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Chapter 1

Free-Radical Polymerization

1.1 Chemical Reactions

1.1.1 Initiation

The initiation reaction produces free radicals. There are several ways to do this:

• Chemical initiation The decomposition of the initiator (e.g. AIBN) forms free radicals:

NC N C

CH3

CNC N

CH3 CH3

CH3

kd
N2 NC

CH3

C

CH3

2+

I2
kd
−→ I• + I• (rd = kdI2)

I• + M
kI
−→ R•1

dI•

dt
= 2 f kdI2 − kII•M ≈ 0 (1.1)

⇒ kII•M = 2 f kdI2 ≡ RI (1.2)

where f is the initiator efficiency, typically f = [0.5, 1]. Note that in order to ensure
a continuous production of radicals all over the process, 1/kd should be larger than
the characteristic time of the polymerization reaction. Examples of the decomposition
characteristic time, τd for some commercial initiators are:
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CHAPTER 1. FREE-RADICAL POLYMERIZATION

τd T

Acetyl peroxide 2 h 80 ◦C
Cumyl peroxide 12 h 110 ◦C
t-Butyl hydroperoxide 45 h 150 ◦C

Since this is a first order process, τd = 1/kd.

• Thermal initiation: thermal decomposition of the monomer (e.g. styrene).

This represents a danger, for example during monomer transportation, since it may lead
to undesired polymerization of the monomer. For this reason, inhibitors (scavengers of
radicals) are usually added to the monomers before storage. This causes the occurrence
of a non reproducible induction period when such monomers are polymerized.

• Initiation by radiation

The decomposition of the initiator is caused by light or another source of radiation.
Since this method is quite expensive, it is only applied to polymerization systems oper-
ating at very low temperatures.

1.1.2 Propagation

Propagation is the addition of a monomer molecule to a radical chain.

kp

R

n-1

+

R

n

R•n + M
kp
−→ R•n+1

(
rp = kpR•nM

)
1.1.3 Chain Transfer

• Chain transfer to monomer

R•n + M
kfm
−→ Pn + R•1

(
r = kfmR•nM

)
The reactants are the same as for the propagation reaction, but the activation energy is
much larger. Accordingly, kfm is usually at least 103 times smaller than kp. This reaction
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CHAPTER 1. FREE-RADICAL POLYMERIZATION

k
fm

R

n-1

+

R

n-1

+

leads to the formation of a polymer chain with a terminal double bond. This can induce
chain branching through the terminal double bond propagation reaction.

• Chain transfer to chain transfer agent

R•n + S
kfs
−→ Pn + R•1

(
r = kfsR•nS

)
A chain transfer agent, S is a molecule containing a weak bond that can be broken to
lead to radical transfer, similarly as in the case of monomer above (e.g. CCl4, CBr4,
mercaptans).

• Chain transfer to polymer

R•n + Pm
kfp
−→ Pn + R•m

(
r = kfpR•n (mPm)

)
In this reaction the growing radical chain, R•n extracts a hydrogen from the dead chain,
Pm. Since this extraction can occur on any of the m monomer units along the chain, the
rate of this reaction is proportional to the length of Pm.

General observations on the role of chain transfer reactions:

- The concentration of radicals is not affected and therefore the rate of monomer con-
sumption is also unchanged.

- The growth of polymer chains is stopped and therefore shorter chains are produced.

- Each transfer event leaves a different end-group on the chain that can be detected (NMR,
titration) so as to identify and quantify the corresponding chain transfer reaction.

- Nonlinear (branched) polymer chains are produced: directly by chain transfer to poly-
mer or indirectly through the propagation of the terminal double bond left by a chain
transfer to monomer event.
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CHAPTER 1. FREE-RADICAL POLYMERIZATION

1.1.4 Bimolecular Termination

Bimolecular termination occurs according to two different mechanisms: termination by com-
bination and termination by disproportionation. Their relative importance depends upon the
specific polymerization system.

• Termination by combination

k
tc

R

n-1

R

m-1

+ R

n-1

R

m-1

R•n + R•m
ktc
−→ Pn+m

(
r = ktcR•nR•m

)
This reaction results in an increase of the chain length.

• Termination by disproportionation

k
td

R

n-1

R

m-1

+

R

n-1

R

m-1

+

R•n + R•m
ktd
−→ Pn + Pm

(
r = ktdR•nR•m

)
The chain length remains constant during the termination reaction. Note that also in this
case chains with terminal double bond are produced, which can therefore lead to the
occurrence of branching.

1.2 Diffusion Control of Chemical Reactions

When dealing with macromolecules we can regard the reaction event as constituted by two
steps in series:
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• a relative motion or diffusion of the two molecules in order to overlap their active centers
(note that the centers of gravity of the two macromolecules already overlap, i.e., we have
no mass transport involved)

• the reaction event per se, i.e., breakage and formation of chemical bonds.

Since the two steps are in series, the slowest one defines the rate of the overall process, that is
the reaction rate.

In the case of termination by combination, the reaction step is very fast, while the diffusion
step is slow due to the difficulty of the two macromolecules to find their respective active
centers (the two chains exhibit strong entanglements). The result is that diffusion is the rate
determining step. Accordingly the rate constant of termination by combination, ktc has the
following characteristics:

• decreases with viscosity (and therefore with conversion)

• increases very mildly with temperature

• is substantially independent of the chemical nature of the radicals.

This effect is usually referred to as Trommsdorf or gel effect. This is responsible for the
accumulation of radicals during the reaction which can also lead to thermal runaway of the
reactor.

Let us now consider the other involved reactions. It is found that in most cases they are not
diffusion controlled for the following reasons:

• termination by disproportionation: the reaction step is slower (can still be diffusion
controlled)

• chain transfer to polymer: reaction is slower and diffusion is faster since we have many
reactive points along the chain.

• propagation: reaction is slower and diffusion much faster due to the small dimension of
the monomer (this reaction stops below the glass transition temperature)

10
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1.3 Polymerization Processes

1.3.1 Bulk Polymerization

• ingredients: monomer and initiator only

• products: high purity

• disadvantage: poor temperature control at high conversion (thermal runaway!)

1.3.2 Solution Polymerization

• ingredients: solvent, monomer and initiator

• guarantees an efficient heat transfer

• disadvantage: low productivity because of low solubility of the produced polymer

1.3.3 Suspension Polymerization

• ingredients: water, monomer, initiator and stabilizer

• size of formed polymer particles approx. 0.01 − 0.5 cm

• initiator is solubilized in monomer phase

• polymerization occurs within the monomer droplets

• high productivity (> 40 % solid)

• heat production is under control

1.3.4 Emulsion Polymerization

• ingredients: water, monomer, initiator and stabilizer

• size of formed polymer particles approx. 0.05 − 1 µm

• initiator is solubilized in water phase

• polymerization occurs mainly within the polymer particles

11
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• high productivity (> 40 % solid)

• heat production is under control

• advantage: high molecular weight as well as high polymerization rate can be achieved
simultaneously

1.4 Kinetics of Free-Radical Polymerization

1.4.1 Involved Chemical Reactions

Initiation I2 −→ 2 R•1 r = 2 f kdI2 ≡ RI

Propagation R•n + M
kp
−→ R•n+1 r = kpMR•n

Chain Transfer R•n + M
kfm
−→ R•1 + Pn r = kfmMR•n

R•n + S
kfs
−→ R•1 + Pn r = kfsS R•n

R•n + Pm
kfp
−→ R•m + Pn r = kfpR•n (mPm)

Termination R•n + R•m
ktc
−→ Pn+m r = ktcR•nR•m

R•n + R•m
ktd
−→ Pn + Pm r = ktdR•nR•m

where n,m = [1...∞]

Note that all reaction rate constants are assumed to be chain length independent, i.e., we use
the Terminal Kinetic Model.

