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Knowledge restructuring as a powerful
mechanism of cognitive development: How to lay
an early foundation for conceptual understanding
in formal domains

Elsbeth Stern*
Max Plank Institute for Human Development, Berlin, Germany

Jean Piaget’s pervasive impact on research in cognitive development in early childhood

has also been decisive for the way elementary school children’s learning has been
perceived. According to Piaget, children at elementary school age have reached the

second to last stage of cognitive development – the concrete-operational stage. At this

stage, their reasoning will typically include only information that is explicitly provided.

Concrete-operational children, for instance, are still unable to systematically verify

hypotheses because they cannot yet construct novel test conditions unless these are

explicitly pointed out to them. Furthermore, it is still difficult for them to use the logic of

language to deduce a new proposition from a given one, as is required for deductive

reasoning. Active search for additional information they may need, but have not been
expressly made aware of, does not set in before age 10–12. Interpretations of Piaget’s

work, however, have often gone far beyond the distinction between concrete and

formal thinking. It was frequently assumed, for instance, that elementary school

children’s reasoning is still so closely bound up with concrete or figurative matter that it

is hard for them to deal with systems of abstract symbols and signs. I once even heard

one of my examinees in cognitive development affirm that teaching children to read and

write before they reached the formal-operational stage did not make sense. Even when

less extreme, applying such over- or misinterpretations of Piaget’s work to instructional
settings in elementary school may result in conditions where children are severely

under-challenged.

In this article, I will show that while there are indeed many aspects in which

elementary school children’s thinking and learning differs from that of older students

and of adults, these differences are only insufficiently accounted for by Piaget’s theory of

development. First, an extensive overview will be given of recent work in

developmental psychology that is relevant for research on elementary schooling. In

the second part, I will present longitudinal data on the development of mathematical
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understanding, which demonstrate the importance of an early understanding of

mathematics that goes beyond the counting function of numbers. The third part of this

paper will discuss how the use of visual-spatial tools can support the development of

proportional concepts.

What develops and how does change occur? A systematic overview of
theories of cognitive development

From concrete to abstract thinking: An outdated vision of cognitive development
Piaget’s own answer to the key question of cognitive developmental psychology – ‘what
develops?’ – would probably have been ‘the capability for abstract thinking’. At first

glance, this seems quite plausible, since in daily life as well as in the sciences, the

difficulties we are confronted with when dealing with demanding fields of knowledge are

readily explained by the concept of abstraction. Physics and mathematics, for instance,

are seen as the prototypes of abstract and, therefore, hard-to-access content. Closer

examination, however, will reveal certain contradictions and inconsistencies in the use of

the concept of abstraction (Staub & Stern, 1997). Furthermore, the idea of problems

being solved by reducing them to their formal structure is also invalidated by empirical
findings. Dettermann (1993) and Stern (1993) discuss findings on how mathematical

word problems and problems of formal logic are addressed, showing that even intelligent

adults will let themselves be guided by context factors rather than immediately reducing

the problem to its abstract structure. This is especially highlighted by findings revealing

that knowledge transfer fails to occur even with problems of isomorphic structure.

Expertise and abstraction
The low explicative value of the concept of abstraction has been most convincingly

demonstrated by research in expertise. The precondition for top performance in fields

like chess, music or physics is a very extensive base of concrete situational knowledge
that is organized in a hierarchical structure of clusters (chunks) and can be flexibly

accessed. A knowledge base with a hierarchical structure enables experts to efficiently

exploit limited working memory capacities; that is, to activate large quantities of

information within a given time. Chess grandmasters, for instance, have memorized

several thousand different chess constellations in a way that enables them to very

rapidly retrieve the moves by which they can change a given constellation.

Even in a field like physics, where content can be reduced to abstract mathematical

structures, situational knowledge is pivotal even for experts. As Larkin (1985) has
shown, there are three levels on which to access physics knowledge. A physical event,

for instance, the fact that a heavy object can be lifted by using a lever, can be memorized

by (1) a representation of situations: verbal representations or analogical pictures; (2) a

formal mathematical representation – the formula for the lever rule; (3) a visual

representation – for example, a parallelogram of forces representing the direction and

size of the forces involved in a lever. The latter is what novices lack, even if they have

both the representation of the situation and the abstract mathematical knowledge. The

same is true for instructional settings in school, where the lack of conceptual
understanding in physics classes is immediately revealed when students who are

perfectly able to apply formulas to known situations are presented with problems in a

format to which they are not accustomed.

