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Problem 1: Maxwell-Boltzmann distribution

In an ideal gas, modelled by non-interacting point particles in potential-free space, the distri-
bution of energies ε of the particles conforms to:1

ρ(ε) = 2π
√
ε

√(
1

πkBT

)3

e−ε/(kBT ) ∀ε > 0 . (1.1)

a) Compute the fraction of particles that have an energy ε > 5kBT .
Hint: You may use Mathematica or Matlab to solve this problem.

b) What is the mean value 〈ε〉 of the energy? Is that what you would expect?

c) Calculate the second moment 〈ε2〉 and the second central moment σ2
ε = 〈(ε− 〈ε〉)2〉.

Problem 2: Multiple continuous probability distributions

A trial T can be described by two independent random numbers x and y, with each of them
being uniformly distributed in the interval [0, 4]. What is the probability that the two conditions
x+ y ≤ 1 and y/x ≤ 1 are simultaneously fulfilled in trial T ?
Hint: The problem can be solved most easily by a graphic approach.

Problem 3: Generation of random numbers for a given probability
density distribution

In research it might be necessary to be able to generate a given probability density distribution
by a set of random numbers. For example, it was recently necessary to obtain the Ramachan-
dran plot probability distributions of backbone dihedral angles from a recent publication to
simulate intrinsically disordered domains and proteins in the MMM software.2 To practise this
principle we want to generate random numbers conforming the Matlab® logo (figure 3.3 in
the lecture notes). To start write a Matlab® program that generates random numbers x, y
conforming to a two-dimensional probability density distribution ρmem(x, y) that resembles the
Matlab® logo. The (not yet normalized) distribution ρmem is obtained by

L = membrane(1,resolution,9,9);

1For derivation, see: G. Wedler, H. J. Freund, Lehrbuch der Physikalischen Chemie, Wiley-VCH, Weinheim,
6. Aufl. 2012

2MMM is an open-source program for multiscale modeling of macromolecular systems, see:
http://www.epr.ethz.ch/software.html
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Hint 1: You can use the reshape function to generate a vector from a two-dimensional array
as well as for reshaping a vector into a two-dimensional array. That way the two-dimensional
problem (or, in general, a multi-dimensional problem) can be reduced to the problem of a
one-dimensional probability density distribution. The generated random numbers will be dis-
cretized, depending on the choice of parameter resolution. A resolution of 100 should be
fine.
Hint 2: If you don’t use Matlab, you can do the same for a probability density distribution
resembling a half sphere, which is given by ρ(x, y) =

√
1− x2 − y2 for x2 + y2 ≤ 1 and by

ρ(x, y) = 0 otherwise.
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