1.4.2 Population Balance Equations in a Batch Reactor

• n=1:

dR•1
dt

= RI − kpMR•1

+ (kfmM + kfsS )
∞∑

n=2

R•n

+kfp (1P1)
∞∑

n=1

R•n −

kfp

∞∑
n=1

(nPn)

 R•1

− (ktc + ktd)

 ∞∑
n=1

R•n

 R•1 (1.3)

12



CHAPTER 1. FREE-RADICAL POLYMERIZATION

• n ≥ 2:
dR•n
dt

= kpMR•n−1 − kpMR•n

− (kfmM + kfsS ) R•n

+kfp (nPn)
∞∑

m=1

R•m − kfp

∞∑
m=1

(mPm) R•n

− (ktc + ktd)

 ∞∑
m=1

R•m

 R•n (1.4)

Let us define

R• ≡
∞∑

n=1

R•n (1.5)

and sum up equations (1.3) and (1.4) from n = 1 to∞. In this way we obtain:

dR•

dt
=

dR•1
dt

+

∞∑
n=2

dR•n
dt

= RI − kpMR•1 + kpM
∞∑

n=2

R•n−1 − kpM
∞∑

n=2

R•n

+ (kfmM + kfsS )
∞∑

n=2

R•n − (kfmM + kfsS )
∞∑

n=2

R•n

+kfp (1P1)
∞∑

n=1

R•n − kfp

 ∞∑
n=1

(nPn)

 R•1

+kfp

∞∑
n=2

[nPn]
∞∑

m=1

R•m − kfp

 ∞∑
n=2

R•n

  ∞∑
m=1

(mPm)


− (ktc + ktd) R•1

∞∑
n=1

R•n − (ktc + ktd)

 ∞∑
n=2

R•n

  ∞∑
m=1

R•m

 (1.6)

dR•

dt
= RI − kpMR• + kpM

∞∑
n=1

R•n

+kfpR•
P1 +

∞∑
n=2

(nPn)

 − kfp

 ∞∑
n=1

(nPn)

 R•1 +

∞∑
n=2

R•n


− (ktc + ktd) R•

R•1 +

∞∑
n=2

R•n

 (1.7)

⇒
dR•

dt
= RI − (ktc + ktd) R•2 (1.8)
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1.4.3 Rate of Monomer Consumption

Under the assumption of pseudo steady state for the concentration of active chains (see 1.5)
we can write:

dR•

dt
= RI − (ktc + ktd) R•2 = 0 (1.9)

and obtain:

R• =

√
RI

(ktc + ktd)
(1.10)

Let us now consider the rate of monomer consumption, Rp. Neglecting the chain transfer to
monomer reaction we have:

Rp = kpM
∞∑

n=1

R•n = kpM

√
RI

(ktc + ktd)
(1.11)

The mass balance for the monomer can be written as follows (still in the case of a batch
reactor):

dM
dt

= −Rp = −kpMR• (1.12)

Considering kpR• as the pseudo-first order reaction rate constant for monomer consumption,
we can conclude that the characteristic time for the process of monomer consumption is τM =

1
kpR• . Using the conversion instead of the concentration, X = (M0 − M) /M0, and combining
equation (1.11) and (1.12) we get:

dX
dt

= −
1

M0

dM
dt

=
Rp

M0
= (1 − X) kp

√
RI

(ktc + ktd)
(1.13)

dX
(1 − X)

= kp

√
RI

(ktc + ktd)
dt (1.14)

where the initial condition is X(t = 0) = 0. Therefore we can write:

X = 1 − exp
−∫ t

0
kp

√
RI

(ktc + ktd)
· dt

 (1.15)

As long as the temperature in the reactor remains constant, i.e., before the onset of the so-
called gel effect, ktc and ktd are independent of the conversion X. Moreover, if the half-life of
the initiator is much larger than the characteristic time of the monomer consumption process,
τM, τd � τM, the solution to equation (1.15) is:

X = 1 − exp
−kp

√
RI

(ktc + ktd)
· t
 (1.16)

14



CHAPTER 1. FREE-RADICAL POLYMERIZATION

1

X

t

gel effect
(Trommsdorf)

equation (1.16)

• Which kinetic parameter(s) can be estimated from the plot of the monomer conversion
vs. time?

1.5 Pseudo Steady State Approximation

In this section we introduce an important concept often used in chemical reaction engineer-
ing, the so-called pseudo steady state approximation (PSSA). Therefore, let us consider two
consecutive first-order reactions occurring in a batch reactor:

I −→ R (r1 = k1I)

R −→ P (r2 = k2R)

with initial conditions I(0) = I0, R(0) = R0 and P(0) = 0. The mass balances are:

dI
dt

= −k1I (1.17)

dR
dt

= k1I − k2R (1.18)

The solution of equation (1.17) is:

I = I0 exp (−k1t) (1.19)

which substituted in equation (1.18) leads to a linear non-homogeneous ODE. We consider
the solution of the homogeneous associated equation:

RH = A exp (−k2t) (1.20)

15
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and then the particular solution having the form:

RP = K exp (−k1t) (1.21)

Substituting in equation (1.18) we get:

−k1K exp (−k1t) = k1I0 exp (−k1t) − k2K exp (−k1t) (1.22)

⇒ k1K + k1I0 − k2K = 0 (1.23)

⇒ K =
k1I0

k2 − k1
(1.24)

Thus the general solution is:

R = RH + RP = A exp (−k2t) +
k1I0

k2 − k1
exp (−k1t) (1.25)

which using the initial condition to compute A reduces to:

R =

(
R0 −

k1I0

k2 − k1

)
exp (−k2t) +

k1I0

k2 − k1
exp (−k1t) (1.26)

Let us now consider the case where R is a very reactive species, that is k2 � k1, then equation
(1.26) reduces to:

R =
k1I0

k2
exp (−k1t) =

k1

k2
I (1.27)

This means that R starts at R0 and after a short time of the order of 1/k2 the term exp (−k2t)

vanishes and R = k1I/k2 as shown in the figure.
We see two time scales in the process:

• 1/k2: characteristic time of disappearance for R⇒ fast

• 1/k1: characteristic time of disappearance for I⇒ slow

Since the dynamics of R is faster than that of I, we can assume that R is at any given time
at steady state with respect to I, i.e., R is so fast to reach steady state before I can change
significantly. This is the PSSA, which means that we can assume dR/dt = 0 in equation
(1.18), and compute the PSSA value of R:

Rss =
k1

k2
I (1.28)

which is the same value given by equation (1.27).

16
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t
1/k

2
1/k

1

R
o

k I
1

o

k
2

k I
1

k
2

R =
ss

Note

In the PSSA we do not mean that dR/dt = 0, and in fact in the case above we see that:

dRss

dt
= −

k2
1I0

k2
exp (−k1t) = −

k2
1

k2
I (1.29)

Actually we simply mean that

dRss

dt
� k1I and

dRss

dt
� k2Rss (1.30)

as it is readily seen by comparison noting that k1/k2 � 1.

Another Point of View

Let us rewrite equation (1.18) as follows:

dR
dt

= k2

(
k1

k2
I − R

)
= k2 (Rss − R) (1.31)

We can observe that:

if R > Rss ⇒ dR/dt < 0 ⇒ R decreases
if R < Rss ⇒ dR/dt > 0 ⇒ R increases

which means that R remains always “around” Rss. Note that this is not true in general, but only
in the case where k2 is very large we have that the “force” attracting R to Rss increases up to
the point where R cannot differ significantly from Rss.

17



CHAPTER 1. FREE-RADICAL POLYMERIZATION

Conclusion

The PSSA can be applied when we have very different characteristic times, typically when
the intermediate species is very reactive, i.e., k2 � k1. The obtained solution is valid for most
of the process time, with the exception of a short initial transient. We have two characteristic
times:

• the fast one (1/k2) which belongs to R and where I does not change significantly

• the slow one (1/k1) which belongs to I and determines the process time, that is the time
needed by the slowest species to complete its dynamics.

With respect to numerical integration this has important implications:

• the integration time is given by the process time, i.e., τp ≈ 1/k1

• the integration step is proportional to the characteristic time of the fastest dynamics that
we want to follow, i.e., ∆τ ≈ 1/k2

• the number of integration steps is proportional to τp/∆τ ≈ k2/k1 which means that the
larger is k2/k1 the more we are entitled to use PSSA ... and the more integration steps
we have to compute if we fail to use it.

1.5.1 Stiffness Ratio

In general, for a system of ODEs the ratio between the largest and the smallest eigenvalue
is referred to as the stiffness ratio of the system. This gives a measure of the difficulty in
integrating a system of ODEs numerically. The coefficient matrix of the system of ODEs,
defined as:

dx
dt

= A x (1.32)

in our case is given by:

A =

∣∣∣∣∣∣ −k1 0
k1 −k2

∣∣∣∣∣∣ with x =

∣∣∣∣∣∣ I
R

∣∣∣∣∣∣ (1.33)

The eigenvalues of A are given by:

(−k1 − λ) (−k2 − λ) = 0

⇒ λ1 = −k1 , λ2 = −k2

18



CHAPTER 1. FREE-RADICAL POLYMERIZATION

and the stiffness ratio is then given by:

λ2

λ1
=

k2

k1
(1.34)

which, as discussed above, is proportional to the integration steps to be used in the numerical
integration of the system of ODEs.
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Chapter 2

Chain Length Distribution of Polymers

2.1 Population Balance Equations

In the following we concentrate on linear chains only which means kfp = 0 and no propagation
of the terminal double bond.

