
Statistical Thermodynamics Solution Exercise 2 HS 2016

Solution Exercise 2

Problem 1: Mutual independence

a) Yes, mutual independence does always imply pairwise independence, since by definition (see
p. 19 in the lecture notes) any subset of n variables of the complete set {Aj|j = 1, ..., N},
including all pairs, is independent and fulfills Eq. (1.1) from Exercise 2.

This follows already from independence in the full set of all random variables which is shown
in Eq. 1.1 in the case of three variables:

P (a, b) =
∑
ci

P (a, b, c) =
∑
ci

P (a)P (b)P (ci) = P (a)P (b)
∑
ci

P (ci) = P (a)P (b) (1.1)

In the last step we used that
∑

ci
P (ci) = 1. By complete induction (in german: Vollständige

Induktion) this can be shown for an arbitrary number of variables.

b) No, pairwise independence for more than two events does not necessarily imply mutual
independence. Values for a counterexample with three events A, B and C can be found for
example on the English Wikipedia entry on Independence (probability theory) and are shown
in Fig. 1-1 (retrieved on September 22nd, 2015). In this case, the marginal probabilities are

PA(a) = PB(b) = 1/2 and PC(c) = 1/4 (1.2)

All pairwise joint probabilities are independent with

P (a, b) = PA(a)PB(b) = 1/4 ,

P (a, c) = PA(a)PC(c) = 1/8 ,

P (b, c) = PB(b)PC(c) = 1/8 .

(1.3)

Nevertheless, all three events together are not independent with

P (a, b, c) = 1/10 6= PA(a)PB(b)PC(c) = 1/16 . (1.4)

An algorithm to find such a pairwise but not mutually independent set of three events is
given here:

Let’s consider the case of three discrete random variables A, B and C. For simplicity let
each of them take two different values 0 and 1 with equal marginal probabilities

PA(a) = PB(b) = PC(c) = 1/2 . (1.5)

leading to eight possible outcomes (corresponding to the eight areas in the probability space
of Fig. 1-1)

(1, 1, 1) (0, 1, 1) (1, 0, 1) (1, 1, 0) (0, 0, 1) (0, 1, 0) (1, 0, 0) (0, 0, 0) . (1.6)
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Figure 1-1: Example for a probability space for three events A, B and C that are pairwise
independent, but not mutually independent. Source: Wikipedia

For pairwise independence to hold the following conditions on the joint probabilities have to

be fulfilled (hence the use of a ”
!

=” opposed to a ”=”)

P (a, b) = PA(a)PB(b)
!

= 1/4 ,

P (a, c) = PA(a)PC(c)
!

= 1/4 ,

P (b, c) = PB(b)PC(c)
!

= 1/4 .

(1.7)

We now want to prove whether or not relations (1.7) imply mutual independence given by

P (a, b, c) = PA(a)PB(b)PC(c) . (1.8)

In our case we will have a closer look at the outcomes of the random variables B and C under
the condition that relations (1.7) must hold. One could compute the joint probabilities of a
given outcome of B and C by summing over the two possible outcomes of A:

P (b = 1, c = 1) = PB(1)PC(1) = P (1, 1, 1) + P (0, 1, 1)
!

= 1/4 ,

P (b = 1, c = 0) = PB(1)PC(0) = P (1, 1, 0) + P (0, 1, 0)
!

= 1/4 ,

P (b = 0, c = 1) = PB(0)PC(1) = P (1, 0, 1) + P (0, 0, 1)
!

= 1/4 ,

P (b = 0, c = 0) = PB(0)PC(0) = P (1, 0, 0) + P (0, 0, 0)
!

= 1/4 .

(1.9)

(It is clear, that analogous equations with the summation over both outcomes for B or for
C will be valid as well, but the above considerations shall suffice.)

For Eq. (1.8) to be true P (a, b, c) = 1/8 has to be obtained. Trying to construct a coun-
terexample, without the loss of generality we can introduce a deviation δ to an arbitrary
P (a, b, c). Starting for instance with

P (1, 1, 1) = 1/8 + δ , (1.10)

it follows that due to the first line in Eq. 1.9 that

P (0, 1, 1) = 1/8− δ , (1.11)
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with |δ| < 1/8. Note also that δ can be either positive or negative. From Eqs. (1.10) and
(1.11) and from the analogs of Eqs. (1.9) for the variable B it follows that

P (1, 0, 1) = 1/8− δ ,
P (0, 0, 1) = 1/8 + δ .

(1.12)

Further, from Eqs.(1.10)-(1.12) and the analogs of Eqs. (1.9) for the variable C it follows
that

P (1, 1, 0) = 1/8− δ ,
P (0, 1, 0) = 1/8 + δ ,

P (1, 0, 0) = 1/8 + δ ,

P (0, 0, 0) = 1/8− δ .

(1.13)

These eight relations in Eqs. (1.10)-(1.13) are self-consistent and thus build a general set of
solutions for which Eq. (1.7) is correct, but Eq. (1.8) does not hold for any δ 6= 0.

