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We present an intensity-driven approach for the selective calculation of vibrational modes in
molecular resonance Raman spectra. The method exploits the ideas of the mode-tracking algorithm
�M. Reiher and J. Neugebauer, J. Chem. Phys. 118, 1634 �2003�� for the calculation of preselected
molecular vibrations and of Heller’s gradient approximation �Heller et al., J. Phys. Chem. 86, 1822
�1982�� for the estimation of resonance Raman intensities. The gradient approximation allows us to
construct a basis vector for the subspace iteration carried out in the mode-tracking calculation,
which corresponds to an artificial collective motion of the molecule that contains the entire intensity
in the resonance Raman spectrum. Subsequently, the algorithm generates new basis vectors from
which normal mode approximations are obtained. It is then possible to provide estimates for �i� the
accuracy of the normal mode approximations and �ii� the intensity of these modes in the final
resonance Raman spectrum. This approach is tested for the examples of uracil and a structural motif
from the E colicin binding immunity protein Im7, in which a few aromatic amino acids dominate the
resonance Raman spectrum at wavelengths larger than 240 nm. © 2008 American Institute of
Physics. �DOI: 10.1063/1.3013351�

I. INTRODUCTION

Vibrational spectroscopic methods such as infrared and
Raman spectroscopy are versatile tools to study the structure
and properties of molecules. With increasing size of the mol-
ecules, however, the interpretation of the spectra is hampered
by the large number of close-lying or even overlapping vi-
brational peaks. Resonance Raman spectroscopy has the ad-
vantage that certain peaks in the vibrational spectra are se-
lectively enhanced, so that the resonance conditions act like
a filter on the vibrational spectrum.1 This makes resonance
Raman spectroscopy an attractive spectroscopic method even
for the investigation of biomolecules,2,3 e.g., proteins and
light-harvesting systems.4–6

The application of theoretical approaches to resonance
Raman spectra7–10 has become feasible for larger molecules
in recent years due to the development of reliable methods
for the calculation of ground-state vibrational modes and ex-
cited electronic states.11–16 Frequency analyses based on den-
sity functional theory are very efficient17 and yield harmonic
frequencies that are usually in very good agreement with
fundamental frequencies as obtained in experiment,18,19 so
that intricate features in complicated vibrational spectra can
be clarified.20–22 An analysis on the basis of experimental
information alone would be much more difficult in many
cases, if possible at all. The development of the mode-
tracking algorithm,23–25 which allows the selective calcula-
tion of a subset of predefined normal modes, made it possible
to restrict the theoretical frequency analyses to subsets of the
Hessian eigenvectors, which are of relevance for a particular
problem under study. A necessary condition for an efficient

application of the mode-tracking algorithm is that at least a
rough guess for the normal modes to be optimized can be
provided. Various ways to obtain such a guess have been
employed.24,26–33 For a recent review, see Ref. 25.

While it is sometimes known which vibrations will get
enhanced under resonance conditions, this may not be true in
general for more complicated molecules, e.g., transition
metal compounds.34 In this work, we explore the possibility
to use an algorithm based on the mode-tracking principle
together with the information on the excited-state gradient in
order to directly determine only the intense vibrations in a
resonance Raman spectrum. The approximate relative inten-
sity of a vibration within Heller’s gradient �or short-time�
approximation7 is related to the projection of the excited-
state gradient vector onto that normal mode. The method
presented in this work uses this gradient vector as a guess
vector in a mode-tracking calculation and subsequently fo-
cuses on vibrational normal modes with a large overlap with
that vector. Of major importance for the efficiency of the
method are the criteria according to which the intense modes
are chosen and their convergence is assessed. The algorithm
applied here is thus very different from, e.g., the approach
presented in Ref. 20, in which the intensities were calculated
in a modewise way after the vibrational frequencies and nor-
mal modes had been determined.

Although this algorithm should be of general use, we are
in particular aiming at its application for resonance Raman
investigations on �models for� proteins, since the structure
elucidation of proteins as well as of other biomolecules is an
important field of application for experimental resonance Ra-
man spectroscopy.35,36 By analyzing the amide vibration
wavenumbers and intensities,37–39 the secondary structure of
proteins can be probed. If the excitation wavelength is tuned
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to energies at which bands of the aromatic amino acids tryp-
tophan �Trp�, tyrosine �Tyr�, and phenylalanine �Phe� are se-
lectively enhanced, information about hydrogen bonds and
hydrophobicity of the environment and orientation of these
chromophores can be obtained.37,40–43 Resonance Raman
spectroscopy is also a valuable method to aid the study of
protein folding, as shown, e.g., in the investigation of vari-
ants of the E colicin binding immunity protein Im7 and their
different conformational states.44

In the following, we will first present the underlying
theory and details of the algorithm and implementation �Sec.
II� before we study the approach for the calculation of reso-
nance Raman intensities of uracil in Sec. III. An application
to models of the protein Im7 follows in Sec. IV before we
conclude from our results in Sec. V.

II. THEORY

In order to appreciate the algorithmic structure of the
intensity-tracking approach, which focuses exclusively on
the determination of high-intensity modes, we briefly review
the algorithmically related, though conceptually very differ-
ent mode-tracking protocol, which is solely based on the
form of the collective motion provided as a guess.