2.1.1 Active Chains

Under the assumption of pseudo steady state for species R•1,

dR•1
dt

= 0 (2.1)

we can set equation (1.3) equal to zero:

RI + (kfmM + kfsS )
(
R• − R•1

)
= kpMR•1 + (ktc + ktd) R•R•1 (2.2)

Solving for R•1 we obtain:

R•1 =
RI + (kfmM + kfsS ) R•

kpM + (ktc + ktd) R• + (kfmM + kfsS )
(2.3)

Since RI is given by equation (1.10):

RI = (ktc + ktd) R•2 (2.4)

we can simplify equation (2.3) as follows:

R•1 = R•
α

1 + α
(2.5)

where α is the summation of various characteristic time ratios:

α =
ktcR•

kpM
+

ktdR•

kpM
+

kfmM
kpM

+
kfsS
kpM

=
τp

τtc
+
τp

τtd
+
τp

τfm
+
τp

τfs
(2.6)
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CHAPTER 2. CHAIN LENGTH DISTRIBUTION OF POLYMERS

where τp is the characteristic time of the addition reaction of a single monomer unit, while the
τ at the denominator are the characteristic times of the chain transfer and the termination reac-
tions involved in the system. The order of magnitude of these characteristic times, which refer
to second-order processes, can be computed using pseudo-first order reaction approximation.
So far the monomer addition reaction, r = kpMR•n and the pseudo-first order rate constant is
kpM, so that τp = 1

kpM . In most applications, we have that τp ≈ 10−3 s while termination
reactions (or at least the dominating one) has τf or τt ≈ 100 s. This means that a polymer chain
leaves about 1 s and in this time it adds about 103 monomer units. Note that the characteristic
time of the process is that of monomer consumption, τM = 1

kpR• which is of the order of 103

s. These are the three time scales dominating the process under examination. From equation
(2.5) we can see that for α � 1⇒ R•1 � R•, as expected.

If we apply the pseudo steady state assumption now to the species R•n (n ≥ 2), we can write:

dR•n
dt

= 0 (2.7)

kpMR•n−1 =
[
kpM + kfmM + kfsS + (ktc + ktd) R•

]
R•n (2.8)

⇒ R•n = R•n−1Φ (2.9)

where

Φ =
1

1 + α
(2.10)

Therefore we obtain:

R•n = R•n−1Φ = R•n−2Φ
2 = ... = R•1Φ

n−1 (2.11)

and using equation (2.5):

R•n =
1

(1 + α)n−1 R•
α

1 + α
= R•

α

(1 + α)n (2.12)

Thus, we can consolidate the two cases (n = 1 and n ≥ 2) and write the general expression for
n ≥ 1:

R•n = R•
α

(1 + α)n (2.13)
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Note

• equation (2.13) can be simplified if α � 1:

1
(1 + α)n ≈ exp (−αn) for α � 1 (2.14)

⇒
R•n
R•
≈ α exp (−αn) (2.15)

n

R
n

R

� increases

•

∫ ∞

0

R•n
R•

dn =

∫ ∞

0
α exp (−αn) dn = α

∣∣∣∣∣−exp (−αn)
α

∣∣∣∣∣∞
0

= 1

To summarize, we can state that the distribution of active chains is normalized and, moreover,
it is characterized by only one kinetic parameter α defined by equation (2.6).

2.1.2 Dead Chains

dPn

dt
= (kfmM + kfsS + ktdR•) R•n +

1
2

ktc

n−1∑
j=1

R•jR
•
n− j (2.16)

Here we can write:

1
2

ktc

n−1∑
j=1

R•jR
•
n− j =


1
2

(
R•1R•2 + R•2R•1

)
= R•1R•2 (n = 3)

1
2

(
R•1R•3 + R•22 + R•3R•1

)
= R•1R•3 + 1

2R•22 (n = 4)
1
2

(
R•1R•4 + R•2R•3 + R•3R•2 + R•4R•1

)
= R•1R•4 + R•2R•3 (n = 5)

(2.17)
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If we use equation (2.13) to express R•n, we obtain for the sum term:

ktc

n−1∑
j=1

R•jR
•
n− j = ktc

n−1∑
j=1

[(
R•

α

(1 + α) j

) (
R•

α

(1 + α)n− j

)]

= ktc
R•2α2

(1 + α)n

n−1∑
j=1

(1)

= ktc
α2 (n − 1)
(1 + α)n R•2 (2.18)

Therefore we can rewrite equation (2.16) as follows:

dPn

dt
= (kfmM + kfsS + ktdR•)

α

(1 + α)n R• +
1
2

ktc
α2 (n − 1)
(1 + α)n R•2 (2.19)

where we see that α alone is not anymore sufficient to fully describe the distribution, and we
have to introduce further parameters:

dPn

dt
=

(
kpMR•

) [(kfm

kp
+

kfsS
kpM

+
ktdR•

kpM

)
α

(1 + α)n +

(
ktcR•

kpM

)
1
2
α2 (n − 1)
(1 + α)n

]
(2.20)

The introduced parameters are defined as follows:

γ =
kfm

kp
+

kfsS
kpM

+
ktdR•

kpM
=

τp

τ f m
+
τp

τ f s
+
τp

τtd
(2.21)

β =
ktcR•

kpM
=
τp

τtc
(2.22)

where
α = β + γ (2.23)

Finally, we obtain for n ≥ 1:

dPn

dt
= Rp

α

(1 + α)n

[
γ +

1
2

(n − 1)αβ
]

(2.24)

Comparing equations (2.13) and (2.24) it is easy to see that in the case of active chain distribu-
tion only the ratio between the characteristic times of propagation and termination is relevant.
On the other hand, dealing with the dead chain distribution we have to distinguish between
two different types of chain reactions: chain transfers and disproportionation on one side, and
combination on the other side.
The question is: what is the conceptual difference between these reactions which makes them

to play a different role in determining the chain length distribution?
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2.2 Instantaneous Chain Length Distribution

In the following section we consider the instantaneous CLD of polymer chains. Different
distributions can be introduced.

2.2.1 Number Distribution and Number Average

The instantaneous CLD or number distribution is defined as follows:

fN(n) =
polymer chains of length n

total number of polymer chains
=

dPn

dt
∞∑

n=1

dPn

dt

(2.25)

Note that this is an instantaneous property, that is it represents the CLD of the infinitesimal
amount of polymer produced at a given time. Using equation (2.24) we obtain:

fN(n) =

γ + 1
2 (n − 1) β (β + γ)

(1 + α)n

∞∑
n=1

γ + 1
2 (n − 1) β (β + γ)

(1 + α)n

 (2.26)

Since the following equality holds for geometric series

∞∑
n=1

(a + nb) qn =
aq

(1 − q)
+

bq
(1 − q)2 for |q| < 1 (2.27)

we can rewrite the denominator in equation (2.26) as follows:

∞∑
n=1

[
γ −

1
2
β (β + γ)

] (
1

1 + α

)n

+

∞∑
n=1

n
[
1
2
β (β + γ)

] (
1

1 + α

)n

=

[
γ −

1
2
β (β + γ)

] (
1
α

)
+

1
2
β (β + γ)

(
1 + α

α2

)
(2.28)

and since α = β + γ

= γ

(
1
α

)
−

1
2
β +

1
2
β

(
1 + α

α

)
=

1
α

(
γ +

1
2
β

)
(2.29)

Finally, we obtain for equation (2.26):

fN(n) =
α

(1 + α)n

γ + 1
2 (n − 1) β (β + γ)

γ + 1
2β

 (2.30)
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By definition holds:
∞∑

n=1

fN(n) = 1 (2.31)

Let us focus now on the moments of this distribution. In particular, the j-th order moment of
fN(n) is defined as follows:

µ j =

∞∑
n=1

n j fN(n) (2.32)

From the first two moments we can calculate the number average of the CLD:

nN =
µ1

µ0
≈

1
γ + 1

2β
for α � 1 (2.33)

which, when multiplied by the molecular weight of the monomer, MM, leads to the so-called
number average molecular weight:

MN =
µ1

µ0
MM (2.34)

2.2.2 Weight Distribution and Weight Average

Another way to characterize the distribution of the polymer chains is the so-called instanta-
neous weight distribution:

fW(n) =
number of monomer units in the chains of length n

total amount of consumed monomer
=

n · dPn

dt
Rp

(2.35)

or expressed in terms of fN:

fW(n) =
n fN(n)∑∞
1 n fN(n)

=
n fN(n)
µ1

(2.36)

If we compute the mean of this distribution we obtain the weight average of the CLD:

nW =
1
µ1

∞∑
1

n2 fN(n) =
µ2

µ1
(2.37)

Note that the moments used in the last two expressions refer to fN. Using equations (2.30) and
(2.36) we obtain:

nW ≈
2
(
γ + 3

2β
)

(γ + β)2 for α � 1 (2.38)
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fW

nW

f N
(n

) ,
 f W

(n
)

n

nN

fN

which, when multiplied by the molecular weight of the monomer, MM, leads to the so-called
weight average molecular weight:

MW =
µ2

µ1
MM (2.39)

To summarize, we defined two different means nN and nW of only one distribution fN. The
reason for this is given in the following subsection.

