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The quantum chemical density matrix renormalization group �DMRG� algorithm is difficult to
analyze because of the many numerical transformation steps involved. In particular, a
decomposition of the intermediate and the converged DMRG states in terms of Slater determinants
has not been accomplished yet. This, however, would allow one to better understand the
convergence of the algorithm in terms of a configuration interaction expansion of the states. In this
work, the authors fill this gap and provide a determinantal analysis of DMRG states upon
convergence to the final states. The authors show that upon convergence, DMRG provides the same
complete-active-space expansion for a given set of active orbitals as obtained from a corresponding
configuration interaction calculation. Additional insight into DMRG convergence is provided, which
cannot be obtained from the inspection of the total electronic energy alone. Indeed, we will show
that the total energy can be misleading as a decrease of this observable during DMRG microiteration
steps may not necessarily be taken as an indication for the pickup of essential configurations in the
configuration interaction expansion. One result of this work is that a fine balance can be shown to
exist between the chosen orbital ordering, the guess for the environment operators, and the choice
of the number of renormalized states. This balance can be well understood in terms of the
decomposition of total and system states in terms of Slater determinants. © 2007 American Institute
of Physics. �DOI: 10.1063/1.2741527�

I. INTRODUCTION

The density matrix renormalization group �DMRG� al-
gorithm introduced by White1,2 has been established as a
promising alternative to the accurate but unfeasible full con-
figuration interaction �FCI� approach. The factorial scaling
behavior of the FCI method, which is due to the construction
of the total wave function as an explicit expansion into a set
of all Slater determinants that is generated by permuting all
molecular orbitals through the N places for occupied orbitals
in a determinant, is prohibitive for calculations in practice. It
is reduced to polynomial scaling in DMRG calculations by
virtue of a sequence of subsequent renormalization steps.
Whereas the details of the algorithm are presented in Sec. II,
we should anticipate that it works in a very different way
compared to a configuration interaction �CI� program. In a
CI program, one calculates the elements of the Hamiltonian
matrix more or less explicitly according to the predefined CI
expansion of the total state into many-electron basis func-
tions �Slater determinants or symmetry-adapted configura-
tion state functions�. On the contrary, the DMRG algorithm
generates approximate matrix representations for creation
and annihilation operators, ai�

† and ai�, respectively, as direct
products of the one-electron operators. They then enter the
second-quantized many-electron Hamiltonian

H = �
i,j
�

hijai�
† aj� + 1

2 �
i,j,k,l

�,��

Vijklai�
† aj��

† ak��al�, �1�

which contains one-electron integrals hij,

hij =� �i
*�x��− 1

2�2 − �
I

ZI

rI
�� j�x�d3x , �2�

with the nuclear charge numbers ZI of the atomic nuclei I
and their distances to the electrons rI= 	r−RI	 �note that the
nucleus-nucleus repulsion term is suppressed for the sake of
brevity�. The two-electron terms Vijkl are defined as integrals,

Vijkl =� � �i
*�x1�� j

*�x2��k�x2��l�x1�
r12

d3x1d3x2, �3�

over the orbital �i�x�. The coordinates x represent the three
spatial coordinates r of an electron and its spin �. The quan-
tity r12 denotes the interelectronic distance 	r1−r2	 of two
arbitrary electrons.

If all many-electron states of Fock space with various
numbers of electrons are taken into account, the dimension
of the Hamiltonian of Eq. �1� is 4k if k is the number of
spatial molecular orbitals used as one-electron basis func-
tions. It is thus unfeasible to set up creation and annihilation
operators of this dimension. DMRG circumvents this prob-
lem in an approximate and iterative way. For this systematic
and iterative approximation of all operators and hence of all
states, it is necessary to decompose the one-electron basis
functions into three sets: A system set, an environment set,
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and a given small number of functions between both. The
latter are usually chosen to be 1 or 2 for feasibility reasons,
and the notion “between” already indicates that the orbitals
are arranged in a certain order, which is the so-called orbital
ordering.

In pioneering studies, several groups made an effort to
provide and investigate first implementations of the DMRG
algorithm �see White and Martin,3 Daul et al.,4 Mitrushenkov
et al.,5,6 Chan and Head-Gordon,7,8 Chan,9 and Legeza
et al.10,11�. Most recent developments in this field by Chan
and co-workers comprise benchmark calculations on the ni-
trogen binding curve,12 extension of the DMRG algorithm
for nonorthogonal orbitals,13 and a quadratic scaling
algorithm.14 Legeza et al. studied the interaction between
one-particle states, the so-called sites,15–17 while our group
provided a feasibility study on the curve crossing of the two
lowest lying electronic states of cesium hydride using rela-
tivistically contracted orbitals18 and systematic studies on the
convergence properties.19,20

Despite the remarkable success of the first quantum
chemical DMRG studies of the late 1990s and early years of
the new millennium, all attempts to significantly improve the
convergence behavior of the DMRG algorithm have not been
convincingly successful compared to a brute-force DMRG
approach, which does not take care of the particular elec-
tronic structure under investigation but selects a sufficiently
large number of states for the renormalization steps from the
very beginning. Of course, one may always choose a large
number of renormalized states at the start of the algorithm
�see also next section for further details� to guarantee suffi-
cient flexibility and to avoid the neglect of important con-
figurations. However, this procedure is soon unfeasible for
larger molecules of chemical relevance. In a recent study,20

we highlighted the role of the very first guess of the environ-
ment states in the first sweep of the algorithm as well as the
role of the ordering of orbitals if the number of renormalized
states is chosen to be comparatively small �see the following
section for an introduction of the DMRG nomenclature�.
These results—like most others which have been obtained so
far—were obtained by purely phenomenological observa-
tions on numerical results obtained with the DMRG algo-
rithm.

Since the DMRG algorithm is basically of a purely nu-
merical nature, its convergence is difficult to analyze and to
improve as it is not straightforward to find the proper ana-
lytical means. To develop an analytical handle and hence to
overcome these difficulties, we implemented an analysis of
DMRG basis states �J in terms of Slater determinants �I

�N�.
This is a nontrivial task as the many-electron basis states of a
given number of m selected DMRG states change in each
DMRG renormalization step. That is, the number and the
composition of the Slater determinant basis change. Thus, a
DMRG total state �A

�i��N�,

�A
�i��N� = �

J=1

mtot

�J · �J, �4�

expanded in terms of the DMRG basis states �J with expan-
sion coefficients �J describes N electrons of a molecule at a

given DMRG �micro�iteration step i. It may also be written
as a linear combination of M�i� Slater determinants �I,

�A
�i��N� = �

I=1

M�i�

CI�I
�N�. �5�

The number of electrons N� does not remain constant for
the systematically constructed DMRG system and for its en-
vironment upon DMRG iteration steps �only the total num-
ber of electrons N of the total states remains constant�. The m
renormalized DMRG system states � j

�i��N�� can be expressed
as a linear combination of Slater determinants with the num-
ber of �system� electrons N� equal to N or less �N��N�,

� j
�i��N�� = �

k=1

l�i�

ck�k
�N��. �6�

This work is organized as follows: Section II introduces the
details of the DMRG algorithm from an operational point of
view. Details of the implementation of the DMRG state de-
composition are given in Sec. III, and the computational
methodology is described in Sec. IV. Results on single-
determinant and on multideterminant cases are then dis-
cussed in Secs. V and VI, respectively. Section VIII closes
with a general discussion and perspective.

