ways to achieve trivial upper bounds on advice complexity: (1)

the oracle can send, in some compressed way, the whole input to the algorithm, which then
can proceed as an optimal offline algorithm, and (2) the oracle can tell the algorithm exactly
what to do in each step. However, both these approaches can be far from optimum. In the
first case all information about the future input is communicated, although it may not be
relevant. In the second case, the power of the online algorithm is completely ignored. Indeed,
an online algorithm may be able to process large parts of the input optimally without any
advice, requiring only occasional help from the oracle.

As another motivating example, consider the well known SkiRental problem [60] that
has been used to model various scenarios e.g. in power management of notebooks: A skier
can rent a set of skis for one day for a unit price, or buy them for a fixed price c. However,
it is only the morning of each day when it becomes clear if the skier wants to continue
skiing or not. A classical result of the competitive analysis [60] shows that the optimal
worst case performance is achieved by first renting the skis for c − 1 days, and then buying
them, which gives a competitive ratio of 2 − 1/c. Hence, the unknown future part of the
input carries information that prevents any algorithm from behaving better than twice the
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optimum. However, the structure of the problem is very simple, as a single bit (indicating
whether to buy the skis or not) of information is sufficient to achieve optimal performance.
For the Paging problem, this amount of hidden information is much higher.

3.2.6 State of our research

The project fits into the scope of existing expertise in the research area of hardness of com-
putational tasks. In the last five years we published several papers devoted to finding high
quality solutions to different optimization problems [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 13, 14,
16, 17, 18, 19, 20], and wrote a textbook [15] on this topic. We focused on online problems
especially in [17, 18] where we consider the job shop scheduling problem unit−Jm. The input
of the problem is a set of d jobs that have to be executed on a collection of m machines in
such a way that each job has to be processed once on each of the machines. Every job consists
of a permutation of tasks for all machines. The execution of any task on its corresponding
machine takes exactly one time unit. The objective is to minimize the overall completion
time, called makespan. We deliver lower and upper bounds of m + o(m) on the makespan for
d = o(m1/2), and we present a randomized on-line approximation algorithm for unit−Jmwith
the best known approximation ratio for this case. Moreover, we present a deterministic ap-
proximation algorithm for unit−Jmthat works in quadratic time for constant d and has an
approximation ratio of 1 + 2d/b

√
m c for d ≤ 2 log2 m.

The project shall continue in cooperation with the ongoing research in [12], where first
ideas about measuring the amount of knowledge of future requests were introduced, and two
modes of interaction with the oracle have been proposed. In the helper mode, the algorithm
itself cannot activate the oracle; instead, the oracle oversees the progress of the algorithm, and
occasionally sends some pieces of advice. In the answerer mode the oracle remains passive,
and the algorithm may, in any particular step, ask for advice.

We have analyzed the Paging and DiffServ problems, and delivered upper and lower
bounds on their advice complexity as seen in the following table:

competitive ratio helper answerer
Paging K [77] (0.1775, 0.2056) (0.4591, 0.5 + ε)

DiffServ ≈ 1.281[45] 1
K

(
log K
2K , log K

K

)

3.3 Detailed research plan

3.3.1 First phase

In the first phase of the project, we shall consider variants of the proposed model, especially
in two aspects: delimiting and bounding the communication. In the present model, the bit
strings sent by the oracle are in a non-delimited form. The algorithm works in a synchronous
setting where, in the i-th step, it receives the i-th input request xi, and possibly some advice
ai, based on which it produces the output yi. In a manner usual in synchronous distributed
algorithms (see e.g. [71] and references therein) we count the number of bits communicated
between the oracle and the algorithm, relying upon the timing mechanism for delimiting both
input and advice sequences. Requiring that both the input requests and the oracle advises
come in a self-delimited form, would alter our upper bounds by a factor of at most 4; the
exact values, however, are unknown.
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Another feature of the model is that the size of a single advice is unbounded in the sense
that it may depend on the size of input, a feature that is actually used in our proofs. If
we limit the size of the advice to be constant we would obtain a model more suitable for
potentially infinite online processes.

After we tune the model to best fit our needs we shall analyze a number of problems from
the point of view of advice complexity.

3.3.2 Second phase

In the second phase, we shall investigate the trade-off between the amount of added infor-
mation about the input, and the solution quality in the problems studied in the first phase.
There are two possible questions to ask: “What competitive ratio can be achieved, if the com-
munication with the oracle is limited to c bits per request?” and, complementary, “How much
information has to be transmitted in order to achieve the competitive ratio k?”.

3.3.3 Timetable

In the first year, we consider still to deal with the development of suitable models for measuring
the amount of information about the future requests, in the tradeoff with the achievable
quality of solution. We consider also to think about the efficiency of the online procedures
with respect to this tradeoff. The research in the first year will focus on the extremal scenario,
where an almost optimal or even an optimal solution has to be found, and one has to find
out the amount of knowledge about the future input that is necessary and sufficient for this
purpose. In the last two years, we will consider the general scenario, investigating the tradeoff
between the growth of the solution quality and the increase of the information amount.

3.3.4 Personnel

Prof. Dr. Juraj Hromkovič, Dr. Hans-Joachim Böckenhauer, Tobias Mömke PhD student,
are involved in the project from our group. We consider to intensively cooperate with the
groups of Prof. Dr. Rastislav Královič (Comenius University, Bratislava) and Prof. Dr.
Georg Schnitger (University of Frankfurt a. M.) in this project. We have a few excellent
candidates for PhD on this project and we consider to choose an appropriate one later.

3.4 Available resources for realization of the project

All the equipment required for the performance of the proposed project is present in the
Information Technology and Education department.
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[8] H.-J. Böckenhauer, J. Hromkovič, R. Klasing, S. Seibert, and W. Unger. Towards the no-
tion of stability of approximation for hard optimization tasks and the traveling salesman
problem. Theoretical Computer Science, 285:3–24, 2002.
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[13] L. Forlizzi, J. Hromkovič, G. Proietti, and S. Seibert. On the stability of approximation
for Hamiltonian path problems. In Proc. SOFSEM 2005, Lecture Notes in Computer
Science, pages 147–156. Springer-Verlag, 2005.
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3.7 Significance of the project to ETH

To develop algorithms for hard computational problems and to measure the hardness of tasks
with respect to their computational complexity is the central topic of research in the computer
science fundamentals. ETH is one of the leading institutions in the world in algorithmics.
This research proposal fits very well into this part of the image of computer science at ETH.
Additionally, the results of this project can be useful in applications, which are intensively
investigated in operation research, too.
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