2.2.3 Polydispersity

The polydispersity index (PDI) is a widely used quantity to characterize distributions in gen-
eral and the CLD in particular. This is defined as follows:

σ =
nW

nN
≥ 1 (2.40)

⇒ σ =
µ2/µ1

µ1/µ0
=
µ2µ0

µ2
1

(2.41)

Thus, σ = 1 means that all chains have exactly the same length. The polydispersity index
describes the width of a distribution and is therefore an alternative way to represent its variance
v:

v =

∞∑
n=1

(n − nN)2 fN(n) = µ2 − 2µ1nN + n2
Nµ0

= µ2 − 2
µ2

1

µ0
+
µ2

1

µ2
0

µ0 = µ2 −
µ2

1

µ0

=
µ2

1

µ0
(σ − 1) (2.42)
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Note that v = 0 corresponds toσ = 1. The usage of the polydispersity to characterize the width
of CLD of polymers is justified by the fact that equation (2.40) is particularly convenient in
practice. We have in fact various techniques available that can measure either the number
average or the weight average of polymer chains.

2.2.4 Summary

For the reaction scheme of the free-radical polymerization system described in section 1.4.1
we can write the following relationships for the instantaneous properties of the CLD (if α �
1):

nN =
1

γ +
β

2

(2.43)

nW =
2
(
γ + 3

2β
)

(γ + β)2 (2.44)

σ =
2
(
γ + 3

2β
) (
γ + 1

2β
)

(γ + β)2 (2.45)
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Cumulative Properties of Polymers

3.1 Cumulative Chain Length Distribution, Moments, and
Properties

In order to compute the cumulative number-CLD, f c
N(n) from the instantaneous one, fN(n) we

use the following relation:

f c
N(n, t) =

1
P(t)

∫ t

0

number of polymer chains of
length n produced per unit time︷         ︸︸         ︷

fN(n, t)
(
dP
dt

)
dt︸                                           ︷︷                                           ︸

total number of polymer chains of
length n produced until time t

(3.1)

which multiplying both sides by n j and summing for n = 1 to∞ gives the following expression
for the moments of the cumulative distribution:

∞∑
n=1

n j · f c
N(n, t) =

1
P(t)

∫ t

0

∞∑
n=1

(
n j · fN(n, t)

dP
dt

)
dt (3.2)

which leads to:

µc
j =

1
P(t)

∫ t

0
µ j

(
dP
dt

)
dt =

1
P(t)

∫ P(t)

0
µ j dP (3.3)

Note that since P represents the total number of dead polymer chains per unit volume, from
equation (2.24) we have:

dP
dt

=

∞∑
n=1

dPn

dt
= αRp

∞∑
n=1

γ + 1
2 (n − 1)αβ
(1 + α)n

 (3.4)
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which using equation (2.29) reduces to:

dP
dt

= αRp
1
α

(
γ +

β

2

)
= Rp

(
γ +

β

2

)
(3.5)

The total number of chains per unit volume produced at time t, is then given by:

P(t) =

∫ t

0
Rp

(
γ +

β

2

)
dt (3.6)

Examples

Let us calculate now a few moments:

• µc
0

µc
0 =

1
P(t)

∫ P(t)

0
µ0 dP =

P(t)
P(t)

= 1 (3.7)

• µc
1 and µc

2

µc
1 =

1
P(t)

∫ P(t)

0
µ1 dP (3.8)

µc
2 =

1
P(t)

∫ P(t)

0
µ2 dP (3.9)

In both cases we get the weighted average of the instantaneous properties.

• cumulative number average of the MWD, nc
N

nc
N =

µc
1

µc
0

=
1

P(t)

∫ P(t)

0
µ1 dP =

1
P(t)

∫ P(t)

0

µ1

µ0
dP =

1
P(t)

∫ P(t)

0
nN dP (3.10)

Again we obtain the weighted average of the instantaneous property.

• cumulative weight average of the MWD, nc
W

nc
W =

µc
2

µc
1

=

∫ P(t)

0
µ2 dP∫ P(t)

0
µ1 dP

,
1

P(t)

∫ P(t)

0

µ2

µ1
dP =

1
P(t)

∫ P(t)

0
nW dP (3.11)

• polydispersity index, σc

σc =
µc

2µ
c
0(

µc
1

)2 =

∫ P(t)

0
µ2 dP

1
P(t)

[∫ P(t)

0
µ1 dP

]2 ,
1

P(t)

∫ P(t)

0
σ dP (3.12)
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Note that nc
W andσc are not anymore the weighted averages of the corresponding instantaneous

quantities. To obtain them, the integrals in equations (3.11) and (3.12) have to be solved.

In conclusion, when computing the averages of a cumulative CLD it is convenient to inte-
grate the following ODE to get the cumulative moments

d
(
µc

jP
)

dt
= µ j

dP
dt

(3.13)

and from this compute the desired averages.

3.1.1 Width of the Cumulative Distribution

The width of the cumulative CLD can be regarded as determined by two factors:

• the width of the instantaneous CLD which is given by the kinetics of the process

• the shifting of the instantaneous average chain length with time.

cumulated at time t3

(not normalized)

inst. at time t1

inst. at time t2

inst. at time t3

n
·f
(n

)

log(n)

If the instantaneous CLD is constant in time, so as its average n, then the cumulative CLD su-
perimposes the instant one and the two have the same polydispersity. However, if the instanta-
neous n changes in time the cumulative polydispersity is certainly larger than the instantaneous
one, that is:

σc ≥ σ (3.14)
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3.2 Designing Polymerization Processes with Respect to
Desired CLDs

3.2.1 Case I: Termination by Combination is Negligible

If termination by combination is negligible with respect to at least one of the other chain
termination reactions we have β � γ, and then from equations (2.43) to (2.45):

nN =
1
γ

(3.15)

nW =
2
γ

(3.16)

σ = 2 (3.17)

For fN(n) we obtain:
fN(n) =

γ

(1 + γ)n ≈ γ exp (−γn) (3.18)

This result corresponds to the so-called most probable or Flory distribution. The expression
for fW(n) is then:

fW(n) =
n fN(n)
µ1

=
nγ2

(1 + γ)n ≈ nγ2 exp (−γn) (3.19)

Thus, in order to control the CLD we have to play with the parameter γ.

Chain Transfer to Monomer Dominates

Let us assume that chain transfer to monomer is the dominating chain termination in the entire
polymerization system. In this case we have:

γ =
τp

τfm
+
τp

τfs
+
τp

τtd
≈
τp

τfm
=

kfm

kp
(3.20)

⇒ γ = f
(
temp.

)
(3.21)

For an isothermal batch reactor we obtain therefore:

γ = const.⇒ nN = const. (3.22)

and
σc = σ = 2 (3.23)
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A typical example for this case is the polymerization of vinyl chloride to PVC. It we want to
produce the narrowest possible CLD, the only problem is therefore to control the temperature
during the entire process. In addition, we note that:

• in order to increase nN, the temperature has to be reduced⇒ γ decreases

• in order to decrease nN, the temperature has to be increased⇒ γ increases.

This follows from the observation that the activation energy is typically larger for chain trans-
fer to monomer than for propagation, so that γ = kfm/kp is an increasing function with tem-
perature. Note that since the temperature can only be changed to a certain extent, only modest
changes in the average chain length can be achieved. In order to achieve a significant reduc-
tion in the average chain length it is more effective to add a chain transfer agent which results
in a new dominating termination step, i.e., τfs � τfm. On the other hand a significant increase
in the average chain length would be difficult to achieve.

Termination by Disproportionation Dominates

In the case where termination by disproportionation is the dominating chain termination reac-
tion, γ becomes:

γ ≈
τp

τtd
=

ktdR•

kpM
=

√
ktdRI

kpM
(3.24)

In order to keep γ constant, we have to keep the constant monomer concentration, M, the
temperature, T , as well as the rate of radical production, RI. This is obviously difficult in
batch systems. Therefore, the value of nN will most likely decrease with M and therefore

σc > σ = 2 (3.25)
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t

n
W

n
N

A typical example for this case is the polymerization of methyl methacrylate to PMMA where
σc ≈ 5. To obtain a lower value of σc we have two possibilities:

• work in semi-batch reactors where monomer is continuously added in order to keep
constant its concentration in the reactor

• use emulsion polymerization.