II. THE DENSITY MATRIX RENORMALIZATION
ALGORITHM

In this section, an operational presentation of the
DMRG algorithm is given to complement the presentations
available in the literature �see references given in the Intro-
duction�. The presentation is needed for later convenience in
order to clarify the difficulties one encounters upon decom-
position of DMRG states in terms of Slater determinants.
Also, the operational point of view shall enhance the com-
prehension of those readers who are not familiar with renor-
malization approaches. Originating from solid state physics,
the DMRG algorithm was repeatedly discussed using the
very same phrases coined for the specific circumstances
present in the solid state. Hence, presentations of the algo-
rithm often adapt to this language, which heavily refers to an
underlying picture of spatially localized objects �such as
spins� that interact. This local picture is no longer justified in
the quantum chemical context as molecular orbitals are spa-
tially delocalized �even if a localization procedure was ap-
plied as no spatial position can unequivocally be assigned to
an orbital�.

Nonetheless, we should briefly recall the standard
DMRG notation in order to highlight the differences of our
presentation in this section and to make the connection to the
pioneering work by others quoted in the Introduction. So far,
a very readable presentation of the quantum chemical
DMRG algorithm was given by Chan and Head-Gordon.7

However, they still use the original DMRG language and
presentation, in which the orbitals are arranged on a “lattice”
of “sites,” the latter being a synonym for “orbital” in DMRG
language. While the lattice had a direct spatial interpretation
in the original DMRG formulation of spin lattices, it is a
somewhat misleading phrase in the quantum chemical con-
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text. Here, it implies that the quantum chemical DMRG al-
gorithm requires a certain ordering of sites, which then de-
termines the sequence in which the orbitals are used to
systematically build up the system states. The original
DMRG language calls the “system” of orbitals, which have
already been incorporated into a set, a “system block” of
sites. Those orbitals, which directly follow the last one in-
corporated in the system, are treated explicitly with respect
to the many-electron states that can be constructed from
these orbitals. Usually, only one or two are explicitly consid-
ered for feasibility reasons. The remaining complement set
of orbitals is the so-called environment �or “environment
block”�,

�7�

The most important point to make is that the operators
and states for the system are systematically constructed and
renormalized. One of the free sites in between becomes part
of the new, enlarged system in the next microiteration step. It
is thus intimately connected to the old system. What remains
is the environment of orbitals on which all complementary
operators and states are defined. The task is now to improve
representations for the latter as only the system is systemati-
cally constructed. Therefore, we may use system and “active
subsystem” as well as environment and “complementary
subsystem” synonymously. Figure 1 depicts the main com-
ponents of the DMRG algorithm �the following remarks and
figures will provide details on the important steps in this
algorithm�.

The many-electron states to be defined on the environ-
ment set of orbitals need to be guessed upon start of the
algorithm. In each DMRG �microiteration� step i, an ap-
proximate total state �A

�i� is obtained from the system, single
sites, and environment by diagonalization of the total Hamil-
tonian �called the “superblock” Hamiltonian in the original
DMRG language� that is calculated as the usual sum of cre-
ation and annihilation operator products times one- and two-
electron integrals, respectively. The operators are calculated
as direct products from approximate creators and annihilators
defined for the system and for the environment �the operators
on the single site�s� in between are treated exactly�. From the
total state, which is obtained according to Eq. �4� as a vector
of weights for DMRG basis states �J of unknown composi-
tion, a reduced density matrix is set up, which is the key to
the renormalization procedure described below. It is the aim
of this work to resolve the total quantum mechanical state in
terms of Slater determinants according to Eq. �5� to better
understand the composition of the total state, as well as the
gain or loss of weights of individual basis states, whose com-
position also varies from step to step during the DMRG it-
erations.

From the approximate total state, a reduced density ma-
trix is computed by summation over all environment many-
electron states. This density matrix is then diagonalized and
m eigenvectors are selected to set up a rectangular matrix for
renormalization purposes. This is the essential ingredient of

the DMRG algorithm as the rectangular matrix is used to
reduce the size of all creation and annihilation operators of
the system enlarged by the explicitly treated neighboring site
�i.e., the next orbital in the row defined by the lattice�. If a
spatial molecular orbital represents this site, it provides four
possible states �unoccupied, singly occupied spin up, singly
occupied spin down, and doubly occupied�, which yields af-
ter direct multiplication operators of size 4m for the system
enlarged by one site. Transformation with the rectangular
matrix and its transpose reduces the dimension of the opera-
tor matrices back to m. It can be shown that this yields the
optimum approximation to the higher dimensional represen-
tation in a least-squares sense.

The m �renormalized� system states finally give rise to
16m2 total DMRG basis states �J if the environment contrib-

FIG. 1. Steps of the quantum chemical DMRG algorithm.
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utes m states while two sites are explicitly treated and pro-
vide 4	4=16 substates. Hence, the representation of inter-
mediate total states and intermediate system states requires
to take track of all total and system states of previous itera-
tion steps, which are renormalized and thus mixed with
newly generated basis states.

Once all orbitals of the orbital ordering chain have been
included into the system, a so-called sweep is finished. One
may call a sweep also in a more technical language a “mac-
roiteration step” as the system now comprises all orbitals and
hence one systematic construction of operators and states for
the total system has been completed. During the course of
this construction, we have obtained matrix representations
for creation and annihilation operators for different system
sizes, i.e., for systems comprising different numbers of orbit-
als but all of dimension m, which were written to hard disk in
each microiteration step.

Since the accuracy of the final result after one sweep is
determined by the most severe approximation, i.e., by the
guess of the environment states during the sweep, the envi-
ronment representation must be improved in order to im-
prove the accuracy of the DMRG approximation to the total
state. Hence, one reverses the sweep direction and proceeds
stepwise in a second sweep in a backward direction. Now,
the former system approximations are treated as approxima-
tions for the new environment, while a new sequence of
systems is generated. Since the environment is much better
approximated in this second sweep, the DMRG approxima-
tion to the total state is improved.

Reversing direction can now be repeated until the
DMRG result is converged, which is, however, not easy to
assess. The reason for this is that one may miss important
components of the many-electron basis if m is chosen too
small and/or if the initial guess for the environment was too
inappropriate. Then, the total electronic energy will converge
to a fixpoint too high in energy compared to the true elec-
tronic energy of the electronic state under consideration. As
it is not easy to understand when and how certain basis states
are picked up in the iterative renormalization procedure, we
set out in this work to decompose all states in terms of Slater
determinants. This will allow us to study and discuss DMRG
iterations within ordinary CI language.