Thus, experts and novices do not differ in the degree of abstraction of their

knowledge, but in the way this knowledge is organized – its network structure. Experts
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can retrieve, and flexibly combine, formal mathematical or situational knowledge

according to their needs. A key finding of expertise research is the domain-specific

nature of competences. Acquisition of demanding knowledge in a specific domain does

not result in transfer to new domains of the competences thus acquired. Even people

with an extraordinary large capacity for memorizing numbers – up to 80 instead of 7 to 8

like ‘ordinary’ people – do not show better memory performance when set to work on
verbal material (see Stern, 1997).

Even children can, at least in certain domains, build this kind of knowledge base, as

has been shown by research on so-called child experts in chess (Schneider, Gruber,

Gold, & Opwis, 1993) as well as in other domains (Spelke, 2003). In certain memory and

inference tasks, child experts may even outperform adult novices (not to be confounded

with lay persons; novices are persons who dispose of some basic knowledge in the

domain in question). These findings are consistent with the assumption that the reason

why, in many domains of competence, younger children will perform less well than
older children is their lack of opportunities to acquire knowledge rather than any lack in

fundamental cognitive competences. This vision of the child as a universal novice will

now be dealt with more explicitly.

Even infants are capable of abstract thinking
The lack of object permanence in infants (an infant trying to grab an object placed

within reaching distance will cease to do so when the object, with the child looking on,

has been covered with a sheet) first led Piaget to conclude that infants in the first
months of their lives are unable to perform even fundamental abstraction tasks. For the

infant, only such things exist, as he or she can perceive. In the light of recent findings of

infant research, however, this assumption has to be fundamentally revised.

Since, at the latest, Chomsky’s pioneering works on language development (see

Pinker, 1994), we know that human beings are not born as a mental tabula rasa, as

implied by Piagetian theory. Today, we know that human beings are prepared by their

genes not only for speech, but also for the processing of information gathered from the

living as well as the inanimate environment. Sophisticated experiments have shown that
even infants a few weeks old possess some knowledge about the qualities of objects and

events in the physical world that they cannot have gathered from any action or

experience of their own. It has meanwhile been variously shown that children have

physical knowledge in other domains as well, which they cannot have gained from

experience (Spelke, 2004). In this context, of course, one will ask oneself why infants,

while they know that objects that have been hidden from sight will continue to exist,

nevertheless do not reach for the object beneath the sheet. In fact, more and more

findings suggest that the reason for this is their disability, due to the immaturity of their
frontal cortex, to coordinate plans of action (Diamond, 2002).

For various aspects of the physical environment as well as for simple numeric

knowledge and simple interactions between persons, we have to assume the existence

of so-called knowledge modules that are gene-based and universal (Muir & Slater, 2000).

These modules provide a basis for important mental competences in early childhood

such as counting (Stern, 1999), which can be acquired without systematic instruction.

The findings of infant research suggest that the origin of mental development is domain-

specific knowledge.

Children in elementary school already have formal competences
The ability to verify hypotheses is a key aspect for drawing the line between

concrete and formal thinking. Children in elementary school tend to be outfaced
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when challenged to find out, in a task like the one shown in Fig. 2, which

properties of an aeroplane will influence its flight qualities. They do not yet realize

that for each step of verification, only one of the properties may be changed while

the others have to be kept constant. Recent findings, however, suggest that these

deficits in testing hypotheses are not due to any fundamental inability, but rather to

a lack of experience. Research within the Munich longitudinal study LOGIK (Bullock
& Ziegler, 1999) has shown that even children who themselves were not yet able to

verify hypotheses were very well able to identify inadequate procedures in others.

If, for instance, another child compared the two aeroplanes in the upper row in

order to find out if aeroplanes with a long nose would need more fuel, this was

criticized. Elementary school children’s deficits in formal domains thus seem to be

due to their lack of experience and practical action, rather than to any general

limitations of their faculties of reasoning and understanding. With some help, even

very young children can follow the principles of causal reasoning in general, and of
scientific procedure in particular, as was shown by Sodian, Zaitchik, and Carey

(1991) (Fig. 1).

The two key elements of Piaget’s theory – the structuralist basis of development

and the concept of change occurring by qualitative stages – could not be

maintained en bloc. The unquestionable heuristic value of the theory, however,

prompted researchers to develop alternative models based on either of these

aspects. In Table 1, recent theories of development are classified by the answers

they provide to the questions of ‘what changes?’ and ‘how does change show?’