A. Mode-tracking algorithm

The full details of the original mode-tracking algorithm
have been presented in previous work.23–25 An outline of the
main steps is given in the following. In the mode-tracking
algorithm, the eigenvalues �i of the Hessian matrix are de-
termined by employing a subspace iteration method such as
the Lanczos45 or Davidson46 method. In each iteration, ap-
proximate solutions for a subset of eigenvectors Li are ob-
tained. This procedure can be applied to solve for a certain
preselected mode �or, when using a block-Davidson method,
several preselected modes�, where the iterative algorithm
will be carried out until the approximations of the selected
eigenvectors are converged. Thus the diagonalization of the
full mass-weighted Hessian Hmw,

�Hmw − �i�Li = 0, �1�

is formally replaced by solving

�Hmw − �i
�k��Li

�k� = ri
�k�, �2�

where ri
�k� is the residuum vector for the approximate eigen-

vector Li
�k� in iteration k. The elements of the residuum vec-

tor have the same unit as the elements of the mass-weighted
Hessian and are given in the following in units of
hartree / �amu�bohr2�, where amu is the atomic mass unit
�1.660 56�10−27 kg�. The exact eigenvectors of the Hessian
provide the unitary transformation matrix from mass-
weighted Cartesian �Rmw� to mass-weighted normal coordi-
nates �Q� according to

Q = LRmw, Rmw = L†Q . �3�

The eigenvectors Li, i.e., the columns of the matrix L, de-
scribe the normal modes of the molecule.

At the beginning of the mode-tracking calculation, an
approximation bi for each eigenvector to be optimized has to

be chosen. These “guess vectors” represent the first basis
vectors �bvs� in which the approximate eigenvectors are ex-
panded. In the following step, the vectors �i are determined,

�i ª Hmwbi, �4�

which are calculated numerically as directional derivatives of
the gradient of the electronic energy with respect to the bvs.
The vectors �i are used for the calculation of the elements of

the small Davidson matrix H̃,

H̃ji = b j
THmwbi = b j

T�i. �5�

By diagonalization of the Davidson matrix, approximate ei-
genvalues �i

�k� and eigenvectors Li
�k� of the full Hessian can

be constructed. Subsequently the residuum vectors ri
�k� are

calculated for all Li
�k� according to Eq. �2�.

Afterward, the root homing step is carried out, in which
those approximate eigenvectors from the full set �Li

k� are
determined, which correspond to the sought-for vibrations
and shall thus be further optimized. This is typically done on
the basis of the overlap with either the initial guess vector�s�
or the approximate eigenvector�s� selected in the previous
iteration.

In a subsequent convergence check, it is tested whether
the approximate normal modes are already sufficiently accu-
rate. If not, new bvs are constructed according to

bnb
�k�+j = Xri

�k�, �6�

where nb
�k� is the number of bvs in iteration k, j runs from 1

to the number of approximate eigenvectors selected for fur-
ther optimization, and X is a preconditioner. In our previous
investigations, it turned out that even without precondition-
ing, i.e., by formally choosing X=1, the algorithm can be
applied very efficiently �cf. Ref. 24�.

B. Intensity tracking

Intensities for vibrational spectra can be calculated reli-
ably within the double harmonic approximation for infrared
and nonresonant Raman spectra. Under resonance condi-
tions, the situation is more complicated, but often an estimate
of relative intensities is possible on the basis of the gradient
of the excited-state potential energy surface.7 In those cases,
the calculation of relative intensities is even simpler �though
less generally applicable� than the calculation of off-
resonance Raman intensities.4,47–51

The mode-tracking algorithm, as described above, aims
at finding those eigenvectors of the Hessian which resemble
most closely the predefined collective motion. In contrast to
that, intensity tracking aims at the determination of all nor-
mal modes of considerable intensity without an intuitive
guess for how these vibrations may look like. We will show
in the following that Heller’s gradient approximation offers a
way for such an intensity-driven approach for the case of
resonance Raman spectroscopy since it can selectively pro-
vide information about the movement of the atoms in the
intense vibrational modes.

The expression for the relative intensities ij and ik in the
framework of the gradient approximation7,9 reads
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ij

ik
= �Vj

q

Vk
q�2

, �7�

where Vj
q is the derivative of the excited-state energy with

respect to dimensionless normal coordinates q at the ground
state minimum structure qj =0,

Vj
q = � �Eex

�qj
�

q=0
. �8�

These dimensionless normal coordinates qj are related to
mass-weighted normal coordinates Qj by

qj = Qj	2�c�̃ j

�
, �9�

where c is the speed of light, �̃ j is the wavenumber of the
normal mode qj, and � is Planck’s constant.

Relative intensities are given in terms of the mass-
weighted normal coordinates Qj as

ij

ik
=

�̃k

�̃ j
�Vj

Q

Vk
Q�2

, �10�

where

Vj
Q = � �Eex

�Qj
�

Q=0
. �11�

The expression for relative intensities contains the wavenum-
bers and the gradient of the excited-state energy with respect
to the mass-weighted normal coordinates. Although wave-
numbers and normal modes of the spectrum are unknown
before a vibrational calculation, the excited-state gradient
with respect to Cartesian coordinates can be calculated ana-
lytically with a single calculation with many excited-state
electronic structure methods, e.g., configuration interaction
with singly substituted determinants,52 time-dependent
density-functional theory �TDDFT�,53–57 the approximate
second-order coupled-cluster method dubbed CC2 model,58

or the complete active space self-consistent field method.59

We can write the expression for Vj
Q explicitly in terms of

mass-weighted coordinates as

Vj
Q = 


i

�Ri
mw

�Qj
� �Eex

�Ri
mw�

R=0

= 

i

Lijgi
mw = L j · gmw, �12�

where we have introduced the mass-weighted gradient vector
gmw,

gi
mw = � �Eex

�Ri
mw�

R=0

, �13�

and used Eq. �3� to determine

�Ri
mw

�Qj
= Lij . �14�

Equation �12� thus shows that the excited-state derivative
along a normal coordinate is equal to the corresponding ex-
pansion coefficient of the mass-weighted excited-state gradi-
ent vector in terms of normal coordinates, i.e., its projection
onto the Hessian eigenvector. Since the intensity is propor-
tional to �Vj

