
Statistical Thermodynamics Solution Exercise 10 HS 2016

Solution Exercise 10

Problem 1: Kinetic description of random fluctuations

a) Analogous to the radioactive decay, the probability has the form of an exponential decay
with a decay rate k = 1/τ (first order kinetics):

ρ′1(t) = exp(−t/τ). (1.1)

In this example, the lifetime τ corresponds to the longitudinal relaxation time T1 of the
nuclear spins I. To obtain the correct probability density, we still need to normalize ρ′1(t),
where ∫ ∞

0

exp(−t/τ)dt = τ, (1.2)

leading to the normalized probability density

ρ1(t) = 1/τ · exp(−t/τ). (1.3)

b) The mean time 〈t〉 spent in state 1 can be calculated using Eq. (3.34) from the lecture notes:

〈t〉 =

∫ ∞

0

t · ρ1(t)dt =

∫ ∞

0

t/τ · exp(−t/τ)dt = τ (1.4)

This confirms, that we have chosen the right probability density ρ1(t) in 1a).

c) The standard deviation σt can be calculated as the square root of the variance σ2
t by using

Eq. (3.35) in the lecture notes:

σ2
t = 〈(t− 〈t〉)2〉 =

∫ ∞

0

(t− 〈t〉)2ρ1(t)dt =

∫ ∞

0

(t− τ)2ρ1(t)dt = τ 2 (1.5)

σt =
√
σ2
t = τ (1.6)

Note that for ρ1(t), the mean and the standard deviation take both the value τ .

d) As already pointed out in the second hint in the Problem set, the recipe to generate random
numbers conforming to a given probability density is described in Fig. 3.2 in the lecture
script. A similar task was also treated in Exercise 3, Problem 3.

First, we have to build the cumulative sum of the probability density ρ1(t):

P (t) =

∫ t

0

ρ1(x)dx =

∫ t

0

1/τ · exp(−x/τ)dx = 1− exp(−t/τ). (1.7)

Since the probability density ρ1(t) is normalized, the cumulative probability distribution
P (t) takes values from 0 to 1. In a Monte Carlo simulation, we would compare each of this
random number with the value of P (t) and then assign the corresponding value of t.
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Finally, we have to find the function f(r) that assigns to each stream of random number r
in the interval (0,1) the correct lifetime distribution of state 1. This function f(r) is found
by inverting the expression for the cumulative probability distribution P (t) in Eq. (1.7):

P (t) = r = 1− exp(−t/τ) (1.8)

t = f(r) = −τ · ln(1− r) = −τ · ln(r). (1.9)

We can make the last step of Eq. (1.9), since 1 − r and r describe equivalent streams of
pseudo-random numbers.

Such an inverse cumulative distribution function is also known as the quantile function in
probability and statistics.

e) A solution for this Matlab script is written and commented in Ex10 1e invfunct.m. Both,
the theoretical probability distribution ρ1(t) from Eq. 1.3 (in red) and the distribution
created from random numbers using Eq. 1.9 (in blue) lead to the same decay as shown in
Fig. 1-1. Also the mean lifetime and its standard distribution (using the Matlab function
mvsd.m, written for Exercise 2) show approximately the value of 30 µs, corresponding to the
lifetime τ .

Figure 1-1: Theoretical (red) and random-number-generated lifetime distribution using
Ex10 1e invfunct.m with n = 106 arbitrary numbers and nax = 104 points on the time
axis.
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Problem 2: Keeping a qubit alive by dynamical decoupling

a) The frequency distribution of the electron spin, caused by the coupling d to n nuclear spins
(I = 1/2) can be described with the help of the binomial distribution (compare also Exercise
2, Problem 2). As discussed in Eqs. (3.25) and (3.26) in the lecture script, for large values of n
nuclear spins, the binomial distribution can be well approximated by a Gaussian distribution.
From the lecture script (p. 22) we know that

σS =
√
NP (1− P ) (2.1)

(note that in this exercise n corresponds to N).

In this case we know that P = 0.5. Additionally, we have to multiply σS by d, since this is
the splitting between the two cases −d/2 and +d/2 (as compared to a usual ’splitting’ by 1,
between 0 and 1):

σ = d
√
n/4 (2.2)

Therefore, d can be written as a function of σ

d = 2σ/
√
n, (2.3)

which is inserted in line 52 of the function random telegraph events MC.