Structuralist theories (I) are compared with theories of knowledge psychology. The

latter either refers to specific content domains (II) or consider domain-general

competences as well (III). They also propose different types of change: the

underlying construct of development may be conceived as change proceeding by

different stages (A) or by quantitative growth, with qualitative structures remaining

unchanged (B). In the following, recent and classical works in developmental

psychology will be discussed by referring them to the six cells.

Figure 1. Hypothesis testing.
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I (A) Development seen as qualitative change of central cognitive structures

Older structuralist theories of development assumed that the acquisition and use of

domain-specific knowledge was dependent on the development of central cognitive

structures. Piaget proposed four distinct qualitative stages in the developing capability
of abstract thinking, Werner (1926) distinguished between holistic und analytical

information processing, and Bruner (1964) suggested that mental development

progressed from action to perception to symbolic-conceptual representation. This

conception of mental development had to be abandoned because no synchronous

change across domains could be observed. Schwarzer (1997), for instance, showed that

contrary to Werner’s assumption, analytical understanding of music can be observed

even in very young children. In the background of the findings of infant research

discussed in the previous chapter, the idea of action preceding representation is
invalidated.

I (B) Development seen as children’s increasingly efficient use of working memory

capacities

The so-called neo-Piagetians, among them Case (1992) and Halford (1993), came to the

rescue of the structuralist aspect of Piaget’s theory by introducing working memory
capacity as a key construct of cognitive science. Their assumption is that the amount of

information that can be activated within a given period of time will increase with

children’s age. This assumption – that infants and young children have less working

memory capacity – is consistent with the findings on child experts mentioned above. By

building a well-organized hierarchical knowledge base (chunks), even children can

enhance the efficient use of their working memory capacity.

Research in neuropsychology suggests that there is a close connection between the

development of working memory capacity und the development of the frontal cortex,

although these conceptions are still more or less vague and studies primarily focus on

infants (Diamond, 2002). There is agreement, however, on the fact that the cognitive

differences between elementary school children and older children cannot be reduced

to the neuropsychological correlates of working memory alone.

II (A) Development seen as a radical restructuring of domain-specific conceptual

knowledge

In the 1980s, Piaget’s key idea that the acquisition of domain-specific knowledge cannot

be represented in terms of steady growth but is bound up with profound qualitative

transformations was taken up in three landmark publications by researchers Carey

(1985), Keil (1989) and Karmiloff-Smith (1992). For Carey (1985), cognitive

Table 1. A classification of theories of cognitive development

What develops?

How does
change occur?

General cognitive
structures

Domain-specific
knowledge

Domain-general
competencies

Qualitative steps I (A) Central cognitive
structures

II (A) Radical restructuring
of domain-specific
conceptual knowledge

III (A) Key competences

Continuous growth I (B) Working memory II (B) Strategy use III (B) Competent use
of symbol systems
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development consists of the radical restructuring of conceptual knowledge – former key

features become peripheral, and vice versa. Younger children, for instance, associate the

concept of ‘parents’ with ‘caring for young children’, whereas older children focus on

‘having offspring’. Younger children in elementary school will agree that a pile of rice

has weight, but deny that an individual grain of rice has weight as well. This seemingly

implausible answer turns out to be highly plausible if one realizes that for younger
children, ‘weight’ and ‘being heavy’ are still equivalent. Keil (1989) argues that a shift is

taking place in the course of development, with reasoning progressively focusing on

defining rather than on characteristic features. This transition was studied for a great

variety of concepts from different domains, revealing large variations in terms of age. In

some domains, even preschool children will refer to the defining features of concepts

while in others, older students and even adults will fall back on characteristic features.

Karmiloff-Smith (1992) came up with a very stimulating theory of her own, based on

Piaget’s ideas of domain-specific development. In the course of development, she

argues, modularized knowledge that is implicitly available undergoes a process of

qualitative re-presentation by which it is transformed into explicit conceptual

knowledge that can be verbally addressed. In her very readable book, this process is

discussed in detail for the domains of mathematics, physics, biology and language,

among others.

Unlike the theories discussed under I (A), these theories do not assume a central

cognitive structure as the driving force behind cognitive development. Instead,

cognitive development is seen as the result of an interaction between different

knowledge units. Modern classics on recent psychological theories of cognitive

development are the publications by Carey and Gelman (1991) and Hirschfeld and

Gelman (1994).