III. CI EXPANSION OF DMRG STATES AND
TECHNICAL DETAILS

The CI coefficients of Slater determinants cannot be de-
duced directly from the wave function of the total system
because we have only a numerical representation of the total
system at hand. The basis of this representation, the DMRG
basis states �J, are many-particle states, each of them being a
linear combination of Slater determinants �I

�N�. We describe
in the following a straightforward protocol for the determi-
nation of the determinant weights. This method stores the
weight of all determinants, which constitute a complete CI
expansion, of each DMRG many-particle state. Since the ba-
sis states change in every DMRG microiteration step because
of the renormalization, the determinant weights change as

well and we thus need to keep track of all determinant
weights CI.

The total system is partitioned in the usual way into an
active subsystem �AS� �or just system� and a complementary
subsystem �CS� �i.e., environment�. In every step, we store
for both, the AS and the CS, the weights of all determinants
that can be constructed in the subspace consisting of the
orbitals of the respective subsystem. The number of possible
determinants is 4ni, with ni being the number of orbitals in
the subsystem. The matrix BAS now contains the weights of
all 4ni determinants that are the basis of the m DMRG many-
particle state of the subsystem. In the very first step, the
many-particle basis set of each subsystem comprises only a
Slater determinant per DMRG �sub�state, and the weights are
thus equal to 1 for one DMRG �sub�state. In the renormal-
ization steps, the subsystem is enlarged by one single orbital.
We can calculate a preliminary matrix BAS+1 in the basis of
the enlarged subsystem as a direct product of matrix BAS

times a 4	4 unit matrix 14,

BAS+1 = BAS
� 14. �8�

The new weights BAS,new of the enlarged system can be ob-
tained by a matrix multiplication of BAS+1 with the transfor-
mation matrix O= 
O�KJ,

BIJ
AS,new = �

K

BIK
AS+1 · OKJ. �9�

The transformation matrix O is composed of m eigenvectors
of the reduced density matrix and thus transforms the 4m old
basis states to m new many-particle states. BAS is saved to
disk to be used in the next macroiteration step �see also Eq.
�10�, where BIJ

CS=BIJ
AS,� if BIJ

AS,� denotes the weights calcu-
lated in the previous sweep indicated by a prime�.

In every microiteration step, after the calculation of the
Hamiltonian of the total system, we can calculate the CI
coefficients CI of the determinants of the total system. The
total system states are constructed as direct products of states
of the three subsystems: the active AS, the complementary
CS, and the exactly treated orbitals in between. The CI co-
efficient CI of Slater determinant �I

�N� is calculated as a sum
over all mtot DMRG states of the total system,

CI = �
J

mtot

�J · BIJ
AS · BIJ

CS, �10�

with �= 
�J� being the eigenvector obtained upon diagonal-
ization of the superblock Hamiltonian for the total state �A

=�J
mtot�J ·�J; the entries of this eigenvector were denoted as

�ij in the context of Fig. 2 in order to assign the origin of
each �J to an �enlarged� system state i and an environment
state j for convenience. Note that we have skipped the mi-
croiteration step index i in Eq. �10� for the sake of brevity.
The mtot DMRG total basis states are those with correct par-
ticle number and total projected spin that can be constructed
from all many-electron �sub�states defined on the sub-
systems. The matrix elements BIJ

AS and BIJ
CS are the weights of

the specific determinant of the respective subsystem which is
used for the construction of determinant I. Weights for the
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exactly treated orbitals in between AS and CS are equal to 1
and do not need to be considered.

IV. TECHNICAL DETAILS

To approach the analysis of the stepwise construction
and approximation of DMRG states in terms of determinants,
we first investigate seemingly simple electronic structures
dominated by a single Slater determinant in the CI expan-
sion. Afterwards we challenge the algorithm and investigate
N2 and O3 in nonequilibrium structures.

In principle, one may study any kind of molecule. But
only up to about ten sites, i.e. orbitals can be treated explic-
itly, the rest must be kept frozen because of the huge increase
in the number of Slater determinant basis states of which one
has to keep track during the DMRG iterations. The correct
reference for such a calculation is a complete-active-space CI
�CASCI� result, i.e., a calculation in which a FCI is per-
formed within a restricted active space of a given set of
orbitals.

We employed Hartree-Fock orbitals in the DMRG and
the CASCI calculations. Other orbitals can be employed as

well and might lead to a faster convergence of the DMRG
iterations but this is not an issue in the current study. In our
calculations, the orbitals were always arranged firstly accord-
ing to orbital symmetry and then secondly to an energetical
ordering within each irreducible representation—unless oth-
erwise noted. Furthermore, we froze molecular orbitals with
core orbital energies �i.e., those of 1s atomic orbital charac-
ter�. These frozen orbitals are thus not part of the DMRG
lattice but make a constant contribution to the total electronic
energy. Hence, the active orbitals of the lattice stem from the
valence region of the test molecules.

The guess for the environment states in the first sweep
was set up as follows �for more sophisticated guesses and
how they affect DMRG convergence, see Ref. 20�. For a
number of selected states of m=16, the last two orbitals of
the lattice were treated explicitly, while all orbitals between
these last two and the growing system contribute only one
single-particle state, namely, the empty state. In the case of
m=48, we proceed in a similar way but add the first three
one-particle states of the third last orbital, which provides
exactly 48 many-electron states. Note that the Hartree-Fock

FIG. 2. Flowchart of DMRG macro-
and microiteration steps. For details of
the renormalization protocol, see also
Fig. 3.
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reference occupation is explicitly included in the calculations
on O2 and O3 in their equilibrium structure as well as on the
stretched dinitrogen molecule.

In the following, we present only the absolute values of
CI coefficients. We should note that the sign of these CI
coefficients may change and no pattern can be recognized as
the sign convention for the CI vectors is not enforced when
the CI decomposition of a DMRG state is performed in a
given iteration step. Also, we discuss only the CI decompo-
sition of the total states �i.e., the superblock Hamiltonian
states�. An analogous discussion for the system states is only
possible in every second DMRG sweep because subsequent
systems comprise different numbers of orbitals which then
define different many-electron states to be combined to the
total state. Only systems in the same DMRG step within
sweeps of the same direction possess the same many-electron
decompositions such that they could be compared.

All Hartree-Fock orbitals were converged with the MOL-

PRO2006.2 program21 employing correlation-consistent Dun-
ning basis sets.22,23 The CASCI reference calculations were
also carried out with the MOLPRO package. The DMRG cal-
culations were performed with our DMRG program24 into
which we have implemented the CI decomposition scheme
described above. All DMRG calculations are quite fast.
However, the intention of this work is not to provide ulti-
mately accurate reference data but to set up a couple of toy
problems, which can be analyzed in terms of their CI coef-
ficients. It is this analysis which would be prohibitively dif-
ficult if not unfeasible for larger active spaces because of the
huge number of determinants that must be tracked in the
course of the DMRG calculation.