Industrially, PVC is produced mainly in suspension whereas PMMA is usually produced in
emulsion.

3.2.2 Case II: Termination by Combination Dominates

In the case where bimolecular combination is the dominating chain termination reaction we
have β � γ and therefore from equations (2.43)-(2.45) we have:

nN =
2
β

(3.26)

nW =
3
β

(3.27)

σ = 1.5 (3.28)

Note that termination by combination potentially leads to the narrowest CLD.

β =
τp

τtc
=

ktcR•

kpM
=

√
ktcRI

kpM
(3.29)
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Thus, we can draw the same conclusion as in the previous case (section 3.2.1). As a typical
example the low-temperature polymerization of styrene can be mentioned (T = 50◦C).
In a batch system we would again expect a decreasing nN with conversion. However, experi-
mentally the opposite is observed. This is due to the fact that, although M decreases, because
of the gel effect ktc decreases even more, resulting in a decreasing value of β.
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Copolymerization

4.1 Kinetics of Copolymerization

4.1.1 Involved Chemical Reactions

Initiation I2 + M −→ 2 R•1 r = 2 f kdI2 ≡ RI

Propagation A•m,n + A
kpAA
−→ A•m+1,n r = kpAAAA•m,n

A•m,n + B
kpAB
−→ B•m,n+1 r = kpABBA•m,n

B•m,n + A
kpBA
−→ A•m+1,n r = kpBAAB•m,n

B•m,n + B
kpBB
−→ B•m,n+1 r = kpBBBB•m,n

Chain Transfer A•m,n + S
kfsA
−→ R•1 + Pm,n r = kfsAS A•m,n

B•m,n + S
kfsB
−→ R•1 + Pm,n r = kfsBS B•m,n

Termination A•m,n + A•r,q
ktAA
−→ Pm+r,n+q or Pm,n + Pr,q r = ktAAA•m,nA•r,q

A•m,n + B•r,q
ktAB
−→ Pm+r,n+q or Pm,n + Pr,q r = ktABA•m,nB•r,q

B•m,n + B•r,q
ktBB
−→ Pm+r,n+q or Pm,n + Pr,q r = ktBBB•m,nB•r,q

where n,m, r, q = [1...∞] and kt = ktc + ktd

Note that a similar notation as for homopolymerization has been used above with, for example,
A•m,n indicating the concentration of active chains containing m units of monomer A and n units
of monomer B, and terminating with a monomer A unit. The latter unit, where the radical is
located, defines the reactivity of the active chains, and accordingly determines the rate constant
of all the reactions above. This is usually referred to as the terminal kinetic model. So for
example, kpAB represents the rate constant for the propagation of radical chain of type A and
any length with a monomer B.
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4.1.2 Long-Chain Approximation

The long-chain approximation (LCA) starts from the observation that the following equality
holds along a polymer chain:

(number of transitions A→ B) = (number of transitions B→ A) ± 1 (4.1)

These geometrical considerations lead to the following condition on reaction rates:

kpABA•B = kpBAB•A (4.2)

Let us define
R• = A• + B• (4.3)

where A• represents the total concentration of radicals of type A, that is radicals terminating
with a monomer of type A:

A• =

∞∑
m=1

∞∑
n=1

A•m,n (4.4)

Therefore we obtain:
kpABA•B = kpBA (R• − A•) A (4.5)

⇒ A• =
kpBAA(

kpABB + kpBAA
)R• = pAR• (4.6)

⇒ B• =
kpABB(

kpABB + kpBAA
)R• = pBR• (4.7)

where pA is the probability of having a radical of type A. Now, let us write the mass balance
for A• and B•:

dA•

dt
= RIA + kpBAB•A − kpABA•B − ktAAA•2 − ktABA•B• (4.8)

dB•

dt
= RIB + kpABA•B − kpBAB•A − ktBBB•2 − ktABA•B• (4.9)

The rates of initiation for the monomers A and B are defined as the product of the overall
rate of initiation and the respective monomer mole fractions in the monomer phase, i.e., RIA =

RIXA and RIA = RIXB, where

XA =
A

A + B
and XB =

B
A + B

(4.10)
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The summation of equation (4.8) and (4.9) gives:

dR•

dt
=

dA•

dt
+

dB•

dt
= RIA + RIB − ktAAA•2 − ktBBB•2 − 2ktABA•B• (4.11)

Applying the pseudo steady state assumption to R• and using RI = RIA + RIB we obtain:

RI − ktAA p2
AR•2 − ktBB p2

BR•2 − 2ktAB pA pBR•2 = 0 (4.12)

and therefore

R• =

√
RI

k∗t
(4.13)

where k∗t is defined as follows:

k∗t = ktAA p2
A + 2ktAB pA pB + ktBB p2

B (4.14)

To conclude, we obtain the same result as in the case of homopolymerization with a pseudo-
termination rate constant, k∗t defined by equation (4.14) replacing the actual termination rate
constant, kt.

4.1.3 Rate of Monomer Consumption

Since propagation reactions dominate monomer consumption, we have:

RpA = kpAAA•A + kpBAB•A =
(
kpAA pA + kpBA pB

)
AR• (4.15)

RpB = kpBBB•B + kpBAA•B =
(
kpBB pB + kpAB pA

)
BR• (4.16)

⇒

{
RpA = k∗pAAR•

RpB = k∗pBBR• ⇒ Rp,tot = RpA + RpB = kpM
∗

R• (4.17)

⇒ Rp,tot = RpA + RpB = kpM
∗

R• (4.18)

Introducing the pseudo-propagation rate constants k∗pA and k∗pB we obtain again a similar ex-
pression as in the case of homopolymerization.
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4.2 Chain Length Distribution of Copolymers

4.2.1 Population Balance Equation

In this section we calculate the CLD in the case of a copolymerization process. Let us therefore
consider the population balance of chain radicals terminating with a monomer unit A and
containing r units of any type (A or B):

dA•r
dt

= kpAA · A · A•r−1 + kpBA · A · B•r−1

−
(
kpAA · A + kpAB · B

)
A•r

−kfsA · S · A•r − (ktAA · A• + ktAB · B•) A•r (4.19)

and similarly for the radicals terminating with a B unit:

dB•r
dt

= kpBB · B · B•r−1 + kpAB · B · A•r−1

−
(
kpBB · B + kpBA · A

)
B•r

−kfsB · S · B•r − (ktBB · B• + ktBA · A•) B•r (4.20)

Applying the long-chain approximation and using R•r = A•r + B•r we obtain:

dR•r
dt

=
[(

kpAA · pA + kpBA · pB

)
· A +

(
kpBB · pB + kpAB · pA

)
· B

]
·R•r−1

−
[(

kpAA · pA + kpBA · pB

)
· A +

(
kpBB · pB + kpAB · pA

)
· B

]
·R•r

− (kfsA · pA + kfsB · pB) · S ·R•r
−

(
ktAA · p2

A + 2ktAB · pA · pB + ktBB · p2
B

)
·R•r ·R

• (4.21)

A further simplification can be achieved when using the pseudo-homopolymerization rate
constants:

dR•r
dt

= kpM
∗

R•r−1 − kpM
∗

R•r − k∗fsS R•r − k∗t R•r R• (4.22)

This expression is identical to the population balance equation (PBE) for a homopolymer
containing r monomer units. We can extrapolate this result to all PBEs involved in computing
the CLD for copolymers. This method is the so-called pseudo-homogeneous approach, it will
be discussed in the next section.

4.2.2 Pseudo-Homogeneous Approach

From the results above we can conclude as follows:
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When using the long chain approximation, the PBE for the CLD of a copolymeriza-

tion process can be reduced to the corresponding ones of a homopolymerization pro-

cess, where the actual polymerization rate constants are replaced by suitable averages

(pseudo-kinetic parameters) of the actual copolymerization rate constants.

These averages are different depending upon the reaction order with respect to the radical
species:

• zero-order processes
RI = RIA + RIB (4.23)

• first-order processes

kpM
∗

=
(
kpAA pA + kpBA pB

)
· A +

(
kpBB pB + kpAB pA

)
· B (4.24)

k∗fs = kfsA pA + kfsB pB (4.25)

• second-order processes

k∗t = ktAA p2
A + 2ktAB pA pB + ktBB p2

B (4.26)

This implies that in order to compute the CLD of a copolymer we can use the same equations
developed above for a homopolymer, by simply replacing the actual homopolymerization con-
stants with the pseudo-homopolymerization ones (function of the actual copolymerization rate
constants). This procedure is referred to as the pseudo-homopolymerization approach. Note
that all rate constants of the pseudo-homopolymerization are functions of the composition of
the monomer phase which in principle changes during the reaction.