Q�2, intense modes will have a larger overlap with

the excited-state gradient vector, so that the gradient re-
sembles a particular normal coordinate the more closely the
more intense it is. The excited-state gradient is thus a suit-
able guess vector for the mode tracking of intense modes.
Since the present approach tries to select and optimize all
normal modes that carry a significant percentage of the total
intensity, irrespective of the type of motion, the root homing
procedure, i.e., the selection of eigenvector approximations
for further optimization, has to be adapted in order to choose
the most intense modes.

During the intensity-tracking iterations, only approxi-
mate normal mode vectors are available at the beginning. An
expression for the approximate relative intensity of mode j
can be derived from Eqs. �10� and �12�,

ij,rel =
1

�̃ j

�Vj
Q�2 =

1

�̃ j

�L j · gmw�2, �15�

where the eigenvectors L j and wavenumbers �̃ j have to be
replaced by their current approximations.

Modes, which according to Eq. �15� have a high ap-
proximate �relative� intensity, are selected for further optimi-
zation. There are several possible schemes to implement
such a root-homing procedure, of which we have tested �i�
the selection of the N most intense modes in each iteration
and �ii� the selection of a certain number of modes in such a
way that their relative intensities sum up to a certain percent-
age of the total intensity. The subsequent steps, i.e., conver-
gence check and construction of new bvs, follow the stan-
dard mode-tracking procedure. The description of the most
intense modes is iteratively improved until they are con-
verged, so that we obtain an approximate resonance Raman
spectrum which is accurate with respect to the most intense
modes. The gain in efficiency compared to a conventional
calculation of the resonance Raman spectrum should thus be
the larger the more low-intensity modes are present in the
spectrum, since these modes will be automatically discarded
in the intensity-tracking calculation.

The qualitative difference between mode-tracking and
intensity-tracking calculations is illustrated in Fig. 1.
Whereas the primary goal of mode tracking is to determine
the exact normal mode and frequency of a specific vibration
for which an intuitive guess was supplied, the aim of inten-
sity tracking is an iterative refinement of an entire spectrum
based on an unspecific guess that corresponds to a hypotheti-
cal vibration carrying the entire intensity.

C. Technical details

DFT ground-state structure optimizations and calcula-
tions of excitation energies, excited-state gradients, as well
as raw-data calculations of energy gradients needed for the
intensity-tracking approach were performed with the hybrid
functional B3LYP �Refs. 60–63� and the Becke–Perdew
�BP86� functional62,64 employing the TZVP basis sets imple-
mented in TURBOMOLE.65,66 In case of BP86, we applied the
resolution-of-the-identity approximation. Note that only one
excited-state gradient calculation at the ground-state equilib-
rium position is needed for resonance-Raman calculations
within Heller’s gradient approximation. Mode-tracking and
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intensity-tracking calculations were carried out with a modi-
fied version of the program AKIRA.23 If not specified other-
wise, standard AKIRA convergence criteria and an intensity
threshold of 80% of the total intensity for root homing were
applied �see below�. For comparison, excited-state gradients
were projected onto normal modes calculated by a complete
frequency calculation with the SNF program.17 These spectra
are dubbed “conventional gradient spectra.” All resonance
Raman spectra are plotted applying a Gaussian broadening
with a half width of 10 cm−1.

III. VALIDATION: INTENSITY TRACKING FOR URACIL

In order to validate the intensity-tracking algorithm, we
calculate the resonance Raman spectrum for the 21A� state of
uracil, which has been well studied with various theoretical
methods.48,67 Uracil is a planar molecule and, within Heller’s
gradient approximation, resonance Raman active vibrations
must be in that plane �a� symmetry�. Our mode-tracking
implementation does not explicitly consider the molecular
symmetry for the calculations, but allows the creation of an
orthogonal subspace against which new basis modes are or-
thonormalized. The optimized Cs symmetric uracil structure,
see Fig. 2, was obtained using B3LYP/TZVP and the gradi-
ent of the 21A� state at 5.25 eV. Since uracil is a planar
molecule with 12 atoms, there are 12�2=24 degrees of
freedom in the xy-plane. Two of them represent translations
and one is a rotation, so that there are 21 degrees of freedom
for vibrational motion relevant for the current test.

We expect the intensity-tracking algorithm to work best
for electronic transitions localized on a small part of a larger
molecule with localized vibrational modes since a smaller
number of bvs will be needed for their description. The de-
crease in central processing unit �CPU� time of the intensity-

tracking calculation compared to a full seminumerical calcu-
lation of the vibrational spectrum17 is given by the ratio of
the number of bvs needed in comparison with the total num-
ber of vibrational degrees of freedom of the molecule since
for both methods there is a linear correlation between the
number of bvs and the CPU time needed. Intermediate inten-
sity calculations and the root-homing procedure produce
only a small overhead.