V. SINGLE-DETERMINANT DOMINATED CASES

A. Dinitrogen

As a first example, we study the dinitrogen molecule at
an equilibrium bond distance of 109.768 pm �taken from
Ref. 25�. The number of sites, i.e., of active orbitals, was 8,
and five steps comprise one sweep. We consider six active
electrons in this DMRG calculation �see also Table I for a
detailed list of the electronic reference configuration; the
Hartree-Fock configurations are often denoted as SD1 except
in the case of ozone at the transition state structure �here, it is
the Slater determinant SD3��. The number of renormalized

states �Fig. 3� was m=16, and we tracked 3136 Slater deter-
minants in total. We employed a Dunning aug-cc-pVTZ basis
set.22,23

Figure 4 depicts the total electronic energy and the CI

weights for five selected electronic configurations denoted by
SD1 to SD5. It can be seen that the energy converges quite
fast and the total ground state is dominated by the reference
configuration SD1.

However, closer inspection of the energy convergence
shows a sharp drop in energy within the first sweep as the
total energy of the first three microiteration steps is even far
off the Hartree-Fock energy. The enlargement in the inlay of

TABLE I. Converged absolute values of CI coefficients from DMRG and CASCI calculations for the N2

molecule at the equilibrium distance. Orbital labels are given in D2h symmetry. The active space consists of six
electrons in eight orbitals. The orbitals of the active space are in the same order as used in our DMRG
calculations. Orbital occupation is indicated by a 2 in the case of a doubly occupied orbital, and � and 
 mean
singly occupied by an � or � electron, respectively. The doubly occupied core orbitals are 1a1g

2 2a1g
2 1b1u

2 1b2u
2 .

SDn
n

Occupation

CASCI DMRG3a1g 4a1g 5a1g 1b3u 2b3u 2b1u 3b1u 4b1u

1 2 0 0 2 0 2 0 0 0.999 711 0.999 711
2 0 2 0 2 0 2 0 0 0.007 611 0.007 612
3 2 0 0 0 2 2 0 0 0.005 976 0.005 976
4 
 � 0 2 0 � 0 
 0.005 840 0.005 839
5 
 � 0 � 
 2 0 0 0.005 208 0.005 205

FIG. 3. Renormalization in the quantum chemical DMRG algorithm.
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Fig. 4 �graph on top� highlights that it takes two sweeps to
converge the energy. That is, at the ninth microiteration step,
the energy drops to the CASCI reference energy. With re-
spect to the weights CI, we note that configuration SD1 is
already the dominating one after the first sweep �i.e., after
five microiteration steps�. The huge improvement in the en-
ergy in the second and fourth microiterations can easily be
understood because the orbitals 1b3u and 2b1u, which are
doubly occupied in the Hartree-Fock determinant, have been
kept unoccupied in the previous iterations. In the second and
fourth steps, these two orbitals are exactly represented.
Hence, the weight of the Hartree-Fock determinant becomes
nonzero in the fourth step. In the second sweep, the fine
adjustment of these coefficients is achieved. Interestingly, fi-
nal convergence is achieved from the seventh to the eighth
and ninth microiteration steps, i.e., the seventh step is essen-
tially equal to the sixth. Table I shows that the CI coefficients
for the five determinants selected for this presentation match

the coefficients of the CASCI reference calculation. The total
energy is converged as well which can be seen from Table II.

Note that the total energy does not change around a turn-
ing point at the end of a sweep. If the kth microiteration step
represents the end of a sweep �always denoted by dashed
vertical lines in the figures of this work�, the �k+1�th step
starts with the same total energy by construction. Hence, a
plateau of two identical values for any quantity studied exists
around the turning point of the sweep direction.

B. Dioxygen

Our next example is O2 which features a slightly more
complicated convergence structure when compared with N2.
Note that we aim for the triplet ground state. The Hartree-
Fock orbitals for the dioxygen molecule were obtained in
D2h symmetry for a Dunning aug-cc-pVTZ basis set as
implemented in MOLPRO2006.2.21 The bond distance was set
to 120.752 pm according to Ref. 25. In the DMRG iterations,
nine orbitals were active and the number of renormalized
states was set equal to 16, i.e., m=16. We kept track of
10 584 Slater determinants of which five have been selected
for the presentation in Fig. 5.

The graph on top of Fig. 5 demonstrates that five sweeps
�or 30 microiteration steps� are now required to achieve con-
vergence. After each of these sweeps, the energy drops
down, but the size of these drops per sweep is getting expo-
nentially smaller upon progression of the algorithm. From
the evolution of the CI coefficients depicted in the graph on
the bottom of Fig. 5, we understand that the ground state
wave function of O2 is dominated by the reference configu-
ration SD1, which converges abruptly to its final value after
the tenth microiteration step. At the same step, configuration

FIG. 4. Total energy �top� and absolute values of the CI coefficients �bot-
tom� of N2 at 109.768 pm bond distance during the DMRG microiteration
steps. Dashed vertical lines denote the last iteration step of a sweep before
the direction is reversed. The inlays show enlargements of relevant regions
with changes in either energy or composition of CI coefficients. The binary
numbers in the legend are the occupation number vectors for the spin orbit-
als on the lattice �two spin orbitals represent one site� and correspond to the
orbitals given in Table I.

TABLE II. Comparison of the converged total energies for the molecules
under consideration as obtained from Hartree-Fock �HF�, CASCI, and
DMRG calculations �given in Hartree atomic units� �eq=equilibrium struc-
ture, ne=elongated bond distance, and ts=transition state; see text for fur-
ther details�.

System Method Energy �Eh�

N2 �eq� HF −108.984 697
CASCI −108.985 534
DMRG −108.985 534

O2 HF −149.654 711
CASCI −149.696 843
DMRG −149.696 822

O3 �eq� HF −224.338 072
CASCI −224.443 030
DMRG −224.442 982

N2 �ne� HF −108.416 241
CASCI −108.675 231
DMRG −108.675 231

O3 �ts� HF −224.282 841
CASCI −224.384 301
DMRG −224.384 190

DMRG2 −224.384 016
DMRG3 −224.384 252
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SD2 acquires weight in form of a jump from 0 to about 0.22
in absolute value. All other CI coefficients are comparatively
small, but they determine the energy convergence after the
tenth step when the two prominent changes in SD1 and SD2
took place.

It might be surprising that the weight of SD2 is equal to
zero until the tenth step. It is zero even in the fourth step
when all orbitals have already been treated exactly. To ex-
plain this behavior, we may analyze the weights of the two
subsystems. The weight of the determinant 	2+0+ � of the
system is zero in the fourth microiteration step; hence the
weight of the Slater determinant SD2 of the total system is
zero as well. Determinant 	2+0+ � is zero because in the
preceding third step, the determinant 	2020� defined on the
environment has not been included in the initial guess.
The weights of available combinations with determinant
	2+0+ � in the renormalization step in iteration 3 are too low;
hence this determinant is eliminated in this microiteration
step of the algorithm.