II (B) Development seen as progressive strategy change

For Siegler (1996), the assumption that cognitive development will progress by
qualitative leaps is inadequate for many domains. Thus, children who master certain

cognitive operations in some domains will fail to do so in others, a phenomenon Piaget

had already tried to account for by introducing a ‘horizontal décalage’. A well-known

example is the invariance task: children who are well aware of the fact that the number

of objects displayed in a line does not increase when the line is made longer by

increasing the distances between objects often fail to realize that the quantity of some

liquid in a flat container will not increase when it is poured into a high, narrow

container. Siegler’s observations, however, went further, revealing substantial intra-
individual variations in the use of problem-solving strategies especially for numerical

tasks in mathematics. The very same children who had used a demanding strategy for

solving one of the tasks fell back on a less demanding, but more familiar, strategy when

confronted with the next task of the same type. This was shown, among others, for the

number invariance task and for problems of the ‘a þ b 2 b ¼ ’ type (Siegler & Stern,

1998). Cognitive development, therefore, does not show by old strategies being

abruptly abandoned for new ones, but by the fact that more and more strategies are

available while old strategies are less frequently resorted to. An appropriate way to
describe strategy change is the overlapping-waves-model, which is illustrated in Fig. 2.

This model proposes that at any age, children use multiple strategies for solving a certain

type of problem. With age and experience, however, children use more advanced

strategies (the ones with the higher numbers). The coexistence of different strategies is

in fact functional, since adaptive behaviour can be shown only by those who have a
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wide range of strategies at their disposal. Siegler’s findings are particularly important for

research in teaching and learning since they provide an explanation for a phenomenon
well known to all teachers; it takes a long time even for good students to reliably absorb

new knowledge. Knowing that this is not necessarily a cognitive dysfunction but, on the

contrary, may be a sign of adaptive behaviour, should help teachers to develop a more

relaxed attitude towards mistakes.

In the theories presented in Column II, the difference between learning and

development is blurred. Even if the domain-specific bases of knowledge are innate, the

restructuring of conceptual knowledge can only occur as described if adequate learning

opportunities are provided. Misconceptions such as the one associated with the

concept of weight even require systematic instruction to be corrected. Still, there is

more to cognitive development than the acquisition of domain specific knowledge, as

will be shown in the following.

III (A) Development seen as the acquisition of key competences as a result of cognitive

development

Under certain conditions, children’s mental horizons may substantially widen in a rather
short time because they have developed key competences that are decisive for the

acquisition and use of domain-specific knowledge in different domains. Between the

ages of 3 and 4, children learn to see that what goes on in their minds may be different

from what goes on in the minds of other people. This knowledge provides novel

opportunities for interaction: one can lie and cheat, but also explain one’s own

perspective on the world to other people as well as consciously adopt their point of

view. Studies on autistic people’s inability to adopt other people’s perspective (e.g.

Frith, 1993) led to the conclusion that this mode of adopting other people’s perspective
is based on modularized knowledge. The ability to adopt other people’s perspective, in

turn, is the basis for developing meta-cognition; that is, knowledge of the functioning of

our mind. For elementary school children, it is far from evident that a telephone number

has to be rehearsed in order to be remembered or that one has to take notes if one wants

to remember large amounts of information (see Flavell, 1978). This kind of knowledge
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Figure 2. The overlapping-waves model.
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develops as a by-product of schooling without being directly taught and is the

precondition for learners to make efficient use of a great number of learning

opportunities. Many attempts at improving general strategic knowledge by direct

instruction have failed, suggesting that it is an indirect result of development. Another

example for a key competency that may impact on a wide range of content domains, and

even on moral understanding (e.g. distributional equity), is the understanding of
proportionality (see Koerber, 2003).

III (B) Development seen as the competent use of symbol systems

The idea that children’s cognitive development is substantially influenced by the mental

tools (i.e. the symbol systems) that have been elaborated in their cultural environment is

largely due to Vygotsky. It takes language in its spoken and written forms, as well as

systems of mathematical symbols and drawings and graphs, for us to be able to access

the world of ideas and scientific concepts; that is, to detach ourselves from immediate

perception and to make the invisible visible. The precondition for this, however, is that
symbols are not only seen as images of perceptible reality but as having a meaning of

their own. This can be illustrated by the way mathematical symbols can be used; the use

of numbers as counting tools and, therefore, as an appropriate means of representing

various sets is part of our innate modularized knowledge (Wynn, 1992). However,

knowing that numbers may also have a life of their own, independent from perceptible

reality, and thus provide a basis for creating novel constructs, which, in turn, may be

used to explain events in the world is a cultural achievement (for details, see Mevarech

& Stern, 1997; Staub & Stern, 1997). By division, for example, we may create a new
number out of two numbers and then take it as a basis for deducing other quantities like

unit price, speed or density.