Uracil does not at all fulfill this prerequisite since the
molecular orbitals involved in the electronic transition under
study are basically delocalized over the entire molecule �see
Fig. 2�. Therefore, this small molecule represents the most
critical test case for the convergence behavior of the
intensity-tracking algorithm since the mode construction
cannot benefit from intensity selection. This is reflected in
the current example by the necessity to include all 21 bvs in
order to converge the spectrum if rather strict convergence
criteria are applied. The intermediate and final spectra are
depicted in Fig. 1. The spectrum in the first iteration contains
the intensity of all modes concentrated in one peak, which
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FIG. 1. �Color online� Schematic comparison of mode tracking �left� and intensity tracking �right�. In the former case, a guess for a specific normal mode of
the molecule under study is created, which is iteratively refined to get the exact normal mode and vibrational frequency. In contrast to this, intensity tracking
starts with an unspecific guess for a hypothetical collective motion that contains the entire intensity in the resonance Raman spectrum. A guess for the entire
spectrum is then iteratively refined. The intermediate spectra shown on the right are taken from a B3LYP/TZVP resonance Raman calculation on uracil,
assuming resonance with the 21A� state.
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FIG. 2. �Color online� B3LYP/TZVP optimized structure of uracil �Cs sym-
metry� and molecular orbitals �B3LYP/TZVP� dominating the transition to
the 21A� state of uracil.
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corresponds to the collective motion given by the excited-
state gradient vector. Note that its approximate eigenvalue is
already quite close to the frequency of the most intense mode
in the converged spectrum. In the following iterations, the
intensity is distributed to more and better approximations of
the normal modes �note that in Fig. 1 only vibrations be-
tween 500 and 2000 cm−1 are shown�. Enlarging the basis
leads to a shift in the wavenumbers and appearance of new
modes. New approximate normal modes which carry a sub-
stantial fraction of the intensity are selected for further opti-
mization in the root-homing step. Such modes may split up
in subsequent iterations �cf. Fig. 1, iteration 4 to iteration 5�.
After a few iterations, the most important features are ob-
tained, i.e., the approximate frequencies of the intense peaks
and their relative intensities do not change anymore. For ex-
ample, the two most intense peaks already appear at approxi-
mately correct positions after three iterations. The spectrum
in iteration 8 represents already a good approximation to the
final spectrum. Several modes that are not converged accord-
ing to the applied criteria hardly change when compared to
the subsequent iteration. This suggests that the applied con-
vergence criteria are too strict. Another important aspect for
the convergence behavior of the spectra is the choice of the
selected modes and thus the root-homing procedure, which
will be analyzed in Sec. IV. In a complete basis, the con-
verged intensity-tracking spectrum and the conventional gra-
dient spectrum are virtually identical, see Fig. 3. The mar-
ginal remaining deviations are due to the fact that the
numerical differentiations applied in both types of calcula-
tions make use of different bvs, so that they are affected by
numerical noise in slightly different ways.

IV. RESONANCE RAMAN SPECTRA OF IM7-BASED
MODELS

Intensity-tracking is expected to be most valuable in
cases of large molecules with a comparatively small number
of intense vibrations. In the following, we will show how the
iterative refinement of signatures in a resonance Raman spec-
trum can be optimized if these requirements are fulfilled. As

an example, we study models derived from the Im7 protein,
that all contain the skatole motif from the Trp residue.

This investigation requires several steps. First, the ex-
cited states of the core chromophore, i.e., the skatole moiety
of the Trp residue, will be investigated in order to identify
possible states in resonance, and its conventional gradient
spectra are determined. Second, we will map the excited
states for Im7-based models to those of skatole in order to
identify the resonant states for UV resonance Raman spec-
troscopy. After these steps have been carried out, we will
determine which convergence criteria are necessary in order
to obtain reliable spectral features, and how the convergence
behavior can be controlled and steered in such a way that it
allows fast access to the characteristic signatures. Finally, we
will apply the criteria obtained from these investigations in a
model calculation of the resonance Raman spectrum for a
large fragment of the Im7 protein.

A. Preparatory calculations: Identification of
resonating states

The calculation of resonance Raman spectra in Heller’s
gradient approximation requires, as a first step, the identifi-
cation of the excited state responsible for the resonance en-
hancement. The criteria that can be used for this purpose are
the requirements that �i� the resonance condition with the
incident light beam is fulfilled for the excited state and that
�ii� the transition dipole moment for the corresponding tran-
sition is large. For the larger Im7-based models that we are
aiming at, TDDFT is the only applicable first-principles
method for excited states since it offers a good compromise
between accuracy and computational cost, in particular for
the valence excited states that are studied in this work. How-
ever, it is well known that TDDFT suffers from several prob-
lems that lead to an underestimation of certain types of ex-
citation energies �see, e.g., Refs. 68–70 and references
therein�. The number of low-lying excited states is thus arti-
ficially increased in such calculations, and the oscillator
strength of intense electronic transitions may be distributed
over several close-lying excitations by spurious mixings.70

This clearly hampers the identification of excited states that
are relevant for the resonance Raman spectrum.

Therefore, we chose two models of different sizes for
that part of the Im7 protein that contains the Trp fragment
and mapped their excited states to those of the bare skatole
chromophore. Note that the full Im7 protein also contains
three Tyr residues that are important for the total resonance
Raman spectrum, which we ignored in our study in order to
set up model compounds in which one particular chro-
mophore can be assumed to be responsible for the intensity
pattern to be tracked.

