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This exercise elaborates upon the topic of thermodynamic properties of crystalline solids treated
in Chapter 6.3.3 of the lecture script. In the first part of the current problem set, we start from a
simple model to introduce the dispersion relations and the concept of phonons as quantized lattice
vibrations. We then use these results to obtain formal expressions for some thermodynamic state
functions of an ideal crystalline solid. In the second part, we first derive the spectral density
function and later express the heat capacity of a crystalline solid in terms of this quantity using
the Debye approximation. Shortcomings of the Debye model are discussed in the context of the
phonon level-density and the dispersion relations of a real solid.

Problem 1: Lattice vibrations in a one-dimensional monoatomic Bra-
vais lattice

a) Consider the linear chain of ions of mass M connected by (perfect massless) springs depicted
in Fig. 1-1a. At equilibrium, the masses are separated by a distance of a. Let x(na) denote
the displacement from equilibrium position of the ion that occupies the site at na (i.e. the
n-th lattice site). If we for simplicity assume that only nearest-neighbour interactions are
present, the potential energy of the resulting harmonic oscillator chain has the form:

Vharm =
1

2
K
∑
n

(x(na)− x ([n+ 1]a))2 . (1.1)

na(n-1)a(n-3)a (n+1)a (n+2)a (n+3)a(n-2)a

x(na)

a) b)

Figure 1-1: a) One-dimensional Bravais lattice with nearest-neighbour in the harmonic approx-
imation. b) Illustration of the periodic boundary conditions.

Use the above expression to formulate the classical equation of motion for the displacement
x(na) of an ion with situated at na. Note that since each ion has two neighbours, the coor-
dinate x(na) appears twice in the sum in eq. 1.1.

b) In order to solve the equation obtained in part a), some boundary conditions need to be
specified. A real crystal consists of N finite lattice sites, thus one has to specify how the
ions sitting at both ends are to be described. A convenient choice consists in taking periodic
boundary conditions1 (cp. Fig. 1b), i.e one simply joins the both ends of the chain, which
results in: x([N + 1]a) = x(a) and x(0) = x(Na). Follow the procedure outlined below:

1Historical remark: This choice is known under the name of Born-von Karman periodic boundary condition.
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i) Take as an ansatz for x(na, t) a function of the form ei(kna−ωt), with k and ω being the
reciprocal momentum and the angular frequency, respectively.

ii) The choice of periodic boundary conditions implies that

eikNa = 1 =⇒ k =
2π

a

n

N
. (1.2)

Obtain an expression for the angular frequency ω in terms of the momentum k. Sketch the
behaviour of ω(k) for k ∈ [−π

2
, π
2
] (first Brillouin zone). The resulting curve is known as a

dispersion curve. Comment on the behaviour of ω(k) in the limit k → 0.

Remark 1: The above treatment can be extended to the general case of a three-dimensional
lattice, resulting in 3N normal modes with eigenfrequencies ωs(k), where s = {1, 2, 3} de-
notes one of the three possible polarization directions. In the three-dimensional case, the
mutual orientation between the polarization vectors εs(k) and the propagation direction
k has to be taken into account. For an isotropic crystal, there is one branch (longitudi-
nal modes) polarized along the propagation direction (ε ‖ k) and two (transverse modes)
branches polarized perpendicular to it (ε ⊥ k), as briefly mentioned on pg. 62 in the lecture
notes.

When treating the classical harmonic oscillator in Exercise 5, you found that the contribu-
tion of the each normal mode to the heat capacity cV is independent of the temperature.
This prediction disagrees with experimental results for temperatures below the room tem-
perature. (A similar situation was encountered in Problem 1c) of Exercise 5 when studying
the low-temperature limit of the entropy of the classical harmonic oscillator). Only in the
framework of a quantum treatment of lattice vibrations can one account for the experimental
behaviour. In the following, we treat the three-dimensional N -ion harmonic crystal from the
preceding tasks as a set of 3N independent quantum harmonic oscillators. The contribution
of each mode with angular frequency ωs(k) is given by(

nks +
1

2

)
~ωs(k), (1.3)

which yields the following expression for the total energy:

Ecrystal =
∑
ks

(
nks +

1

2

)
~ωs(k), (1.4)

where nks = 0, 1, 2, . . . labels the excitation number of the eigenmode with momentum k
and polarization s.

c) Derive general expressions for the internal energy u and the heat capacity cV .

