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Discussion: 13.12.2016 your tutorial room

Exercise 10 deals with a statistical approach to kinetics, i.e., time-dependent phenomena. This
topic is not directly treated in the lecture script, but looking again at Chapter 3 and Exercise 2
and 3 will help you to solve this Problem Set. Please note, that no spin Hamiltonian is needed
to find the correct answers.

Problem 1: Kinetic description of random fluctuations

In this Problem, we will derive first a Monte Carlo description of the relevant kinetics and then
prove that it reproduces the observables.

We consider an electron spin S = 1/2 in an environment of n nuclear spins Ii = 1/2 (i = 1 . . . n).
Each nuclear spin can be either in the α state (state 1) or in the β state (state 0) and the lifetime
of both these states is τ = 30 µs, i.e., the probability per unit time of a transition from α to β
as well as from β to α is 1/τ .

a) If nuclear spin Ii is in state 1 at zero time, what is the probability density ρ1(t) that it will
still be in state 1 at time t?

Hint: Don’t forget that ρ1 must be properly normalized.

b) Using the result obtained in 1a), show that the mean time spent in state 1 is indeed τ .

c) What is the standard deviation of the time spent in state 1?

d) For a stream of random numbers r that are uniformly distributed in the interval (0, 1),
derive the function f(r) that generates a stream of random numbers conforming to the
lifetime distribution of state 1.

Hint: The problem is a repetition of probability theory. Refer to Figure 3.2 in the script,
but note that the inverse function can be found analytically here.

e) Write a short Matlab script that shows that your function f(r) provides the correct lifetime
distribution and that also checks the mean lifetime and its standard distribution.

Problem 2: Keeping a qubit alive by dynamical decoupling

Problem 2 deals with a current research topic in the field of magnetic resonance: dynamical
decoupling. Since such a problem cannot be solved analytically, numerical ”computer exper-
iments” are needed to explore possible solutions. For this, we provide you with an (almost
finished) computer program: please run it on your computer and ”play” around by varying
different parameters! (Such a situation is very common in today’s life of a scientist.)

Let’s assume that electron spin S = 1/2 is a qubit in a quantum computer and is in a coherent
superposition of its αS and βS state at zero time. The random fluctuations of nearby nuclear
spins Ii, considered in Problem 1, lead via the hyperfine coupling to a fluctuating local field at
the electron spin S. This destroys the electron spin coherence by dephasing, therefore shortens
its lifetime and makes the qubit useless unless the quantum computation can be completed
within a short time t� τ .
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A method to prolong the lifetime of such an electron spin coherence, the qubit, is the decoupling
of the hyperfine interaction by the application of microwave pulses to the electron spin S.
Microwave pulses with a flip angle π (or 180◦) invert the sign of the hyperfine field and can
refocus the electron spin coherence. A ”train” of such π pulses in magnetic resonance is known
as the Carr-Purcell sequence (you may look up again your PC IV lecture notes under chapter
2.9.2 Transverse Relaxation).

In our numerical simulation program, we will apply a dynamical decoupling sequence of order
o that consists of o π pulses with intervals Tp between them. The sequence of order o = 1 is
Tp/2 − π − Tp/2, the one of order o = 2 is Tp/2 − π − Tp − π − Tp/2, and the one of order o
is Tp/2 − (π − Tp)o−1 − π − Tp/2. By assuming ideal, infinitesimally short π pulses, we find
Tp = T/o, where T is the total length of the sequence.

We provide an almost completely programmed Matlab function random telegraph events MC

for a Monte Carlo simulation that computes the fraction of qubit coherence left after time T
for n identical coupled nuclear spins and a dynamical decoupling sequence of order o for given
nuclear spin state lifetime τ and electron spin line broadening σ by coupling to the nuclear
spins. We assume a Gaussian line with standard deviation σ. For simplicity we assume that
all n nuclear spins have the same coupling to the electron spin.

a) Actually, each nuclear spin with coupling d shifts the frequency of the electron spin by mIid,
where mIi is +1/2 for the α state of the nuclear spin and −1/2 for the β state. Why can we
assume that this leads to Gaussian line broadening for a large number n of nuclear spins?
How is d related to σ? Insert this result in line 52 of function random telegraph events MC.

b) Insert the result of 1d) into line 70 of function random telegraph events MC. If you could
not solve 1d), use te = te + erfinv(rand)*tau; (this is not the correct solution but
provides reasonable results in the following).

c) Write a script that calls random telegraph events MC to compute the decay function of
the qubit coherence for a given order o of the dynamical decoupling sequence and a given
standard deviation σ (2 MHz is a good value to start with). Assume n = 1000 nuclear spins
for a start. If the simulation runs too slowly, you can adjust the number of trials in line
17 of random telegraph events MC or in the function call (at the expense of more Monte
Carlo noise in the result).

d) Find a proper timescale for simulating the decay and a number of data points on the time
axis that strikes a good compromise between time resolution and simulation time.

e) Test by simulations whether dynamical decoupling works, i.e., whether the decay becomes
slower with increasing order o. Discuss possible experimental limitations to increasing order
o.

f) Further, test whether decay depends on the number n of nuclear spins.
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