In Fig. 4, the optimized structures of skatole as a zeroth-
order model for Trp in Im7 �in a Cs symmetric minimum
structure� and of the Im7-based models 1 and 2 are shown.
For the optimization of the ground-state structures, fre-
quency analyses, excitation energies, and excited-state gradi-
ents of skatole and model 1, we employed B3LYP/TZVP,
whereas for the larger model 2, BP86 was used for the
ground-state structures and frequency analysis for efficiency
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FIG. 3. Comparison of the converged resonance Raman spectrum �B3LYP/
TZVP� of uracil from an intensity-tracking calculation �top� and a conven-
tional �reference� gradient spectrum �bottom� assuming resonance with the
21A� state.
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reasons. The implications of using different functionals for
ground and excited states will be discussed below.

The small Im7-based model 1 comprises 35 atoms and
consists of the amino acid Trp, capped by an aldehyde group
at the N-terminus and a glycine fragment �instead of the
arginine residue� connected to the C-terminus, see Fig. 4.
Model 2 consists of the amino acid sequence Ile–Lys–Glu–
Trp–Arg–Ala–Ala–Asn–Gly �151 atoms�, in which Lys and
Arg are included in their neutral form. The structures of both
models were fully optimized.

In Table I, excitation energies, transition dipole mo-

ments, and dominant orbital transitions are presented. In the
wavelength regime between 250 and 280 nm �energy range
from 4.4 to 5.0 eV�, which we will assume for the excitation
wavelength, we obtained two excited states for skatole,
which are denoted as La �21A� and Lb �31A�. Note that in our
DFT study, the order of these two states is reversed in com-
parison to, e.g., the study on the corresponding states in in-
dole in Ref. 71 and the experimental findings mentioned
there. This problem has been discussed in detail for other
aromatic compounds before.72 The 21A state is dominated by
the HOMO→LUMO orbital transition �HOMO denotes
highest occupied molecular orbital and LUMO denotes low-
est unoccupied molecular orbital�, while a combination of
the HOMO−1→LUMO and HOMO→LUMO+1 orbital
transitions is dominant for the 31A state. Isosurface plots of
the orbitals involved are shown in Fig. 4. Since the 21A and
31A states are only 0.25 eV apart in energy for B3LYP and
0.37 eV for BP86, they can both be expected to contribute to
a resonance Raman spectrum with an excitation energy in
that range. The experimental excitation energies for both
states are somewhat smaller, but similarly close �4.31 and
�4.77 eV,73 respectively�. A detailed theoretical study of
the excited states of the underlying indole motif can be found
in Ref. 71.

Within Heller’s gradient approximation, it is always as-
sumed that only one excited state is in resonance, which is
clearly a simplification in the present case. In principle, the
approach could also be applied to identify the most important
modes for two or more close-lying states. Once these vibra-
tions are identified, more sophisticated treatments taking in-
terference effects into account could be applied subsequently
in the restricted set of normal modes. For this pilot study of
the intensity-tracking algorithm, however, we will make the
approximation that either the La or the Lb state alone deter-
mine the spectrum.

For model 1, the identification of these states is straight-

Im7−based model 2:Im7−based model 1:

Im7−based model 0: skatole

FIG. 4. �Color online� B3LYP/TZVP optimized structures of skatole �Cs�
and model 1 as well as the BP86/TZVP optimized structure of model 2. Also
shown are the molecular orbitals �B3LYP/TZVP� involved in the lowest
electronic excitations of skatole.

TABLE I. Calculated excitation energies, dominant orbital transitions, and corresponding transition dipole
moments �t for skatole and models 1 and 2. The applied functionals are denoted in parentheses. Where two
different functionals are denoted, the first one was used for the ground state structure and frequencies and the
second one for excitation energies and the excited-state gradient. Note that the transition mentioned in the first
column always refers to the corresponding transition in skatole; H denotes HOMO and L denotes LUMO.

Transition Molecule State Transition E /eV �t /a.u.

H→L Skatole �B3LYP� 21A� 6a�–7a� �89%� 4.62 0.78
Skatole �BP86� 21A� 6a�–7a� �88%� 4.20 0.67
Model 1 �B3LYP� 41A 72a–74a �89%� 4.64 0.78
Model 1 �BP86/B3LYP� 41A 72a–74a �86%� 4.58 0.78
Model 1 �BP86� 81A 72a–74a �78%� 4.17 0.64
Model 2 �BP86/B3LYP� 151A 283a–288a �65%� 4.59 0.59
Model 2 �BP86� 921A 279a–288a �46%� 4.26 0.46

H−1→L Skatole �B3LYP� 31A� 5a�–7a� �60%� 4.87 0.42
+H→L+1 6a�–8a� �37%�

Skatole �BP86� 31A� 5a�–7a� �55%� 4.57 0.25
6a�–8a� �44%�

Model 1 �B3LYP� 61A 71a–74a �61%� 4.87 0.44
72a–78a �25%�

Model 1 �BP86� 121A 71a–74a �45%� 4.57 0.28
72a−77a �40%�
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forward by comparing the excitation energies, transition di-
pole moments, and orbital transitions involved in the excita-
tions to those of skatole �see Table I�. The situation for
model 2 is more complicated and not unambiguous due to
the problems outlined above for TDDFT calculations on
large systems. However, the choice of the resonating states
made here can be assessed by comparing the final resonance
Raman spectra to those of the smaller structural motifs,
which will be done in Sec. IV D.