To be fully sure that we made no mistake in deriving Eq. (2.3), we can test this numerically
with the Matlab script Ex10 2a test.m, which confirms our result.

b) According to Eq. (1.9) from 1d) we can also fill line 70 of the function
random telegraph events MC with te = te −tau*log(rand);

c) See qubit decay.m and comments therein for c) to f). Note that you can run a single
section of a MATLAB script (marked by %%) wit CTRL+ENTER. Keep in mind that if you
enter your linewdith in MHz, your time unit will be correspondingly in µs.

We can see that the Gaussian line broadening from the frequency domain leads to a Gaussian
(and not to an exponential) decay in the time domain (see Fig. 2-1). This is a limiting case
in EPR spectroscopy, when the electron spin relaxation is fully dominated by (spectrally
unresolved) hyperfine couplings to nuclear spins. Every individual nuclear spin contributes
to an exponential decay of the electron spin, but a large number of coupled nuclear spins
lead to a Gaussian decay. This is a consequence of the central limit theorem (see Concept
3.1.5, p. 23 in the lecture notes).

d) As an example to start with, we simulate a decay time up to 10 µs with 100 data points on
the time axis (see qubit decay.m). As already mentioned in the Problem set, decrease the
number of trials, if the computation takes too long.

e) By increasing the order of the dynamical decoupling sequence, while keeping all other param-
eters constant, the simulation shows nicely that we can prolong the lifetime of the electron
qubit. Fig. 2-1 shows the simulation for n = 1000 nuclear spins, a Gaussian electron spin
line broadening of σ = 2 MHz and a nuclear spin lifetime T1 = 30 µs. The decoupling
sequence of length T = 10 µs of order o, corresponding to the number of π pulses applied to
the electron spin, was increased from 1 to 5.

Generally speaking, decoupling starts to work, when the intervals between the π-pulses
become comparable to or shorter than the flipping time of the nuclei. Perfect refocusing is
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only guaranteed, when the Hamiltonians in the intervals before and after the π-pulse are
identical. The nuclear spin flip changes the Hamiltonian of the electron spin S by inverting
the sign of the hyperfine coupling. Therefore, a full decoupling could be theoretically only
achieved by infinitesimally short, i.e., vanishing, inter-pulse delays.

For an experimental implementation of such a dynamical decoupling sequence, one will
expect an upper limit for the order o. First, microwave pulses for inverting the electron
spins (flip angle of θ = π), will not be ideal and infinitesimally short as in the simulation,
but will have a finite duration. So, at a certain maximum order o, there will be only pulses
and no more free intervals Tp. But even before reaching this limit, frequent pulsing may
lead to sample heating. And on top of this, experimental pulses will always contain some
imperfections (e.g., a flip angle θ that slightly deviates from π) and those may be accumulated
by every additional imperfect π pulse.
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Figure 2-1: Simulation of electron qubit lifetime using qubit decay.m, which uses the function
random telegraph events MC. The graph shows the simulated electron coherence decay for
n = 1000 nuclear spins, a Gaussian electron spin line broadening of σ = 2 MHz and a nuclear
spin lifetime T1 = 30 µs. The decoupling sequence of length T = 10 µs of order o, corresponding
to the number of π pulses on the electron spin, was increased from 1 to 5. For every higher
order of the sequence, the decay becomes slower, the qubit lifetime therefore longer.

f) We run the same simulation with identical parameters as in 2e), but this time with a constant
order o = 1 and stepwise incrementing the number of nuclear spins n from 1 to 10. The decays
are clearly different: with increasing number of nuclear spins, the electron spin relaxation is
accelerated. However, there is a limit for this acceleration, since also the decay with same
order o = 1 in Fig. 2-1 and n = 1000 nuclear spins is not much faster than the one with
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n = 10 in Fig. 2-2. Please note, that in our simulations the actual coupling d varies for
every number of n, as we calculate d from σ and n (see 2a)).
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Figure 2-2: Simulation of electron qubit lifetime as a function of the number of coupled nuclear
spins n. All input parameters were the same as for Fig. 2-1, except that the order of the
decoupling sequence was constant with o = 1, while the number of coupled nuclei n was
incremented from 1 to 10.

If you would like to read more about the advanced details of recent theoretical and experimental
developments in dynamical decoupling, please have a look at the following publication: S. Ya.
Kilin, A. P. Nizovtsev, P. R. Berman, C. von Borczyskowski, J. Wrachtrup, Phys. Rev. B., 58,
8997-9017 (1998).
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