It is interesting to analyze in more detail the less impor-
tant electronic configurations as they completely determine
the final convergence of the algorithm once the first warm-up
sweep and its first correction in backward direction are com-
pleted �i.e., after the 12th microiteration step�. Note that the
fourth configuration SD4 plays a non-negligible role during
the first ten microiteration steps. In this phase of the first two
sweeps, its CI coefficient increases significantly in the third
step and is then about 25% larger than the converged value,
which is already reached at completion of the second sweep.
The other configurations SD3 and SD5 show up with tiny CI
coefficients at the end of the second sweep. Then, they in-
crease within the third sweep and approach similar values as
the one for SD4 �see also Table III for the converged CI
coefficients and the electronic configurations in Mulliken no-
tation�. SD5 converges in one step from one microiteration
step to the other �from the 14th to the 15th�, while SD3
requires the fourth sweep.

Already from this DMRG study on a comparatively
simple system, we note that the composition of DMRG states
does not converge smoothly but in a rather unpredictable
way depending on how close the initial guess for the comple-
mentary subsystem, the environment, already is. Here, the
guess is not very good �as usual and unavoidably; see the
discussion in Ref. 20�, and thus the CI expansion in the first
ten microiteration steps is quite different from the converged
one. Of course, it is still dominated by the SD1 configura-
tion, which is due to the fact that this is a typical single-
determinant case and we explicitly included the Hartree-
Fock determinant in our calculation. In Sec. VI, we come

FIG. 5. Total energy �top� and absolute values of the CI coefficients �bot-
tom� of O2 at 120.752 pm bond distance during the DMRG microiteration
steps. Dashed vertical lines denote the last iteration step of a sweep before
the direction is reversed. The inlays show enlargements of relevant regions
with changes in either energy or composition of CI coefficients. The binary
numbers in the legend are the occupation number vectors for the spin orbit-
als on the lattice �two spin orbitals represent one site� and correspond to the
orbitals given in Table III.

TABLE III. Converged absolute values of CI coefficients from DMRG and CASCI calculations for the O2 molecule at the equilibrium distance. Orbital labels
are given in D2h symmetry. The active space consists of eight electrons in nine orbitals. The orbitals of the active space are in the same order as used in our
DMRG calculations. Orbital occupation is indicated by a 2 in the case of a doubly occupied orbital, and � and 
 mean singly occupied by an � or � electron,
respectively. The doubly occupied core orbitals are 1a1g

2 1b1u
2 2a1g

2 2b1u
2 . Note that the configuration with twice spin down, which is degenerate to SD1, is not

considered because the DMRG converges the MS= +1 state.

SDn
n

Occupation

CASCI DMRG3a1g 1b3u 2b3u 1b2u 2b2u 1b2g 2b2g 1b3g 2b3g

1 2 2 0 2 0 � 0 � 0 0.972 593 0.972 608
2 2 � 0 � 0 2 0 2 0 0.220 873 0.220 849
3 2 � � 2 0 
 0 � 0 0.027 758 0.027 702
4 2 2 0 � 
 � 0 � 0 0.021 955 0.021 957
5 2 � 0 2 � 2 0 0 0 0.017 657 0.017 640
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back to the question whether the initial DMRG state can be
dramatically different from the converged one for multideter-
minant cases.

C. Ozone

The ozone molecule was calculated in C2v point group
symmetry with bond lengths of 127.8 pm and a bond angle
of 116.8°.26 A cc-pVTZ Dunning basis set was employed for
oxygen. Nine orbitals were chosen to set up the DMRG lat-
tice. The active space comprises eight electrons in nine or-
bitals. Six microiteration steps comprise one sweep. In total,
15 876 Slater determinants were tracked during the iterations
and 48 states were selected for renormalization �m=48�.

In the case of O3, we note a continuous convergence of
the total energy �see Fig. 6, top graph�, i.e., the energy does
not stay constant for some time upon inclusion of orbitals
and then suddenly drops from one microiteration step to the
next. Instead, the energy drops notably upon inclusion of any

orbital of the lattice. As mentioned before, the microiteration
steps following the last one of a sweep all feature the same
energy by construction.

The CI coefficients depicted in Fig. 6 follow, of course,
the convergence behavior of the total energy, i.e., when the
energy drops, the CI coefficients differ notably from the pre-
vious microiteration step. Note also that the energy in the
second and third sweeps does not change when the second
site and the second last sites in each direction are included.
The first and second sites in any direction are always treated
exactly by construction, as we already mentioned, because
one site comprises the system, which is treated exactly upon
start of a sweep, and the next site is one of the exactly treated
orbitals between system and environment. The above state-
ment for the second sites refers to the 8th, 14th, and 16th
microiteration steps, in which the energy does hardly change.
Large changes in the total energy are observed in the 9th and
15th steps of the second and third sweeps. This corresponds
to the composition of the relevant Slater determinants in Fig.
6, which differ mainly in their occupation of the fourth and
fifth orbitals �site�. These relevant configurations do not dif-
fer in the occupation of the first three sites. Nonetheless, the
energy changes from the first to the second microiteration
step because of other configurations, which were not selected
for the graph in Fig. 6. It is important to emphasize that
slight changes in the energy, which are not paralleled by
significant changes in the configuration depicted, can be
brought about by the 15 876−5=15 871 determinants, which
we also needed to track but which we did not choose for the
presentation �see also the discussion in Sec. VI B for the role
of these determinants�. The converged CI coefficients com-
pared to the CASCI reference results are given in Table IV.

VI. MULTI-DETERMINANT DOMINATED CASES

The main advantage of DMRG is its capability to de-
scribe molecules well, which feature an inherent multideter-
minant character and are thus dominated by static electron
correlation. After having studied the behavior of the algo-
rithm in cases dominated by a single determinant, which can
be easily incorporated from the very beginning, we now look
at two examples for which a couple of determinants contrib-
ute significantly to the total electronic ground state.

A. Dinitrogen at enlarged bond length

In order to induce a significant multideterminant charac-
ter into the ground state of the N2 molecule, we increase the
distance between the two nitrogen atoms to 190.5 pm. The
setup of the calculations is different from Sec. V A. The
number of active electrons was reduced from 6 to 4 �as the
qualitative picture essential remains the same�, while the ac-
tive space was enlarged from eight to nine orbitals.