While the state corresponding to the 21A state of skatole
was investigated for both models, the excited state corre-
sponding to the 31A state of skatole was only examined for
model 1 in order to test convergence criteria and root-
homing options. As will be shown below, the intensity dis-
tribution for this state is distinctly different from that of the
21A state, so that the requirements for the intensity-tracking
algorithm to converge quickly can be tested on a broader
basis.

The B3LYP/TZVP resonance Raman spectrum obtained
within Heller’s gradient approximation by assuming reso-
nance with the 21A� state of skatole is shown in Fig. 5. It is
dominated by the peak at 1617 cm−1, and two further intense
peaks appear at 775 and 1371 cm−1. The corresponding nor-
mal modes are visualized in Fig. 6.

In the spectrum obtained from the 31A state, the modes
at 775, 1035, and 1371 cm−1 dominate the spectrum, and
several other modes of considerable intensity are present.
The enhancement is thus less selective for resonance with
this state, and consequently intensity-tracking should be
more beneficial for the 21A state.

B. Convergence criteria for intensity tracking

In the normal mode-tracking approach, the residuum
vector is a measure for the convergence of the sought-after
normal mode and its frequency. When studying the conver-
gence of an intensity-tracking calculation, however, two as-
pects have to be taken into consideration: The first is the
selection of reliable criteria for the convergence of the vibra-
tional peaks chosen for optimization in comparison to a con-
ventional calculation. The second concerns the questions of
how many and which modes should be selected for the itera-
tive refinement, which also has direct consequences on the
overall convergence of the spectrum, since convergence is
only tested for the selected modes. This point will be dis-
cussed in Sec. IV C.

The goal of this section is to determine reliable conver-
gence criteria, which yield approximate resonance Raman
spectra that are in good agreement with a full calculation of
the spectrum with the smallest possible number of bvs. For
model 1, a complete basis consists of 35�3−6=99 bvs. In
the following, the convergence is tested in dependence of the
threshold value for the maximum absolute component of the
residuum vector �rmax

thres�.
For model 1 of the Im7 protein, we studied resonance

Raman spectra calculated for two excited states, 41A and
61A, which correspond to the 21A� and 31A� states of skatole,
respectively. Using strict convergence criteria, the intensity-
tracking calculation requires a full basis, and the results of
the conventional gradient calculations can be reproduced
�see Fig. 5� apart from small numerical deviations. We note
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FIG. 5. Resonance Raman spectra of skatole for resonance with the 21A� or
31A� state obtained by a conventional gradient calculation using B3LYP/
TZVP. Also shown are the spectra for the corresponding states of Im7-based
model 1 obtained either in a converged intensity-tracking calculation �ITC�
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FIG. 6. �Color online� Graphical representation of the intense vibrations
�B3LYP/TZVP� in the resonance Raman spectrum of skatole �upper row�
and of model 1 �lower row�.
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in passing that the resonance Raman spectrum of the 41A
state is very similar to the 21A� spectrum of skatole with
respect to the intensity distribution and wavenumbers of the
modes. The wavenumbers of the intense modes exhibit only
very small shifts, e.g., from 1371 to 1369 cm−1, and the
vibrations are mainly localized on the skatole moiety. In Fig.
6, graphical representations of the normal modes are com-
pared to the corresponding skatole modes. The spectrum of
model 1 exhibits further modes in the region of
1000–1400 cm−1 carrying small percentages of the inten-
sity, but the additional 64 vibrational degrees of freedom
compared to skatole do not alter the spectrum significantly.

In Fig. 7, several intermediate spectra during the
intensity-tracking iterations with a convergence criterion of
rmax

thres=5�10−4 for the third excited state are shown. This
leads to a converged spectrum with an almost complete basis
of 91 bvs and only minor deviations compared to the con-
ventional gradient spectrum. Although a large percentage of
the full set of bvs is required for formal convergence, the
most important features of the resonance Raman spectrum
are already obtained with good accuracy in iteration 15 with
44 bvs. The convergence criteria are thus obviously too tight

if only an approximate spectrum is desired. Additional tests
presented in the supplementary material74 showed that spec-
tra featuring the most significant bands and some additional
details can be obtained with an intermediate value for rmax

thres of
3�10−3 �46 bv for 41A and 55 bv for 51A�, leading to a
reduction in computational effort to 46% and 56%, respec-
tively.

In conclusion, the maximum element of the residuum
vector should not be larger than 0.003 in order to get a rea-
sonable approximation to the spectrum. The number of con-
verged modes is in general not well suited to assess the de-
gree of convergence of the overall spectrum.

C. Root homing

In the preceding tests, reasonable spectra required the
convergence of a rather large number of modes. This is
caused by the fact that too many modes are selected with the
root-homing criteria initially applied, especially when the
most intense modes are already obtained. The algorithm
hence tries to optimize also many lower-intensity modes that
may not be relevant for the characteristic features of a spec-
trum. This results in an almost simultaneous convergence of
all selected modes as the basis approaches completeness. A
smart root-homing should, on the contrary, lead to a directed
convergence of the most intense features of the spectrum and
not construct too many new bvs per iteration, so that a
smooth development of the spectrum can be expected.