For example, an extreme case would be δ = 1/8, which leads to

P (1, 1, 1) = P (1, 0, 0) = P (0, 1, 0) = P (0, 0, 1) = 1/4 ,

P (0, 0, 0) = P (1, 1, 0) = P (1, 0, 1) = P (0, 1, 1) = 0 .
(1.14)

Problem 2: Binomial distribution

a) (
N

n+ 1

)
=

N !

(n+ 1)!(N − n− 1)!
=
N − n
n+ 1

N !

n!(N − n)!
=
N − n
n+ 1

(
N

n

)
(2.1)

To proof the given identity, we have expanded the fraction by N − n in the second step.
With the help of this identity, you can calculate step by step (’from left to right’) a row in
Pascal’s triangle, where you always start from

(
N
0

)
= 1.

b) For one possible example for the function, see arbsum.m. The first section of the Matlab
script Ex2 2.m plots the histogram (you can use ’Evaluate Current Section’). When saving
all arbitrary sums in the vector allsum(k), it is important to add 1 to this sum to avoid
allsum(k) = 0. Otherwise, in the next step, the vector for the histogram may try to assign
a value freq(0), which will cause a Matlab error, since it does not accept the value 0 as an
index (’Subscript indices must either be real positive integers or logicals.’).

c) The function theor2a.m calculates the theoretical binomial distribution using Eq. (3.24) in
the script and the identity from 2a). If you evaluate the second section of Ex2 2.m, you see
that the agreement of the Monte-Carlo-generated histogram and the theoretical probability
distribution is excellent, as long as the number of trials T is large enough. A direct calculation
of Eq. (3.24) by inserting the factorials in Eq. (3.23) in the lecture notes would soon lead to
an overflow (e.g., factorial(200)=Inf). This underlines the importance of the identity
from 2a). A compromise would be using the built-in Matlab function nchoosek.m, as it is
demonstrated in the function theornk.m. For smaller particle numbers N , this seems to
produce the same distribution as using theor2a.m, but generates a warning on accuracy
and takes longer to compute. For larger particle numbers (e.g., N = 2000), both functions
theor2a.m as well as theornk.m fail to compute the whole distribution (using Matlab
version R2014b).
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d) The function mvsd.m calculates the mean value 〈x〉, variance σ2
x, and standard deviation

σx for any probability distribution with given abscissa vector ~x and probability distribution
P (x), based on Eqs. (3.10)-(3.14) in the lecture script. The third section of Ex2 2.m prints
these values for the histogram and the theoretical distribution.

e) The function gaussapprox.m uses Eq. (3.26) in the lecture notes to calculate the Gaussian
approximation of the binomial distribution. The fourth section of Ex2 2.m plots this distri-
bution and prints its mean value 〈x〉, variance σ2

x, and standard deviation σx, again using
mvsd.m.

f) The probability P is calculated from the given volumes as P = VA/V . For all Monte Carlo
simulations the number of trials was set to T = 104. Note that with this number of trials
there are still some variations in the Monte Carlo results.

Case 1 (N = 10, P = 0.5):

For Monte-Carlo: Mean: 5.00; variance: 2.53; standard deviation: 1.59;

For Theoretical distribution: Mean: 5.00; variance: 2.50; standard deviation: 1.58;

For Gaussian approx.: Mean: 5.00; variance: 2.48; standard deviation: 1.58;

For all three methods, the mean value is 5.00, but the variance deviates slightly from the
theoretical value for both, the Monte Carlo and the Gaussian approximation. Generally, the
difference between Monte Carlo and the theoretical distribution should decrease for higher
numbers of trials T . The difference between the Gaussian approximation and the theoretical
distribution can be seen in Fig. 2-1, since the height at the center of the (normalized)
distribution is slightly different.

Case 2 (N = 30, P = 0.85):

For Monte Carlo: Mean: 25.48; variance: 3.80; standard deviation: 1.95;

For Theoretical distribution: Mean: 25.50; variance: 3.83; standard deviation: 1.96;

For Gaussian approx.: Mean: 25.35; variance: 3.68; standard deviation: 1.92;

In this case, not only the variance, but also the mean slightly varies for the three methods.
The discrepancy between the Gaussian approximation and the theoretical distribution can
be seen in Fig. 2-2, where the Gaussian curve (red) is clearly shifted to the left with respect
to the theoretical curve (blue). This problem with the Gaussian approximation occurs for
one-sided distributions, as it is the case here.

Case 3 (N = 150, P = 0.03):

For Monte Carlo: Mean: 4.50; variance: 4.47; standard deviation: 2.12;

For Theoretical distribution: Mean: 4.50; variance: 4.36; standard deviation: 2.09;

For Gaussian approx.: Mean: 4.51; variance: 4.10; standard deviation: 2.02;

As in Case 2, here again, the variance is clearly and the mean is slightly different, comparing
the theoretical distribution and the Gaussian approximation (see Fig. 2-3).
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Figure 2-1: Probability distributions for Case 1 (N = 10, P = 0.5).
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Figure 2-2: Probability distributions for Case 2 (N = 30, P = 0.85).
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Figure 2-3: Probability distributions for Case 3 (N = 150, P = 0.03).
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