4.2.3 Kinetics of Multi-Monomer Polymerization

The current polymer technology requires, for applications of increasing complexity, the pro-
duction of chains containing two or more monomer. As the long chain assumption cannot be
extended to the case where more than two monomers are involved one has to take a different
approach.

Let us consider the case of three monomer polymerization, and write the molar balances of
the radical chains with the same terminal unit and any chain length. Since the cross propaga-
tion reactions dominate these balances we consider the following reactions:
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A• + B
kpAB
−→ B• r = kpABA•B

A• + C
kpAC
−→ C• r = kpACA•C

B• + A
kpBA
−→ A• r = kpBAB•A

B• + C
kpBC
−→ C• r = kpBCB•C

C• + A
kpCA
−→ A• r = kpCAC•A

C• + B
kpCB
−→ B• r = kpCBC•B

The following balances follow:

dA•

dt
= kpBAB•A + kpCAC•A −

(
kpABB + kpACC

)
A• (4.27)

dB•

dt
= kpABA•B + kpCBC•B −

(
kpBAA + kpBCC

)
B• (4.28)

R• = A• + B• + C• (4.29)

Note that the last equation has been introduced to replace the molar balance of C• which would
have been a linear combination of the first two. We cannot compute the absolute values of A•,
B• and C• but only their ratios. Thus, introducing the probabilities (or mole fractions):

pA = A•/R• , pB = B•/R• , pC = C•/R•

we get: 
kpBAApB + kpCAApC −

(
kpABB + kpACC

)
pA = 0

kpABBpA + kpCBBpC −
(
kpBAA + kpBCC

)
pB = 0

pA + pB + pC = 1
(4.30)

which is a linear system with three unknowns. Note that in the case of binary copolymeriza-
tion, the system above reduces to:{

kpBAApB − kpABBpA = 0
pA + pB = 1 (4.31)

which leads to the same solution

pA =
kpBAA

kpBAA + kpABB
(4.32)

obtained earlier using LCA. Which means that LCA is simply a short-cut form of the pseudo
steady state approximation in the case of binary copolymers. This procedure can be general-
ized to any number of monomer species greater or equal than three.
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Note that in equation (4.27) and (4.28) we have assumed that the cross propagation reactions
are much faster than all terminations. This is generally the case in polymerization systems,
with the only exception of block polymerization.

The pseudo-homopolymerization rate constants are then computed using the same rules
indicated above:

• zero-order average
RI = RIA + RIB + RIC + ... (4.33)

• first-order average
k∗fs = kfsA pA + kfsB pB + kfsC pC + ... (4.34)

k∗pA = kpAA pA + kpBA pB + kpCA pC + ... (4.35)

k∗pB = kpAB pA + kpBB pB + kpCB pC + ... (4.36)

... (4.37)

• second-order average

k∗t = ktAA p2
A + ktBB p2

B + ktCC p2
C

+2ktAB pA pB + 2ktAC pA pC + 2ktBC pB pC

+... (4.38)

4.3 Chain Composition Distribution of Copolymers

4.3.1 Instantaneous Chain Composition

The mole fraction of A in the differential amounts of polymer produced at a given instant of
time is given by:

FA =
RpA

RpA + RpB
(4.39)

where the rate of polymerization of A and B can be computed using equation (4.17):

FA =

(
kpAA pA + kpBA pB

)
· A(

kpAA pA + kpBA pB

)
· A +

(
kpBB pB + kpAB pA

)
· B

(4.40)
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As seen in equation (4.6) and (4.7) the probability of having a radical of type A or B is given
by:

pA =
kpBAA

kpBAA + kpABB

pB =
kpABB

kpBAA + kpABB

If we now introduce the reactivity ratios, which are defined as the ratio between the direct and
the cross propagation rate constant for a given radical,

rA =
kpAA

kpAB
and rB =

kpBB

kpBA
(4.41)

we can rewrite equation (4.40) as follows:

FA =
(rAA + B) · A

(rAA + B) · A + (rBB + A) · B

=
(rAXA + XB) · XA

(rAXA + XB) · XA + (rBXB + XA) · XB
(4.42)

Equation (4.42) is the so-called Mayo-Lewis equation which contains only two kinetic pa-
rameters, rA and rB. In order to understand the effect of the reactivity ratios on the Mayo-Lewis
equation we will derive the expression for dFA/dXA. Therefore we rewrite equation (4.42) us-
ing the expression XB = 1 − XA

FA =
(rA − 1)X2

A + XA

(rA − 2)X2
A + 2XA + rB(1 − XA)2

(4.43)

and then differentiate with respect to XA

dFA

dXA
=

[
2(rA − 1)XA + 1

]
den − nom

[
2(rA − 2)XA + 2 − 2rB(1 − XA)

]
den2 (4.44)

where den and nom are the denominator and nominator of equation (4.43), respectively. Now
we will consider the limits of dFA/dXA for XA → 0 and XA → 1:

dFA

dXA

∣∣∣∣
XA→0

=
1
rB

(4.45)

dFA

dXA

∣∣∣∣
XA→1

=
1
rA

(4.46)

In the following we want to distinguish three different cases:
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I (rA > 1) ∧ (rB < 1) :
(
dFA

dXA

∣∣∣∣
XA→0

> 1
)
∧

(
dFA

dXA

∣∣∣∣
XA→1

< 1
)

both radicals ”prefer” to propagate with A
(A is more reactive)

II (rA < 1) ∧ (rB > 1) :
(
dFA

dXA

∣∣∣∣
XA→0

< 1
)
∧

(
dFA

dXA

∣∣∣∣
XA→1

> 1
)

both radicals ”prefer” to propagate with B
(B is more reactive)

III (rA < 1) ∧ (rB < 1) :
(
dFA

dXA

∣∣∣∣
XA→0

> 1
)
∧

(
dFA

dXA

∣∣∣∣
XA→1

> 1
)

both radicals ”prefer” to propagate with
the other monomer

The Mayo-Lewis plot represents the instantaneous composition of a polymer, FA produced
from a given monomer phase composition, XA and it can be represented by the following plot.

0

F
A

X
A 1

I

II

III

1

4.3.2 Composition Drift

Let us analyze the behavior of the chain composition distribution in a batch reactor using the
Mayo-Lewis diagram. Suppose that we charge initially in the reactor a monomer mixture
where the molar fraction of A is X0

A. As soon as the reaction starts we produce polymer
chains with mole fraction of A equal to FA. However, since FA > X0

A the monomer phase
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becomes poorer of A, and XA decreases below the initial value X0
A. With the progress of the

polymerization the XA value decreases further, leading to the production of polymer chains
continuously poorer in A, as indicated by the arrow in the plot.

0

F
A

X
o

A 1

1

X
o

A

Note that the composition drift produces substantial variations in the chain compositions. This
can be appreciated by noting that complete monomer conversion, the average composition of
all chains has to be equal to the initial monomer composition.

4.3.3 Chain Composition Control

In order to avoid the composition drift we have to use a semibatch reactor, where we introduce
a flow rate Ṅ of the two monomers in order to keep constant the monomer phase mole fraction,
XA and consequently also the composition of the produced polymer chains.

N
A

N
B

For this we consider the mass balances in a semibatch reactor where ṄA and ṄB are the molar
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flow rates of the two monomers:

dNA

dt
= ṄA − RpAV (4.47)

dNB

dt
= ṄB − RpBV (4.48)

where Ni represents the moles of the i-th monomer in the reactor, V is the volume of the
reactor content, and RpA and RpB the monomer polymerization rate given by RpA = k∗pAAR•

and RpB = k∗pBBR•, respectively, so that:

dNA

dt
= ṄA − k∗pAR•NA (4.49)

dNB

dt
= ṄB − k∗pBR•NB (4.50)

where NA = AV and NB = BV . Let us now introduce the dimensionless time τ = t/tf , where tf

is the duration of the process. So that we get:

dNA

dτ
= tf

(
ṄA − k∗pAR•NA

)
(4.51)

dNB

dτ
= tf

(
ṄB − k∗pBR•NB

)
(4.52)

with the initial conditions NA(0) = N0
A and NB(0) = N0

B. Assuming that the pseudo kinetic
propagation rate constants do not change during the process we can integrate the equations
above to obtain:

NA =

N0
A −

ṄA

k∗pAR•

 exp
(
−k∗pAR•tfτ

)
+

ṄA

k∗pAR•
(4.53)

NB =

N0
B −

ṄB

k∗pBR•

 exp
(
−k∗pBR•tfτ

)
+

ṄB

k∗pBR•
(4.54)

The question is now how to operate the reactor in order to keep the monomer phase composi-
tion constant, i.e., NA/NB = const. There are two possible operation modes.