Interestingly, the total energy converges very fast al-
though the DMRG ground state is indeed dominated by five
relevant configurations �all displayed in Fig. 7; Table V pro-
vides the details on the electronic configurations in Mulliken
notation as well as the converged values of the DMRG CI
coefficients compared to the CASCI reference data�. The
DMRG algorithm is capable of converging the whole calcu-

FIG. 6. Total energy �top� and absolute values of the CI coefficients �bot-
tom� of C2v-symmetric O3 during the DMRG microiteration steps. Dashed
vertical lines denote the last iteration step of a sweep before the direction is
reversed. The inlays show enlargements of relevant regions with changes in
either energy or composition of CI coefficients. The binary numbers in the
legend are the occupation number vectors for the spin orbitals on the lattice
�two spin orbitals represent one site� and correspond to the orbitals given in
Table IV.
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lation within only one sweep. Hence, the DMRG total state
at the end of the sweep is already fully converged, although
this was achieved by using the simple guess for the environ-
ment states, which was already applied in the previous cal-
culations. Closer inspection shows, however, that the guess

for the environment states was not bad at all in this particular
case. The occupation number vectors of the spin orbitals,
which are given in the legend of Fig. 7 �bottom graph�,
clearly show that the dominating configurations occupy or-
bitals at the beginning and at the end of the lattice. Orbitals
in between are not occupied. Since the system is constructed
accurately on the first orbitals in any direction, while we
chose to set up the environment states such that then the last
orbitals in that direction are also treated exactly, we gain a lot
in this special case where the four sites in the middle are not
occupied at all in the relevant electronic configurations. Al-
though this is a special situation, it demonstrates that DMRG
convergence can be indeed increased if the many-particle
states that can be constructed from the relevant orbitals are
treated as accurately as possible from the very beginning
�and, of course, if it would be possible to better guess the
environment states�.

B. Ozone transition state

The set up of the calculations is the same as in Sec. V C
with one exception. We now use a transition state structure
taken from Ref. 27. This structure features one short O–O
bond distance of 121.1 pm, one long O¯O distance of
240.7 pm, and an OOO angle of 51.3°. In the DMRG calcu-
lation, we considered nine sites and applied our bookkeeping
scheme for 15 876 determinants.

Also, in this case, we encounter a convergence behavior
very similar to the one observed for the distorted N2 mol-
ecule despite the multideterminant character of the target
state. Figure 8 displays the convergence of the total elec-
tronic energy for this distorted ozone structure. Apparently,
the DMRG energy converges quite fast to the CASCI refer-
ence energy. Already at the very beginning, the DMRG en-
ergy is much closer to the CASCI reference than to the
Hartree-Fock energy. However, inspection of the CI coeffi-
cients in Fig. 9 exhibits that the decrease in total energy
during the first ten microiteration steps is due to a completely
wrong CI expansion. Note that a sweep comprises six mi-
croiteration steps in this case. At the 11th step, this is cor-
rected and the new CI expansion is qualitatively different
from the one of the first ten steps. Hence, one may witness a
significant decrease of the total energy even if the DMRG
state differs even qualitatively from the converged final state.

At first sight, the final distribution of CI coefficients is
obtained already after the 11th microiteration step. However,

TABLE IV. Converged absolute values of CI coefficients from DMRG and CASCI calculations for the O3 molecule at the equilibrium structure. Orbital labels
are given in C2v symmetry. The active space consists of eight electrons in nine orbitals. The orbitals of the active space are in the same order as used in our
DMRG calculations. Orbital occupation is indicated by a 2 in the case of a doubly occupied orbital, � and 
 mean singly occupied by an � or � electron,
respectively. The doubly occupied core orbitals are 1a1

22a1
21b2

23a1
22b2

24a1
25a1

23b2
2.

SDn

Occupation

CASCI DMRG6a1 7a1 8a1 1b1 2b1 3b1 4b2 5b2 1a2

1 2 0 0 2 0 0 2 0 2 0.922 798 0.922 854
2 2 0 0 2 2 0 2 0 0 0.295 488 0.295 479
3 2 0 0 0 2 0 2 0 2 0.101 644 0.101 679
4 2 0 0 � 
 0 2 0 2 0.067 722 0.067 725
5 2 0 0 2 � 
 2 0 0 0.053 502 0.053 513

FIG. 7. Total energy �top� and absolute values of the CI coefficients �bot-
tom� of N2 at 190.5 pm bond distance during the DMRG microiteration
steps. Dashed vertical lines denote the last iteration step of a sweep before
the direction is reversed. The inlays show enlargements of relevant regions
with changes in either energy or composition of CI coefficients. The binary
numbers in the legend are the occupation number vectors for the spin orbit-
als on the lattice �two spin orbitals represent one site� and correspond to the
orbitals given in Table V.

244109-10 G. Moritz and M. Reiher J. Chem. Phys. 126, 244109 �2007�

Downloaded 02 Apr 2013 to 129.132.118.73. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



a closer inspection of the enlargement in the inlay of Fig. 9
shows a much more complex convergence behavior of the
individual CI coefficients. Correspondingly, the DMRG total
energy given in Table II for the distorted ozone molecule is
not fully converged �see also the CI coefficients after 34

microiteration steps compared to the CASCI reference values
in Table VI�. Interestingly, convergence is not improved if
the DMRG calculation is continued for 26 additional microi-
teration steps, but only if m is increased. We come back to
this point in a later section. It is interesting to note that the
convergence pattern of the CI coefficients is rather complex.
For instance, the CI coefficients for SD1 and SD2 are almost
the same at the beginning of the third sweep �see Fig. 9, top

TABLE V. Converged absolute values of CI coefficients from DMRG and CASCI calculations for the N2 molecule at an interatomic distance of 190.5 pm.
Orbital labels are given in D2h symmetry. The active space consists of four electrons in nine orbitals. The orbitals of the active space are in the same order
as used in our DMRG calculations. Orbital occupation is indicated by a 2 in the case of a doubly occupied orbital, and � and 
 mean singly occupied by an
� or � electron, respectively. The doubly occupied core orbitals are 1a1g

2 1b1u
2 2a1g

2 2b1u
2 3a1g

2 .

SDn
n

Occupation

CASCI DMRG1b3u 2b3u 1b2u 2b2u 3b1u 4b1u 5b1u 1b2g 1b3g

1 2 0 2 0 0 0 0 0 0 0.682 521 0.682 521
2 2 0 0 0 0 0 0 0 2 0.385 781 0.385 782
3 0 0 2 0 0 0 0 2 0 0.385 781 0.385 782
4 0 0 0 0 0 0 0 2 2 0.282 191 0.282 191
5 � 0 
 0 0 0 0 � 
 0.218 709 0.218 708
6 � 0 
 0 0 0 0 
 � 0.146 835 0.146 834

FIG. 8. Total energy �top� and absolute values of the CI coefficients �bot-
tom� of distorted Cs-symmetric O3 during the DMRG microiteration steps.
Dashed vertical lines denote the last iteration step of a sweep before the
direction is reversed. The binary numbers in the legend are the occupation
number vectors for the lattice and correspond to the orbitals given in
Table VI.

FIG. 9. An enlargement of selected CI coefficients �absolute values� of the
distorted Cs-symmetric O3 from DMRG iterations. Dashed vertical lines
denote the last iteration step of a sweep before the direction is reversed. The
binary numbers in the legend are the occupation number vectors for the
lattice and correspond to the orbitals given in Table VI.
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graph� until they sharply drop in the 15th microiteration step.
Then, they increase again in the 16th step and are no longer
of similar value.

Although the calculation is converged after about 25 it-
eration steps, we still note a slight oscillation of CI coeffi-
cients �see SD1 and SD2 in Fig. 9� and a slightly varying
total energy, which are typical for DMRG calculations.