Two possible types of root-homing were tested here: �A�
selecting the most intense modes to be optimized so that
their cumulative intensity exceeds a threshold percentage of
the total intensity Ithres or �B� choosing the integer number of
Nsel most intense modes.

The converged spectra for the third �41A� and fifth �61A�
excited states are depicted in Fig. S2 in the supplementary
material.74 The dependence of the final spectrum on the root-
homing option is less pronounced than for the convergence
criteria. The tightest threshold considered for each of the
three options naturally results in a larger number of bvs and
a spectrum which agrees better with the conventional gradi-
ent spectrum, since more approximate normal modes are
chosen for further optimization. With option �A� and a
threshold value of 80% for Ithres, a �nearly� complete basis is
needed for a converged spectrum. However, even a rather
small value of 50% still yields good approximate spectra for
this molecule while reducing the number of bvs to 64 bv for
41A and 89 bv for 61A. Again, it can be seen that the
intensity-tracking algorithm works better for the 41A spec-
trum, which contains only a small number of intense bands.
With the option to optimize the five most intense modes, i.e.,
option �B� with Nsel=5, the spectrum is well converged for
the most important features, and even for Nsel=3 the results
are only slightly worse.

It should be noted that options �A� and �B� show some-
what complementary features in our tests. Option �B� works
well if there is a particular interest in a small number of
high-intensity modes, as is the case in the 41A spectrum. In
the 61A spectrum, however, several modes of considerable
intensity in the wavenumber range between 1100 and
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�Converged: black; not converged: red�. The total number of basis vectors
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1350 cm−1 are only approximately converged or still miss-
ing. Nevertheless, the most dominant bands are clearly con-
verged with option �B�, and this option will thus be the pre-
ferred one for spectra of larger molecules with only a few
significant bands. Option �A� on the other hand guarantees
that also those parts of the spectrum are converged in which
a considerable part of the total intensity is distributed over a
number of modes. However, this often leads to the selection
of a large number of approximate modes for further optimi-
zation.

In order to avoid these disadvantages in cases where
more than just very few modes need to be converged, we
also tried a combination of different root-homing criteria. In
particular, �i� we applied a wavenumber criterion to all cal-
culations, i.e., only vibrational modes in the range between
500 and 2000 cm−1 were chosen for further optimization,
and �ii� we selected the modes to be converged according to
criterion �A�, but only created new bvs for at most Nmax

selected modes in each iteration. The results of these calcu-
lations are shown in Fig. 8. It can be seen that in particular
for the 41A spectrum, a significantly smaller number of bvs is
needed, e.g., 43 bvs for the combination Ithres=0.5, Nmax=5,
and the wavenumber test instead of 64 bvs when only the
Ithres=0.5 criterion is applied. For the 61A spectrum, the re-
duction in computational cost is less good, which is most
probably related to the fact that a relatively large percentage
of the normal modes carry substantial intensity in the spec-
trum, so that it is very hard to reduce the number of bvs.

D. Intensity tracking for Im7-based model 2

For large models of the Im7 protein, TDDFT yields a
multitude of artificially low-lying excited states which mix
with the excited states relevant to describe the experimen-
tally observed spectra as can be seen from the data in Table
I. These data also show that B3LYP at least partly remedies
this problem, since the state corresponding to the 21A state of
skatole is the 151A state of model 2 with B3LYP, whereas it
is the 921A state in case of BP86, i.e., 77 more low-lying
states are found in the BP86 calculation, and it would thus be
advantageous to use B3LYP for the entire calculation, as was

done for the previous models. However, the pure density
functional BP86 leads to an enormous increase in efficiency
for large molecules and furthermore gives harmonic vibra-
tional frequencies that are typically in better agreement with
experimental fundamental frequencies than B3LYP data.19 In
earlier work,4 we have successfully tested a hybrid approach
in which we calculated the excitation energies and excited-
state gradients with B3LYP, whereas BP86 was used for the
frequency analysis.

In order to test the effect of this hybrid approach for the
class of systems studied here, we compare the resonance
Raman spectrum for the 41A state of the smaller model 1
obtained with a combination of B3LYP and BP86 to the
spectra in which either functional was used consistently in
Fig. 9. The main features are identical for all three spectra,
whereas the intensity distribution and frequencies of the in-
tense modes change. Comparing the B3LYP/B3LYP spec-
trum to the BP86/B3LYP spectrum, all intense modes are
shifted to lower wavenumbers in the latter calculation while
the intensity distribution appears to be roughly the same.
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Below 1400 cm−1, the intensity pattern seems to be changed.
However, a closer inspection reveals that the mode at
1388 cm−1 in the B3LYP calculation is shifted to 1346 cm−1

in the BP86 calculation, which leads to the slightly different
appearance. Further notable differences are the additional in-
tense modes at about 1720 cm−1 in the BP86/B3LYP calcu-
lation. Deviations in the intensity distribution between the
BP86/B3LYP calculation and the pure BP86 calculation can
be observed for the modes at 759 cm−1, at about 1350 cm−1

and at about 1720 cm−1. Overall, the most intense features
of the two spectra are sufficiently consistent, so that the
BP86/B3LYP hybrid approach will be used in the following
for the large model 2.

