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Problem 1: Classical simple harmonic oscillator

We consider an ensemble of N one-dimensional, classical, non-interacting simple harmonic
oscillators with reduced mass µ that is in contact with a thermal reservoir at temperature T .
The system’s classical Hamiltonian function is given as

H(p, x) =
p2

2µ
+

1

2
Kx2 . (1.1)

a) Compute the canonical partition function, Helmholtz free energy, internal energy, heat ca-
pacity at constant volume, and entropy for the ensemble.

b) Does the result for the internal energy meet your expectation?

c) Discuss the result that you have obtained for the entropy.

d) What is the mean value 〈x〉 of the position x? Why?

e) What is the standard deviation σx of the position x?

Hints:
(i) For the classical case, all values of x between −∞ and ∞ are, in principle, accessible.
(ii) If you cannot compute an indefinite integral that you appear to need, try the definite
integral that you really need.
(iii) If you weren’t able to compute the canonical partition function, use

z =

(
kBT

ν

)N

. (1.2)

where ν is the frequency of the classical harmonic oscillator.

Problem 2: Langmuir isotherm

The Langmuir isotherm describes single layer physical adsorption of particles onto a uniform
surface. Each adsorption site is able to accommodate exactly one particle.
A typical Langmuir isotherm is given in Fig. 2-1. Derive the expression for the relative
occupation θ when assuming a Langmuir model of adsorption,

θ =
N

Nad

=
p

K + p
, (2.1)

by a statistical mechanics approach. For Nad equivalent, but distinguishable adsorption sites
and N indistinguishable particles with a molecular partition function Z(T ) of the adsorbate,
the partition function of the adsorbate is given by

z =
Nad!

N !(Nad −N)!
ZN . (2.2)
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Figure 2-1: Langmuir isotherm showing the relative occupation of adsorption sites as a function
of the adsorbate’s pressure.

What quantities enter constant K? (Note that K in this context is not related to K in the
first problem.)
Hints:
(i) At equilibrium, the chemical potential of the adsorbate must be the same as the chemical
potential in the gas phase.
(ii) The classical expression of gas phase chemical potential for an ideal gas is given as follows:

µg = µo
g + kBT ln

(
p

po

)
. (2.3)

(iii) It may be tempting to introduce pressure p via the partition function, but if you use the
thermodynamic identities of an ideal gas instead, the solution becomes much easier.
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