How young children will already use language to construct new meanings is shown

by the example of a girl of four who longed to have a sister. One day she asked her

parents, ‘Couldn’t I at least have half a sister?’ It turned out that another child in

kindergarten had just told her about her half-sister. Now, ‘half’ was a concept the girl

was familiar with from certain compromises reached with her parents: when she begged

for one biscuit, her parents could sometimes be moved to let her have half a one.
Children’s development shows by their increasing ability to detach individual

elements from the context in which they are encountered. How this comes about has

been most impressively illustrated by Karmiloff-Smith (1992), in particular. In

elementary school, children begin to understand that functional words (e.g.

prepositions and articles; that is, words that do not directly refer to perceptible reality)

are independent words as well. Functional words and prefixes and suffixes, however,

are the very means that enable us to construct meaning beyond the perceptible world.

This is illustrated by concepts like ‘impossible’ and ‘infinite’. Taking children’s drawings

as an example, Karmiloff-Smith shows how children, with their experience increasing,

will detach themselves from reality by drawing fictional constructions. The attentive

reader may wonder why the same book by Karmiloff-Smith should be cited under II (A)

as well as under III (B). However, eminent scientists must put up with seeing their work,

in some aspects, subject to interpretations that are not always in line with what they

themselves intended. Karmiloff-Smith’s intention had been to follow Piaget in modelling

domain-specific development by four different stages. In this, I am not the only one to

contend that she was not really successful, since no clear-cut distinction between Stages

2 and 3 could be established. On the other hand, there is great heuristic value to her

modelling of cognitive development in terms of a transformation of implicitly available,
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action-geared modularized knowledge into knowledge that can be communicated by

using sophisticated symbol systems elaborated in the cultural context.

The importance of written symbol systems for cognitive development was

highlighted by Olson (1996) who showed, for instance, how written language

influences the ability to distinguish between literal and analogous meaning. Only

children who knew how to write could distinguish between the sentences ‘Big Bird
wants to eat’ and ‘Big Bird is hungry’.

Against the background of the research discussed for this cell, even the concept of

abstraction, which was dismissed above as being non-operational, can be rehabilitated

in its original meaning. To abstract means to ‘draw off’, and this is what children learn to

do as they grow older – to detach themselves from the concrete world by using symbol

systems to construct content and meaning that cannot be directly perceived. What this

implies for the development of learning opportunities in elementary school, however, is

fundamentally different from what is suggested by Piaget’s theory. In the Piagetian
tradition, learning opportunities had to be as concrete as possible in order to meet

elementary school children’s reasoning, whereas from the background just discussed,

children should learn from the very beginning how to construct meaning beyond what

is perceptible, by using symbol systems. Of course, these learning opportunities must be

adapted to each stage of development, and must build on one another. Today,

instructional settings (especially for mathematics and physics) do not fully exploit the

potential for conveying demanding competences in the use of symbol systems, as is

discussed elsewhere (Staub & Stern, 1997).

Cultural determinants of cognitive development
All theories of cognitive development – including Piaget’s – assume that a person’s

potentials can only be perfected and brought to use if learning opportunities are

provided by the environment. Piaget’s basic constructivist idea that children’s

experiences will foster cognitive development has probably been decisive for the

widespread call for real-life learning environments in elementary school. Expectations,
however, may be exaggerated, as findings by Inagaki (1990) show, where living with

pets had no effect on children’s conceptual knowledge of biology. Other findings,

however, suggest strong environmental effects on cognitive development. For instance,

the ability to adopt another person’s perspective will show earlier in children living with

older siblings than in firstborns, which seems to be due to the specific character of

verbal communication among children (Perner, Ruffman, & Leekam, 1994). Children

raised in a bilingual setting will even at preschool age show a certain flexibility in the use

of concepts which, in others, will only emerge in the course of schooling (Bialystok,
1999). To get an idea of the universal effect culture has on children’s cognitive

development, one has to compare it to the cognitive development of persons who never

went to school; these persons do not use even the most elementary memorizing and

reasoning strategies (Ceci, 2002; Olson, 1996). Even though such strategies are not

directly taught at school, they obviously emerge as a ‘by-product’. A differential effect of

schooling is also shown by international comparisons. Even in elementary school, East

Asian children (Mullis et al., 1997; Ho & Fuson, 1998) outperform Western children in

almost all domains of mathematical and scientific reasoning. It seems reasonable to
assume that the superior performance of East Asian children cannot only be explained

by their stricter discipline and greater willingness to learn, but at least in part also by

intercultural differences in the use of symbol systems. In East Asian languages, number

words are constructed according to regular principles (e.g. ten-one instead of eleven),
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and constant exposure to highly complex symbol scripts fosters such visual-spatial

competences as are pivotal for mathematical and scientific literacy. Furthermore,

children in East-Asian – as well as Eastern European – elementary schools are presented

with rather demanding mathematical word problems which, through the process of

being solved, foster an understanding of numbers as appropriate not only for counting,

but also for modelling complex events that are not subject to direct perception.