With this hybrid approach, we performed intensity-
tracking calculations on the excited electronic states of
model 2. This model consists of 151 atoms, so that there are
453 degrees of freedom in total, and a complete vibrational
basis comprises 447 bvs. We performed an intensity-tracking
calculation with root-homing scheme �B� and a selection cri-
terion of Nsel=5. Additionally, the wavenumber criterion
500 cm−1��̃�2000 cm−1 was applied. The approximate
spectra for different iterations are shown in Fig. 10. It can
clearly be seen that the most intense band at �1570 cm−1 is
practically converged already in the first intermediate spec-

trum shown, which utilizes 79 bvs. In the next spectrum,
based on 129 bvs, all features in the range between 1500 and
1800 cm−1 with appreciable intensity are virtually con-
verged. Formal convergence is achieved with 197 bvs, and
by comparison with the conventional gradient spectrum it
can be seen that indeed all the intense bands, which are lo-
cated between �1350 and 1800 cm−1, are very well repro-
duced by the intensity-tracking calculation. Furthermore, the
overall impression of the intensity distribution in the lower-
wavenumber range is also qualitatively correct. We con-
firmed that better agreement with the reference spectrum can
be obtained, e.g., by applying the hybrid root-homing proce-
dure outlined in the last section, but the selection criterion of
Nsel=5 offers a good compromise between accuracy and ef-
ficiency. Only 44% of the full number of bvs are needed to
accurately reproduce the intense features in the spectrum,
which also means that the CPU time in comparison with a
full seminumerical calculation of the vibrational spectrum is
reduced to roughly 44%.

V. CONCLUSIONS

In this work, we investigated the possibility to efficiently
obtain the characteristic features of a resonance Raman spec-
trum on the basis of an intensity-driven algorithm. In this
way, we can exploit the selectivity that is inherent to experi-
mental resonance Raman spectroscopy also within a theoret-
ical framework. The two following steps are essential for this
purpose: �i� the construction of a guess vector for a hypo-
thetical collective motion that contains the entire intensity in
the resonance Raman spectrum and �ii� the iterative refine-
ment of approximate normal modes which potentially carry a
high intensity. The first step can be addressed by taking ad-
vantage of Heller’s gradient approximation for relative reso-
nance Raman intensities. For the second part, we developed
and tested several selection procedures within an algorithm
analogous to the mode-tracking scheme.

It was shown that conventional gradient spectra can be
reproduced very well if strict convergence criteria are ap-
plied, which is a necessary condition for a successful appli-
cation of this algorithm. Subsequently, we demonstrated that
different root-homing procedures for the selection of modes
for further optimization can be used to control the conver-
gence behavior of the calculation. It turned out that root-
homing option �B�, in which a fixed number of intense
modes is chosen in each iteration, gives fast access to the
most intense features in the resonance Raman spectrum. In
contrast to this, the option in which a threshold for the cu-
mulative intensity is applied �A� allows to quickly determine
which wavenumber range is covered by intense vibrations in
the spectrum. Option �B� is thus favorable in typical appli-
cations of large molecular systems with only a few intense
vibrations in the resonance Raman spectrum. This was con-
firmed in the example of the resonance Raman spectrum of
Im7 models, in which the Trp residue shows characteristic
peaks. A possible problem with option �A� is that too many
new bvs are constructed in each iteration, so that a rather
sudden convergence is achieved, which typically requires a
comparatively large percentage of the total number of pos-
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sible bvs. This problem can be solved by restricting the
maximum number of new bvs in order to achieve a smooth
convergence behavior.

As far as the efficiency is concerned, which can directly
be measured as the ratio of the number of bvs needed for
convergence and the full number of vibrational degrees of
freedom, it must be noted that the convergence in intensity-
tracking calculations is intrinsically more difficult than in
typical mode-tracking applications for specific
vibrations.26,27,75 The reasons for this behavior are that
intensity-tracking calculations �i� target several vibrations,
the exact number of which is unknown at the beginning, �ii�
start with an unspecific guess for the type of collective mo-
tion, and thus typically require more bvs for correction, and
�iii� may partially comprise very unspecific modes that easily
couple to other vibrations in the molecule, which affects the
convergence behavior. In view of these problems, the meth-
odology outlined here appears quite successful in providing
insight into the dominant features of the resonance Raman
spectrum of large molecules at reduced cost since the only
alternative is a full frequency analysis. Further improve-
ments in the convergence control might be possible by de-
fining different convergence criteria for modes of different
intensities, for example, in such a way that tight convergence
is only requested for those parts of the spectrum that stand
out very sharply due to their high intensity.

We would like to note that even in those cases were
Heller’s gradient approximation is not reliable the present
approach can be of great help since the modes obtained are
those with the highest Franck–Condon activity. They will
thus also be the most important ones for more sophisticated
methods for theoretical resonance Raman spectroscopy, e.g.,
based on sum-over-states or time-dependent approaches.
With modified or additional guess vectors, it should also be
possible to address cases in which Herzberg–Teller active
modes or several excited states play a role. The latter point
will be important for reliable predictions of resonance Ra-
man spectra of Trp-containing systems under experimental
conditions due to the two close-lying intense transitions of
the skatole motif. Since these modifications of the intensity-
tracking scheme may introduce additional vibrations with
significant intensity, the guess vectors and the root-homing
procedure should be carefully tested for such more sophisti-
cated schemes in order to optimize the convergence behav-
ior.

An open question that should be addressed in future
work is how efficient preconditioning schemes can be de-
signed for intensity-tracking calculations, i.e., how the con-
struction of new bvs can be optimized for the search of in-
tense normal modes.
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