Remark 2: Equation 1.3 describes the vibrational state of a harmonic solid in terms of the
excitation number nks associated with the normal mode with wave vector k in branch s. An
equivalent (and more convenient) approach consists in adopting a ”corpuscular” description.
In an analogy to describing the electromagnetic field in terms of photons, a normal mode
with wave vector k in branch s in the nks-th excited state is equivalent to nks phonons of
type s with wave vector k being present in the crystal.
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Problem 2: Spectral density of the phonon gas. Debye model for the
heat capacity of a harmonic solid

a) In order to be able to explicitly evaluate the expressions for various quantities (internal
energy, specific heat), it will prove convenient to replace the summation over the discrete
wave vectors (e.g. in eq. 1.4) by an integral over k:∑

k

→
∫

dk

(2π)3
. (2.1)

Try to use this approach to obtain a low-temperature limit for the specific heat of a solid
from the expression you derived in Problem 1 c). You can assume that the dispersion relation
is given by

ω ≡ ωs(k) = csk, (2.2)

with cs being the speed of sound. The integral over k is most easily evaluated in spherical
coordinates: dk = k2dkdk̂. You can treat the three branches as degenerate, i.e. the sum
over s

∑
s accounts for a factor of 3.

Hint 1: If you were not able to solve Problem 1 c), use cV = ∂
∂T

∑
s

dk
(2π)3

~csk
e~csk/kBT−1 . This

particular form of cV results in somewhat simplified calculations.
Hint 2: You will need the integral

∫∞
0

x3

ex−1 = π4

15
.

Evaluation of lattice properties involves integrals of the form encountered above, i.e.∫
dk

(2π)3
f(ωs(k)). It is convenient to substitute those by integrals over the frequency,∫

dωg(ω)f(ω) with g(ω) corresponding to the density of normal modes per unit volume,
or the density of levels. For phonons, one has

g(ω) =
∑
s

∫
dk

(2π)3
δ (ω − ωs(k)) . (2.3)

b) In the treatment introduced by Debye, one makes the following approximations. First, we
assume that the the phonon angular frequencies obey the relation in eq. 2.2. The second
approximation is related to one fundamental property of phonons. In contrast to the case
of light waves, where arbitrarily large frequencies are permitted, the maximal frequency for
sound waves is limited by the (inverse of) the spacing between the adjacent atoms. Therefore,
in eq. 2.3, one can impose an upper limit of the integration by considering only wave vectors
lying within a radius k ∈ [0, kD]. The associated angular frequency ωD ≡ kDc is denoted as
Debye frequency. Using this information, derive the explicit form of the density of phonon
states gD(ω) in the Debye approximation from eq. 2.3. As before, the sum over the phonon
polarization states s accounts for a factor of 3.

c) Express the Debye frequency ωD as a function of the average atomic spacing 3
√
V/N . For

this aim, estimate the number of phonons in the volume V . This number corresponds to the
total number of degrees of freedom of the crystal.

d) The Debye temperature (ΘD ≡ ~ωD

kB
) of diamond is 2250 K. At which temperature the does

the heat capacity according to the Debye model equal one third of the classically predicted
value? Assume that the speed of sound cs is 12 000 m s−1.
Hint: Some of the resultant integrals have to be evaluated numerically.

e) On the basis of your result in Problem 1 b), comment on validity of the approximations
made in the Debye model (cp. Problem 2 b)).
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