Nevertheless, convergence is still comparatively fast due
to the fact that—as in the case of the distorted dinitrogen
molecule discussed in the previous section—the three orbit-
als in the middle of the lattice do not contribute to the six
relevant electronic configurations. We need to challenge
these observations and rearrange the orbital such that this
situation is reversed. Two such orbital orderings on the lat-
tice are given in Table VI together with the converged CI
coefficients for the same selected configurations as before in
the first DMRG calculation on the distorted ozone structure.
The corresponding energies �Fig. 10� are given in Table II as
entries DMRG2 and DMRG3. Their CI coefficients are pro-
vided in Fig. 11.

Hence, it is indeed possible to speed up DMRG conver-
gence if all orbitals, which become occupied in relevant
Slater determinants with large weights CI, are considered

properly in the first microiteration step �if possible exactly�
for the active system, the exactly treated sites, and for the
set-up of the environment in this very first step. This is
shown by the ordering DMRG2, which converges faster than
the original energetical ordering, but the converged energy is
higher than for the original ordering. The situation is re-
versed for ordering DMRG3, which converges to the lowest
energy of all three orbital orderings, while the rate of con-
vergence is the same as for the original ordering and lower
than for ordering DMRG2. Even if the start-up procedure is
the worst for orbital ordering DMRG3, it still converges to
the lowest energy because of the favorable orbital ordering.
This again demonstrates two of our earlier results,20 namely
�i� that a high rate of convergence does not necessarily yields
the lowest energy and �ii� that the influence of the orbital
ordering on the converged energies can be larger than the
start-up procedure. In this case it is favorable to place the
most important orbitals in the middle of the lattice, which
has been proposed earlier for other systems; see, for ex-
ample, Ref. 15.

Finally, we should like to note that the onset of the popu-
lation of the selected determinants is very different for the
three orbital orderings investigated for the ozone transition

TABLE VI. Converged absolute values of CI coefficients from DMRG and CASCI calculations for the O3

molecule at the transition state. Orbital labels are given in Cs symmetry. The active space consists of eight
electrons in nine orbitals. DMRG: The orbitals of the active space are in the same order as used in our DMRG
calculations. DMRG2: The orbitals have been arranged in such a way that unoccupied orbitals are arranged
around the center. DMRG3: The orbitals have been arranged in such a way that unoccupied orbitals are
arranged at the end. Orbital occupation is indicated by a 2 in the case of a doubly occupied orbital, and � and

 mean singly occupied by an � or � electron, respectively. The doubly occupied core orbitals are
1a�22a�23a�24a�25a�26a�27a�28a�2.

SDn
n

Occupation DMRG

CASCI DMRG9a� 10a� 11a� 12a� 13a� 14a� 1a� 2a� 3a�

1 2 � 
 0 0 0 2 
 � 0.437 253 0.437 532
2 2 
 � 0 0 0 2 � 
 0.437 253 0.437 665
3 2 2 0 0 0 0 2 2 0 0.391 876 0.390 217
4 2 2 0 0 0 0 2 � 
 0.287 160 0.287 660
5 2 � � 0 0 0 2 
 
 0.175 405 0.174 988
6 � 2 
 0 0 0 2 2 0 0.006 898 0.007 071

SDn
n

Occupation DMRG2

CASCI DMRG10a� 11a� 2a� 3a� 12a� 13a� 14a� 1a� 9a�

1 � 
 
 � 0 0 0 2 2 0.437 253 0.437 332
2 
 � � 
 0 0 0 2 2 0.437 253 0.437 620
3 2 0 2 0 0 0 0 2 2 0.391 876 0.391 641
4 2 0 � 
 0 0 0 2 2 0.287 160 0.287 370
5 � � 
 
 0 0 0 2 2 0.175 405 0.175 537
6 2 
 2 0 0 0 0 2 � 0.006 898 0.006 742

SDn
n

Occupation DMRG3

CASCI DMRG12a� 13a� 9a� 10a� 11a� 1a� 2a� 3a� 14a�

1 0 0 2 � 
 2 
 � 0 0.437 253 0.437 560
2 0 0 2 
 � 2 � 
 0 0.437 253 0.437 198
3 0 0 2 2 0 2 2 0 0 0.391 876 0.391 678
4 0 0 2 2 0 2 � 
 0 0.287 160 0.287 269
5 0 0 2 � � 2 
 
 0 0.175 405 0.175 016
6 0 0 � 2 
 2 2 0 0 0.006 898 0.006 984
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state. In the original ordering, it was at the 11th microitera-
tion step, while it was the second step for ordering DMRG2
and the 16th step for the ordering DMRG3. The reason for
this was already discussed in case of the dioxygen molecule.
If the relevant many-electron states on either of the sub-
systems have zero weight, the total Slater determinant will
also have zero weight. Then, it takes more microiteration
steps to finally “populate” these Slater determinants in the
total state.

VII. THE ROLE OF THE MAJORITY OF
DETERMINANTS

From the discussion of the different orbital orderings for
the ozone transition state in the last section, we understand
that convergence can be indeed efficiently controlled by a
proper arrangement of all relevant orbitals in such a way that
the relevant electronic configurations can easily be picked up

in the renormalization steps. In order to identify the relevant
orbitals, one can, for instance, utilize a comparatively fast CI
singles-doubles calculation.

One issue, however, requires special attention, and this is
the finally converged total electronic energy. In fact, the en-
ergy is lowest �and thus closest to the CASCI reference� in
the case of the unfavorable �with respect to fast convergence�
ordering DMRG3 if one compares the converged energies
given in Table II. The total energies of the other two orbital
orderings �DMRG and DMRG2 in Table II� cannot be im-
proved in further microiteration steps. Hence, the difference
of these energies must be due to the total number of Slater
determinants picked up in the renormalization steps. That is,
the higher the energy, the smaller the number of Slater de-
terminants �since additional iterations cannot improve the en-
ergy�. That this is indeed the case is highlighted in the graphs
in Fig. 12, where we counted the total number of determi-
nants with a weight CI above a certain threshold. From this
figure, it is clear that the small differences in the converged

FIG. 10. Total energies of distorted Cs-symmetric O3

for lattices DMRG2 �top� and DMRG3 �bottom; see
Table VI for details on these orbital orderings�.
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energies in Table II for the ozone transition state are due to
the different number of Slater determinant basis states of the
converged DMRG total state. This is particularly true upon
inspection of the graph with the smallest threshold of 10−14,
which comprises all determinants with nonzero weight in the
CASCI wave function. The number of the CASCI determi-
nants above the given thresholds is depicted as a straight line
in the graphs in Fig. 12.

It is important to emphasize that the number of Slater
determinants picked up as basis functions for the DMRG
total state is directly determined by the number of configu-
rations picked up for the renormalized states of the active
system. Hence, if the total number of Slater determinants

�k
�N�� used as a basis for the DMRG states of the active

system is too small, the total state will necessarily utilize a
smaller number of Slater determinant basis states.