Starved Operation

This operation modus, which is frequent in reaction engineering, is based on the observation
that the reactor under consideration is a self-regulated system, in the sense that it admits only
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one stable pseudo-steady state. Accordingly, as τ → ∞ the system autonomously approaches
such a steady state, defined as follows:

ṄA = k∗pAR•Npss
A = RpAV (4.55)

ṄB = k∗pBR•Npss
B = RpBV (4.56)

This means that the system adjusts itself in order to satisfy the above pseudo-steady state
condition, which means that the monomer amounts inside the reactor change from the initial
values N0

A and N0
B, to the values Npss

A and Npss
B defined by the equations above which are such

that the rate of of consumption of each monomer by the polymerization process is equal to
the rate of monomer feed to the reactor which we can of course control. Accordingly, in order
to produce a copolymer with composition FA, in these conditions, we simply need to take
ṄA/(ṄA + ṄB) = FA constant in time so as to have RpA/

(
RpA + RpB

)
= FA and than produce

a copolymer with instantaneous composition equal to the desired value. Note that the values
Npss

A and Npss
B are such that the monomer mole fraction Xpss

A = Npss
A /

(
Npss

A + Npss
B

)
is equal to the

value that according to the Mayo-Lewis plot leads to the desired copolymer composition, FA.
This is done autonomously by the system, we do not need to know this plot for the particular
copolymer under examination.

The problem is that this condition is satisfied only at the pseudo-steady state, i.e., at τ→ ∞,
while during the transient period the copolymer composition is not equal to the desired value.
However, by looking at the exponential functions in equations (4.53) and (4.54), we see that
the pseudo-steady state condition is achieved at the time

τ =
1

k∗pAR•tf
and

1
k∗pBR•tf

(4.57)

for the two monomers. Thus, if we take a very long process time, i.e.,

tf �
1

k∗pAR•
or

1
k∗pBR•

(4.58)

we have that the pseudo-steady state conditions are achieved after a very short fraction of the
process time, i.e., τ � 1, so that the amount of polymer produced in the transient condition
is small, and we can actually make it negligible by increasing tf at will. The starved equation
made is then based on the second condition, that is the feed time should be sufficiently long,
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in particular such as to satisfy the condition above. A more intuitive explanation of the mech-
anism of this operation mode can be obtained by looking directly at the mass balances (4.51)
and (4.52). By considering the first one in the form

dNA

dτ
= tfk∗pAR•

[
Npss

A − NA

]
(4.59)

we see that if we have NA < Npss
A = ṄA/

(
k∗pAR•

)
then dNA/dτ > 0 and NA increases, while if

NA > Npss
A then dNA/dτ < 0 and NA decreases. This means that NA is always attracted towards

the pseudo-steady state value Npss
A (auto regulated system) with a ”speed” which is higher the

larger is the value of tfk∗pAR•. A similar argument holds true for B.

Q

qout

M

A simple example of an auto regulated system, which admits only one stable steady state is
that of a tank with a hole, where feed the volumetric flow rate, Q of water. The mass balance
leads to:

A
dM
dt

= Q − qout (4.60)

where M is the level of the liquid, A the cross section and the outlet flow rate is given by
Bernoulli equation as qout = Ah

√
2gM, where Ah is the cross section of the hole. The mass

balance above can be rewritten as follows:
dM
dt

=
Q
A
−

Ah

A

√
2gM (4.61)

Introducing the steady state value
√

Mss =
Q

Ah
√

2g
(4.62)

this reduces to:
dM
dt

=
Ah

√
2g

A

(√
Mss −

√
M

)
(4.63)
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which indicates that whatever is the initial level in the tank, this changes in order to reach the
steady state value, which is the one that makes qout = Q. This is in perfect analogy with the
starved reactor, which is however a semibatch and not a continuous system, and therefore does
not admit a real steady state.

Note that by taking the feed time tf � 1/
(
k∗pAR•

)
or 1/

(
k∗pBR•

)
we are imposing to the

system a dynamics much slower than its intrinsic one, which is the dynamics of monomer
consumption (whose characteristic times are 1/

(
k∗pAR•

)
and 1/

(
k∗pBR•

)
for the two monomers).

Accordingly, we do not allow the monomer accumulation in the reactor, and this is the reason
why this operation modus is referred to as starved. The time evolutions of conversion (solid
line) and amount of monomer introduced in the reactor (dashed line) are shown in the figures
below.

Batch

time

100%

time

100%

Semibatch

In other words we are forcing the reactor to produce much less than its potential in order to
have a narrow chain composition distribution.

Power Feed Operation

In this operation modus we try to realize two objectives simultaneously:

• narrow chain composition distribution

• maximum productivity of the reactor

We can consider that we have two scalar and two reactor optimization variables, that is the
amounts of the two monomers initially introduced in the reactor, N0

A and N0
B, and the two flow

rates as a function of time, i.e., ṄA(t) and ṄB(t) for t > 0. We need to define them in order to
satisfy the two objectives above. For the first objective function, i.e., chain composition equal
to FA, we can first impose to have initially in the reactor the monomer phase composition,
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XA which leads to the desired polymer composition, FA. For this we need first to know the
Mayo-Lewis relation to compute XA and then we impose:

N0
A

N0
A + N0

B

= XA (4.64)

Next we operate on the flow rates ṄA and ṄB in order to keep the monomer phase composition
constant during the entire process, that is:

d (NA/NB)
dt

= 0 , for t > 0 (4.65)

or:
NB

dNA

dt
= NA

dNB

dt
, for t > 0 (4.66)

which from the mass balances (4.49) and (4.50) leads to:

NB

(
ṄA − k∗pAR•NA

)
= NA

(
ṄB − k∗pBR•NB

)
, for t > 0 (4.67)

This constraint allows keeping constant the composition of the produced polymer. A third
constraint is on the total weight of the polymer produced in one batch, WP which is imposed
by the volume of the reactor:(

N0
A +

∫
ṄAdt

)
Mm

A +

(
N0

B +

∫
ṄBdt

)
Mm

B = WP (4.68)

We can now use the last degree of freedom to reach the second objective, that is maximum
polymerization rate at any time during the process. This is a complex problem of demanding
calculations whose simple solution is that the less reactive monomer (B in our case) should all
be introduced at the beginning of the process, that is

ṄB = 0 , for t > 0 (4.69)

which introduced in equation (4.67)leads to:

ṄA =
(
k∗pA − k∗pB

)
R•NA , for t > 0 (4.70)

which indicates that we have to add to the reactor the amount of A needed to equilibrate the
change in composition induced by its higher reactivity with respect to B.

Thus, summarizing, if we need to produce a total amount of polymer WP with uniform chain
composition FA, we proceed as follows. Using the corresponding weight fractions F

w
A and
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F
w
B, we compute the total amounts (weights) of the two monomers needed WA and WB. From

Mayo-Lewis relation we compute the monomer phase mole fraction XA which corresponds to
FA. From this we compute the total moles of the two monomers to be initially introduced in
the reactor:

N0
B =

WB

Mm
B

(4.71)

N0
A

N0
A + N0

B

= XA (4.72)

The remaining amount of A, given by WA/Mm
A −N0

A, is fed during the process according to the
ṄA value given by equation (4.70).

This operation modus is economically more convenient than the starved operation but it
requires to know the kinetics of the process (cf. Mayo-Lewis) and to be able to implement
the condition (4.65) which requires either to measure on-line or to model the kinetic of the
process. An additional problem which often arises with this procedure is that the very high
productivity leads to a very large heat production which may be difficult to handle with a
given heat exchange area. If the reactor cooling capacity is insufficient and fixed, one should
reconsider the above optimization process and substitute the maximum productivity objective
with the condition that the heat production rate should never exceed the potential heat cooling
of the reactor, so as to be able to maintain isothermal operating conditions. This would be of
the following form:

RpA (−∆HA) + RpB (−∆HB) ≤ US (T − Tc) (4.73)

where ∆Hi is the polymerization enthalpy of the i-th monomer, U and S are the reactor heat
transfer coefficient and surface, respectively and Tc is the temperature of the cooling medium.