Piaget – what remains?
Our intention here was to show that cognitive development does not proceed, as was

deduced from Piaget’s theory, from concrete action to abstract thinking, but through the

appropriation of tools that have been elaborated in the larger cultural context. Against

the background of the findings discussed, what remains of Piaget’s monumental oeuvre

for the explanation of elementary school children’s ways of learning and thinking? His

basic constructivist idea of development is unchallenged – new cognitive competences
are the result of active mental construction rather than of passive transfer from teacher

to learner. In other words, in order to build understanding, children must actively and

autonomously use what is provided by their environment, and nobody can do this for

them. This is also true for the use of cultural tools. The call for more demanding learning

environments for elementary school children as expressed in this article makes sense

only if seen against the background of a constructivist conception of learning and

thinking. Constructivist teaching in a positive sense shows by the variety of ways

knowledge is presented and communicated to children without compelling them to use
a specific procedure (see Staub & Stern, 2002). The fundamental misconceptions that

may arise when students are compelled to use procedures they do not understand have

been abundantly documented by research on teaching and learning (see Bruner, 1964).

How to improve the ways elementary school children acquire competences in the use

of demanding verbal, mathematical and visual-graphical tools will be discussed in the

following two sections.

The emergence of mathematical competencies

Children’s easy ways of learning to count in the low-number range and to model

changing sets sharply contrasts with the huge difficulties they may encounter, as

research has revealed, when learning mathematics in school. Results of infant research

have meanwhile abundantly shown the modularized bases of mathematical
competencies. Transfer of mathematical language to situations in the perceivable

world is facilitated by intuitive mathematical knowledge that is universally existent. A

set of objects or events may be quantified by counting, and the increase or decrease of

sets can be modelled by addition and subtraction. In the course of cultural development,

complex mathematical concepts that have since become crucial for technological and

scientific progress were elaborated from simple mathematical symbols, particularly

when combined with certain means of visual-graphical representation. However, in

spite of the overwhelming importance of mathematics in modern industrial societies,
only a minority of people will not find it difficult to acquire mathematical competencies.

Even for many of those who have graduated from the upper streams of secondary

school, mathematical knowledge does not go beyond percentage calculation. Deficits in

mathematical understanding are particularly evident when complex mathematical word

problems are concerned, the solutions of which cannot be readily retrieved.
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Kintsch and Greeno (1985) focused on 14 simple mathematical word problems,

which could be solved by relying on equations like 8 2 3 ¼ 5 or 5 þ 3 ¼ 8. However,

problems differed substantially in their degree of difficulty. Exchange problems

(Mary had eight marbles. Then she gave John three marbles. How many marbles does

Mary have now?) resulted in solution rates of 90%, whereas comparison problems

(Mary has eight marbles. She has three more marbles than John. How many marbles

does John have?) obtained solution rates of about 20%. Problems involving a

comparison of sets (Mary and John have eight marbles altogether. Mary has three

marbles more than John. How many marbles does John have?) obtained solution rates

of 50%. The discrepancy between the solution rates for problems with an isomorphic

structure is highlighted by the following example. If the wording of the problem is ‘five

birds are hungry. They find three worms. How many birds won’t get a worm?’, it is

solved by 80% of preschool subjects. If, however, the problem ends with the question,

‘How many more birds than worms are there?’, solution rates drop below 30% even for

children in Grade 3.
Children’s inability to solve certain kinds of problems is due to deficits in their

understanding of language as well as to a lack of conceptual mathematical knowledge

(Kintsch, 1998). Comparison tasks require a more sophisticated understanding of

numbers, going beyond their counting function (Stern, 1993; Stern & Lehndorfer, 1992).