To conclude, the orbital ordering on the lattice is deci-
sive for the total number of many-electron basis states �i.e.,
Slater determinants� utilized by the converged DMRG total
state. It is important to understand that the final many-
electron basis set of the converged DMRG total state may
miss certain determinants with very small weight, which are

apparently not picked up in additional iteration steps. These
missing contributions then lead to a more or less small dif-
ference in total energy �the size of the difference depends, of
course, on the electronic structure and is larger for a compli-
cated system with many active electrons such as the chro-
mium dimer20�. Then, how can the result be improved? One
simply has to increase the number of renormalized states m.
For m=150 �i.e., about three times larger than the original m
value used so far�, we obtain a converged energy of
−224.384 300 9 hartree for the original energetical ordering,
−224.384 300 5 hartree for the DMRG2 ordering, and
−224.384 300 9 hartree for the DMRG3 ordering.

As a rule of thumb, m should be chosen such that it is
much larger than the number of relevant Slater determinants
�i.e., larger than the number of these determinants for a given
threshold on CI�. If this is considered, the DMRG basis states
of the active system will be able to pick up also determinants
which are important for the final convergence of the energy
although they do not contribute the major part to it. If m is
chosen to be too small and the orbitals are arranged properly,
then the DMRG states defined on the active system are well
represented only by the important determinants. This results
in a quick convergence with the side effect that other deter-
minants cannot be picked up so that the finally converged
energy is somewhat too high.

VIII. GENERAL DISCUSSION AND CONCLUSION

In this work, we proposed a method to decompose itera-
tively constructed DMRG states into a basis of Slater deter-
minants. The purpose of this method is to understand the
structure of the DMRG wave function in terms of electronic
configurations. So far, the DMRG wave function was ob-
tained as an eigenvector with respect to an unknown basis;
only the total electronic energy �or other properties such as

the expectation value of the squared total spin operator Ŝ2�
was in the focus of previous investigations. However, con-
vergence of the DMRG algorithm with respect to microitera-
tion steps and choice of the number of renormalized system
states m is a crucial issue that can be conveniently addressed
if the DMRG wave function and the DMRG system states
are known in terms of a Slater determinant expansion. It
turned out that a fine tuned balance exists between orbital
ordering, the guess for the environment, and the choice of
the parameter m. On the one hand, a good choice of the
ordering of orbitals depends on how the environment guess
is constructed and vice versa. On the other hand, the size m
is crucially determined by how accurately the first DMRG
many-electron states defined on system and environment rep-
resent the relevant electronic configurations of the DMRG
total state and whether they can still account for the majority
of the less important determinants.

In the case of the ozone transition state structure, we
found a decrease in total energy at the start of the algorithm
although the qualitative structure of the DMRG state is very
different from the converged composition in terms of Slater
determinants. This demonstrates that the total energy is not
necessarily a good criterion to study convergence as the
DMRG state may qualitatively differ from the converged ref-

FIG. 11. CI coefficients of distorted Cs-symmetric O3 for lattices DMRG2
and DMRG3 �see Table VI for details on these orbital orderings�.
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erence while the DMRG total energy decreases and is sig-
nificantly below the Hartree-Fock reference energy. DMRG
convergence to a total state, which is of a different “nature”
in terms of its composition by electronic configurations �i.e.,
Slater determinants� when compared with the reference, may
lower the total energy and yield convergence but to a false
energy. This may happen because of deficiencies in the
DMRG set up which cannot be overcome for fixed m. For
instance, if the number of renormalized states m is too small
so that it cannot represent all relevant states as well as the
majority of the less relevant states at the same time or if the
guess for the environment operators is such that some con-
figurations can never be picked up for given m, convergence
to a wrong fixpoint is likely.

In particular, we found that DMRG convergence is
largely affected by the ordering of those orbitals which be-
come occupied in the relevant configurations. Hence, it
might be advantageous to run an explorative CI singles-
doubles calculation first to determine a proper ordering of the
orbitals. “Proper” means that these important orbitals should
be at the beginning and at the end of the lattice if the guess
for the environment is chosen such that the sites at the end of
the lattice in any direction are treated exactly. If one chooses
to arrange the important orbitals in the middle of the lattice,

these sites should be included for the environment guess, but
it is then, at most once, possible to take advantage of the
systematically set up system block for convergence accelera-
tion, namely, in the direction that contains relevant orbitals at
the beginning of the orbital sequence. In the case, with rel-
evant orbitals arranged at both ends of the lattice, one may
include the relevant orbitals for fast convergence in each
direction for system and environment and vice versa. How-
ever, one must not forget that the parameter m may affect the
fixpoint of this fast convergence.

Of course, it is not always possible to arrange all rel-
evant orbitals in a proper way if very many orbitals contrib-
ute to the relevant configurations in the total state because
there may be more orbitals than properly treated sites at the
beginning and the end of the lattice so that they are neces-
sarily included only approximately due to the renormaliza-
tion steps �compare the convergence to local energy minima
in the case of the chromium dimer studied in Ref. 20�. How-
ever, this might indicate to use a DMRG protocol, in which
all relevant orbitals are divided such that they are either most
accurately treated in the system in the first microiteration
step, which considers all states on the first site and on the
sites in between system and environment exactly, or that they
are used to set up the environment exactly even if the dimen-

FIG. 12. Graphical representation of the total number of determinants for CASCI and DMRG calculations on O3 in the transition state structure employing
the three different orbital orderings, namely, the energetical ordering, DMRG2 �ordering 2�, and DMRG3 �ordering 3�, all given in Table VI. The total number
of determinants with absolute weights larger than 1.0	10−3 �top left�, 1.0	10−5 �top right�, 1.0	10−6 �bottom left�, and 1.0	10−14 �bottom right; this latter
threshold comprises all Slater determinants with nonzero weight in the correct CASCI wave function� are given.
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sion is then dramatically increased. If the latter is not pos-
sible, the identified number of relevant configurations may
be used to predefine the most suitable starting value for the
number of renormalized states m, which should be chosen to
be much larger than the number of relevant configurations
�compare the transition state ozone example above�.

A previous study28 focused also on the structure of the
reduced density matrix, which is the central quantity in
DMRG. However, the structure and the spectrum of the re-
duced density matrix are difficult to understand if the nature
of the basis states is not understood. For instance, if the
guess for the environment states, the number of renormalized
system states m, and the orbital ordering in an actual DMRG
calculation are chosen such that a given electronic configu-
ration is not picked up in the microiteration steps, one will
detect convergence with respect to the total energy and to the
density matrix although the converged quantities do not
agree with the true physical reference sought for �see Ref. 19
for examples of convergence to too high total electronic en-
ergies�. The decomposition of the DMRG state in terms of
Slater determinants is an interesting option to also better un-
derstand how the density matrix and its spectrum can be
utilized to understand DMRG convergence and to terminate
the DMRG algorithm upon convergence. This points to fu-
ture work along the lines presented here.
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