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Both problems are slightly modified versions from Swendsen’s book.

Problem 1: Mutual independence

a) A set of random variables is pairwise independent if for any pair of random variables the
joint probability is the product of the marginal probabilities. They are mutually independent
if for any subset of {Aj} containing n of the random variables with indices s1 . . . sn, the joint
and marginal probabilities satisfy the equation

Ps1,s2,...,sn(as1 , as2 , . . . , asn) = Ps1(as1)Ps2(as2) . . . Psn(asn) . (1.1)

Does mutual independence imply pairwise independence?

b) Does pairwise independence imply mutual independence? Provide a proof or a counterex-
ample. As a starting point, think of all possible probabilities in the case of three events A,
B and C. As a help, you can use the empty probability space which is drawn in Fig. 1-1.

Figure 1-1: Schematic probability space for three events A, B and C.

Problem 2: Binomial distribution

We consider particles of an ideal gas that are distributed between two compartments with
volumes VA and VB. With the total volume V = VA + VB, we obviously have a probability
P = VA/V to find an individual particle in compartment A and a probability 1 − P to find
it in compartment B. We are interested in the probability distribution of finding n out of N
particles in compartment A if P is given.

a) Prove the following identity for binomial coefficients:(
N
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)
=
N − n
n+ 1

(
N

n

)
. (2.1)
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b) Write a Matlab function that simulates the sum of an arbitrary number of independent
random numbers nj|j = 1, . . . , N with all of them taking the value 1 with probability P (1) =
P and 0 with probability P (0) = 1 − P assuming a binomial distribution. Write a Matlab
script that repeatedly calls this function (T times) and plots a histogram of the sum.

c) Using the identity proved in 2a), write a Matlab function that computes the theoretical
distribution. What problem could occur if you explicitly calculate the right-hand side of Eq.
(3.23) using the factorials to compute Eq. (3.24) in the lecture notes (you may try)? Extend
your Matlab script, so that it plots the theoretical distribution on top of the Monte-Carlo-
generated distribution.

d) Write a function that returns the mean value 〈x〉, variance σ2
x, and standard deviation σx

for any probability distribution with given abscissa vector ~x and probability distribution
P (x). Extend your Matlab script, so that it reports these values for both the theoretical and
Monte-Carlo generated histograms.

e) Write a function that computes the Gaussian approximation (Eq. (3.26) in the lecture notes)
to the binomial distribution and let your Matlab script plot this approximation on top of the
Monte-Carlo-generated and theoretical binomial distributions. Let it also report the mean
value, variance, and standard deviation.
Hint: This is an example for a clever program test. If your function in 2d) is correct and
your function for the Gaussian approximation is correct, the mean value and variance must
conform to the line above Eq. (3.26) in the lecture notes. If not, you need to find the
bug in one of the functions. Advanced programmers know that you may have bugs in both
functions, which complicates debugging. Very advanced programmers know that in rare cases,
bugs in the two functions will compensate and the test run will produce correct results, but
the functions will fail in other contexts.

f) Run your program for the following cases, using a number of trials T that leads to reasonable
precision of the Monte Carlo results. Comment on the agreement between theory and Monte
Carlo experiment and on the accuracy of the Gaussian approximation. In all cases, the
total volume V is 1 μm3. 1. N = 10, VA = 0.5 μm3; 2. N = 30, VA = 0.85 μm3; 3.
N = 150, VA = 0.03 μm3.
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