In the sentence ‘John has five more marbles than Peter’, the information does not refer

to a concrete, existing set, but describes the relation between two sets. In order to find

the answer, children have to construct a mental model – that is, a mental representation

that abstracts from the concrete objects – of the situation thus described. If they are

unable to associate the number ‘five’ with anything but five objects, then they will fail to
understand the sentence. If, on the contrary, they can see ‘five’ as a section of the

number beam representing the relation between two other numbers (e.g. between

‘two’ and ‘seven’ or between ‘four’ and ‘nine’), they will be able to understand

comparison tasks. Mathematical word problems addressing quantitative comparison are

a good indicator for sophisticated mathematical understanding in elementary school

(Stern & Mevarech, 1996).

For many years, I was able to participate as a researcher in two longitudinal studies

which were conducted under the leadership of Franz Weinert at the Max-Planck-

Institute for Psychological Research in Munich (for details of these studies, see Weinert
& Schneider, 1999). Throughout, elementary school children were tested on an annual

basis in mathematics, intelligence and other variables not discussed here. Since German

elementary school instruction very rarely includes comparison problems in

mathematics, the young children had to develop solution strategies of their own. A

follow-up study was run with subjects of the LOGIK study when their average age was

about 17. Mathematical competencies were tested by making them solve, under

pressure of time, tasks from the Third International Mathematics and Science Study

(TIMSS; Baumert et al., 1997). Although these tests mainly target eighth grade content,

solutions are not trivial even for people with more sophisticated mathematical
competencies. This is illustrated by the following example: ‘Which x-value fulfils the

equation x 2 2 14x þ 49 ¼ 0: (A) 7 and 0; (B) 7; (C) 214; (D) 7 and 27; (E) 14 and 0’.

The number of tasks presented was so high that even mathematics experts could not

have solved them within the time limit.

For the analyses that follow, results of the annual intelligence tests as well as

achievement in solving word problems (mainly comparison problems) and arithmetic

problems were included. The number of cases in the analysis below is 58, all of them
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students in upper secondary school (Gymnasium) at the time of the last measurement

point of the longitudinal study. If correlations for this subsample are significant in spite

of its restricted variance, then substantial influences may be assumed.

Table 2 shows the Spearman correlations between intelligence und mathematics

performance in elementary school, on the one hand, and performance on the time

pressured TIMSS problems presented in Grade 11, on the other hand. The highest

coefficient turns out to be the one between the solution of word problems in Grade 2 and

mathematics achievement in Grade 11, whereas there is no correlation between

intelligence in Grade 2 and mathematics achievement in Grade 11 (for the complete

sample, the correlation is r ¼ :38, p , :01). Moreover, mathematics achievement in Grade

11 and intelligence in Grade 11 are not as highly correlated as mathematics achievement in

Grade 11 and achievement in solving mathematical word problems in Grade 2. Figure 3

shows that this correlation is not based on outliers. At the same time, it also indicates that all

subjects who do not contribute to stability show a similar development – a finding the

importance of which can hardly be overestimated. The upper left half of the scatterplot is

completely void, which means that no participant in the longitudinal study, who, in Grade

2, had failed to show average or above-average achievement in solving mathematical word

problems, was good or excellent at mathematics in Grade 11. The lower left half, on the

contrary, is occupied by several subjects whose achievement had been above average in

Grade 2, but had in later years, dropped to average or even below average. The data show

that early mathematical understanding as shown by the ability to solve demanding

mathematical word problems is a necessary, but by no means a sufficient, prerequisite for

later mathematical competencies.

A closer examination of the data revealed that there was not a single student who, in

Grade 11, showed above-average performance in mathematics as well as above-average

intelligence scores, but had been below average in Grade 2 mathematics. It seems to be

possible to compensate for a comparatively low IQ by mathematical competencies that

are acquired early on, while deficits in mathematical competencies cannot be

compensated for by a higher IQ. The results show that even in a domain like

mathematics that is closely related to intelligence, high achievement crucially depends

on prior knowledge. Knowing, as early as in Grade 2, that numbers can be used not only

for modelling the seize and transformation of sets, but also for representing relations

between sets seems to be a necessary, though not sufficient, prerequisite for high

Table 2. Spearman correlations between Grade 11 mathematics achievement (TIMSS) and measures of

intelligence, word problems and arithmetic performance at various grades

Grade Word problems Arithmetic Intelligence

2 .62** .21 .04
3 .41** .24 .40 **
4 .44** .21 .41 **
5 .42** – –
6 .50** – .39 **

11 – – .38 **

No data collected.

**p , :01.
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mathematics achievement in upper secondary school. As yet, however, German

curricula for elementary school hardly ever include demanding mathematical word

problems that involve a comparison of sets.

