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Problem 1: Thermal equilibrium distribution

Assume a new fundamental particle. Each energy level εj (∀εj > 0) is gj-fold degenerate, i.e.,
it can be occupied by up to gj particles. The energy of an isolated assembly of new particles
is fixed, but the total number of these strange particles is not conserved because of mysterious
interactions with the walls of the enclosure.

a) Derive the number of ways by which Nj of the particles in such an energy level can be
distributed among the gj states. Use that number and the methods of statistical thermody-
namics to write down the formula for the number of microstates per macrostate.

b) Following Lagrange formalism (see the script page 35) derive an expression for the equilib-
rium particle distribution if β can be assumed, as usual, to be 1/(kBT ) and if gj � Nj.

Problem 2: Equipartition theorem

We consider a system with the Hamiltonian

H(q1, q2, . . . qN , p1, p2, . . . pN) = ay2 +Hrem , (2.1)

where y is one of the qi or pi (i = 1 . . . N) and Hrem collects all remaining terms of the
Hamiltonian.

a) Show that the mean energy 〈ay2〉 associated with the degree of freedom y is kBT/2.
Hints:
(i) You should not use the general derivation in Wedler/Freund, but provide one for this
(simpler) problem.
(ii) You may assume a Boltzmann distribution for the probability density in phase space.
(iii) You may separate the contribution of the degree of freedom y in the Boltzmann distri-
bution from the contributions of all other degrees of freedom.
(iv) You can assume that the variable y and the remaining variables are uncorrelated, there-
fore the total probability density can be written as ρ(~p, ~q) = ρ(y) · ρ(rem).

b) The kinetic energy of an ideal gas mixture is given by Hkin =
∑

i

∑
j

∑
k p

2
ijk/(2mk), where

index i runs over all particles, index j can be x, y, or z, and index k runs over the components
of the mixture, i.e., particles of different components of the mixture have different masses.
Compute the mean square velocity 〈~v2k〉 of particles of component k. In a mixture of H2 and
O2, which molecules move faster on average, hydrogen or oxygen molecules?
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