Diagrammatic tools for understanding proportional concepts: Results of
a training study with fourth graders

Since their dissemination in the late eighteenth century, Cartesian graphs have served as

powerful tools for the representation of complex numerical information in formal

content domains such as science or economics. Core concepts in these domains (e.g.

speed, density, concentration or price per piece) can be mapped on to the slope of a
linear graph in a Cartesian coordinate system. The slope of a graph represents the rate of

one variable changing in relation to the other variable. Because graphs allow for the

simultaneous presentation of two dimensions (e.g. distance and time), they can help

users to integrate information into new concepts (e.g. speed).

Although graphs are part of secondary school curricula, many studies have documented

high school as well as university students’ severe difficulties with graph reading, on the one

hand, and graph application, on the other (Stern, Aprea, & Ebner, 2003). For example,

common misconceptions involve attributing meaning to the height of a graph rather than
to its slope, or in reading the graph like a picture. Introducing the graph within a

challenging context also implies using the graph to its full potential; namely, as a tool for

inducing insight into new mathematical structures such as proportions. We consider this as

one of the most powerful characteristics of graphs. Because graphs, as a diagrammatic

representation, allow for the simultaneous display of different information, they facilitate

the integration and categorization of information, thus enabling students to perceive a

mathematical situation in a new way, restructuring their conceptual understanding.

Although graphs are not yet commonly used in elementary schools, previous
research shows that even preschool children are able to perform simple tasks with

graphical representations. Somerville and Bryant (1985) found that if the labelling of the

axes has been simplified, preschool children can already be taught to correctly identify

values in a coordinate system. Children’s competencies at the end of elementary school
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Figure 3. Scatterplot of the relationship between mathematics achievement in Grade 2 and Grade 11.
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further include simple interpretations of the slope of a graph, for example, in reading off

the amount of rainfall for different months.

Whether or not fourth graders will acquire a deeper and more appropriate

understanding of proportions with the help of graphs was investigated by my former

PhD student Susanne Koerber (Koerber, 2003). Many children of this age believe that a

mixture composed of five glasses of orange juice and nine glasses of lemon juice will

taste the same as a mixture of eight glasses of orange juice and 12 glasses of lemon juice.

This so-called additive misconception – considering the difference between quantities

rather than their ratio – will often persist until adolescence and in some cases even

longer. However, this additive misconception could be overcome in two afternoons of

training if the students learned to map information on the graph of a linear function. If

the glasses of orange juice are shown on the y-axis and the glasses of lemon juice are

shown on the x-axis of a Cartesian graph, then the concentration of the respective

mixture is represented by the slope of the graph: the steeper the graph, the more

intense the orange taste. The majority of 10-year-old children who learned to use the

graph for representing juice mixtures overcame the additive proportional misconcep-

tion within 2 days. Such results are a promising indication that visual-spatial

representations – once meaningfully related to the problem context – are not only

beneficial for representing and communicating information about concepts that have

already been acquired, but can be used as scaffolding tools for the acquisition of new

concepts, thus helping them to overcome misconceptions which can otherwise be

quite persistent.

Overall conclusions: Why mathematics and science education has to
become more challenging in elementary school

In the domain-specific perspective of research on cognitive development, children’s

competencies as well as deficits in mastering mathematics and science problems are

explained by their lack of prior knowledge in the respective areas. Results from

longitudinal studies suggest that within-age-level differences in mathematics achieve-

ment are, to a remarkable extent, determined by prior domain-specific knowledge

acquired in earlier grades. Advanced mathematical understanding in elementary school,

for instance, goes along with an understanding of the function of numbers beyond mere

counting, and with being aware of the inverse relationship between addition and
subtraction, as well as between multiplication and division. Achievement in arithmetic

word problem solving has proved to be a good indicator of advanced mathematical

understanding.

From a domain-specific constructivist perspective of cognitive development, it can

be concluded that chances for students to leave school as competent mathematics and

science learners would be improved if they started to acquire and restructure elaborate

knowledge in these domains at an early age. Children should, from the very beginning of

their school career, be afforded the opportunity to acquire the domain-specific

knowledge, which is the basis for advanced competencies in these areas. Due to

children’s constraints in cortical and meta-cognitive functioning, however, learning

environments based on direct instruction and explicit explanations often are of limited

value, if not harmful. Therefore, developing child-appropriate learning environments

that help children to build the foundations of cognitive competencies, which become

important in later life, is a major challenge for practitioners as well as for scientists.
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