4.3.4 Reactor Monitoring and Control

The composition control problem can be solved with a closed-loop controller, provided that we
have a reliable on-line sensor for the monomer phase composition. The measured composition
could be compared to the set-point

(
XA

)
and then a proper action taken on the manipulated

variables ṄA and ṄB. Such a sensor could be a gas chromatograph for the liquid phase or for
the phase in the head space. The second is probably faster and more robust, but definitely not
sufficiently for its routine use in a production environment. More easy is to measure on-line
the global rate of polymerization in the reactor. For this we can use the reactor heat balance
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as follows:

(−∆H) RpV = Ṅccpc

(
T out

c − T in
c

)
(4.74)

where Ṅc and cpc are the flow rate and the heat capacity of the cooling medium, and ∆H is
the global reaction enthalpy. From this equation, by measuring on-line the outlet and inlet
temperatures of the cooling medium, we can compute the instantaneous global rate of poly-
merization. Clearly, we have no way to distinguish the individual contribution of the two
monomers from this energy balance. The above equation is approximate and in applications
we should account for heat losses and for the heat accumulations. In addition, it is generally
difficult to use a reactor as a calorimeter. On one hand in fact we need T out

c and T in
c to be very

close so as to have a uniform cooling of the reactor. On the other hand, we need to have an
appreciable difference of T out

c and T in
c in order to avoid an excessive propagation of the tem-

perature measurement error in the estimated value of the global rate of polymerization. Other
equivalent sensors are used in applications which estimate the rate of reaction from density
measurements which are obtained by measuring the ultrasound propagation velocity in the re-
acting system. The complementary information needed to compute the rate of polymerization
of the two individual monomers can be obtained using a kinetic model. The rate of monomer
consumption is in fact given by:

dNA

dt
= −RpA = −k∗pAR•AV (4.75)

In practice, the difficulty in using this equation is the evaluation of R• which is the source of
many irreproducibilities, due to unpredictable impurities, inhibitors or others. On the other
hand, the polymer composition

FA =
RpA

RpA + RpB
=

k∗pAA

k∗pAA + k∗pBB
(4.76)
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does not depend on R• and therefore can be evaluated a priori with much higher reliability. The
best way to monitor the reactor behavior is therefore to combine a sensor for measuring on-line
the global polymerization rate with the equation above to split the total monomer consumption
into the contributions of the two monomers.
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Chapter 5

Heterogeneous Free-Radical
Polymerization

We refer in particular to suspension and emulsion polymerization. In both cases we start from
a suspension of monomer droplets (dd = 100 − 1000 µm) in an aqueous solution obtained by
rigorous stirring with the addition of some surfactant or emulsifier.

We then add an initiator which is monomer soluble for suspension and water soluble for
emulsion polymerization.

Suspension Polymerization: At the end of the reaction we obtain a suspension of polymer
particles with the same size as the original monomer droplets, i.e., dp ≈ 100 − 1000 µm. The
radicals produced inside the particles promote the polymerization which proceeds just like in
a bulk, thus following the kinetics described earlier for homogeneous polymerization.

Emulsion Polymerization: In this case the final size of the polymer particles is dp ≈ 100
nm, that is much smaller than the original monomer droplets. The mechanism of this process
and the corresponding kinetic behavior are more complex and have to be treated separately.

5.1 Concept of Micellar Particle Nucleation

Emulsifier molecules form in water solution aggregates called micelles, when the total con-
centration of emulsifier tends to exceed a given concentration, the so-called critical micellar
concentration (cmc).

This can be seen from surface tension measurements or from measurements of the free
emulsifier concentration in the water phase, Ew.
The radicals produced in solution are initially hydrophilic, but after adding a few monomer
units by solution polymerization, become enough hydrophobic to diffuse into the organic
phase. There are two possibilities, the monomer droplets or the micelles, which in their core
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cmc

EW

surface tension

added amount of
E per unit volume

solubilize some monomer. The choice depends upon the surface area available for transport:

monomer droplets ⇒ φM
6
dd
≈ 0.50 ·

6
100
≈ 0.03µm−1

micelles ⇒ φE
6

dm
≈ 0.01 ·

6
10−2 ≈ 6µm−1

It follows that most of the radicals enter the micelle, and there start the polymerization with
the monomer. At this point we say that a new polymer particle has been formed (nucleated).

5.2 Radical Segregation

The very small size of the polymer particles leads to the radical segregation which is the
characteristic feature of emulsion polymerization.

Let us consider the minimum possible radical concentration in an emulsion polymer particle
where bimolecular termination can occur:

R• =
2

vpNA
=

2
10−18 · 6 · 1023 ≈ 0.3 · 10−5mol/L (5.1)

By considering a typical value for the termination rate constant, kt = 5 · 107 L/mol/s, leads to
a characteristic time for termination equal to:

τt =
1

ktR•
= 10−2s (5.2)

Comparing this with the characteristic time for propagation, τp ≈ 10−3 s we conclude that the
two radicals can add only a few monomer units before terminating.

We can now consider the number of radicals in a particle, n as a function of time:
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time

�
e

n

1

2

0

�
e

�
t

�
t

�
e

�
e

We see that this follows a periodic evolution, where τe represents the characteristic time of en-
try of a radical from water phase in the polymer particle. We can then compute an approximate
value of time average number of radicals per particle:

n =
0 · τe + 1 · τe + 2 · τt

2 · τe + τt
=
τe + 2 · τt

2 · τe + τt
(5.3)

which since τt � τe, leads to:

n ≈ 0.5 (5.4)

Note that most of the propagation of the radicals occurs when the radical is alone in the par-
ticle, and this lasts for a time equal to τe. Thus, in order to have sufficiently high molecular
weights the initiator concentration is adjusted so that τe � τp. From this it follows that
τe � τt.

The radical segregation has an important consequence on the quality of the produced poly-
mer:

• Non-segregated system (homogeneous)

rate of termination = ktR•2

rate of propagation = kpMR• ⇒

 nN ∝
kpM
ktR•

Rp ∝ kpMR•

We have a conflict: in order to have high molecular weights, nN we need low R•, but
this leads to low rate of polymerization, Rp. This is because of the coupling between ter-
mination and propagation through the radical concentration, the first one having larger
reaction order.
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• Segregated system (emulsion)

nN = (rate of monomer addition) · τe

= kpMp ·
1

keR•wspNA

Rp = kpMpR•pvpNp = kpMp
n

vpNA
vpNp = kpMp

n
NA

Np

where ke is the mass transfer coefficient of the radicals in the water phase, R•w into the
polymer particles with surface sp and volume vp; Mp and R•p are the monomer and radical
concentrations in the polymer particles, and Np is their number per unit volume of water.

It is seen that the quantities are now decoupled, and we can obtain high molecular
weights with high productivity.

5.3 Phase Partitioning

During an emulsion polymerization process we have polymer particles, micelles and monomer
droplets dispersed in the water phase. Monomer and free emulsifier are partitioned among
these phases according to equilibrium. Since the external surfaces are very large (very small
particles) the transport kinetics is in fact much faster than the polymerization reaction.

polymer
particles

monomer
droplets

micelles
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5.3.1 Monomer

As long as monomer droplets are present, Mw+Md > Msat
w (where the indices refer to water and

to the monomer droplets and Msat
w is the concentration at saturation conditions), three phases

are present, namely water, polymer particles, and monomer droplets. In this case we have:

aM
w = aM

p = aM
d (5.5)

where aM
j is the activity of the monomer in phase j. Since the monomer droplets consist of

pure monomer aM
d = 1. Therefore the activity and concentration in the water and the polymer,

Mw and Mp, remain constant, as long as monomer droplets are present. As the monomer is
hardly soluble in water and its amount in the core of the micelles is usually negligible, most of
the monomer is partitioned between the monomer droplets as well as in the swollen polymer
particles (up to 60% in volume).

When the monomer droplets are consumed we have:

aM
w = aM

p (5.6)

The activities can be computed using suitable thermodynamic models (Flory Huggins, Uni-
quac, equation of states), to provide the concentration of the monomer in the two phases, Mw

and Mp.

5.3.2 Emulsifier

Similarly, as in the previous case we have:

aE
w = aE

p (5.7)

If Ew > cmc, then we have the formation of a third phase, the micelles. As long as micelles
are present, the value of Ew does not change and we have Ew = cmc.

The above activity equality is in general represented by the Langmuir isotherm, which better
describes the adsorption of the emulsifier on the surface of the polymer particles. ΓE, the
adsorbed emulsifier concentration [mol/vol] is given by:

ΓE = Γ∞E
KEEw

1 + KEEw
(5.8)

where KE is the adsorption equilibrium constant and Γ∞E is the saturation concentration, which
is achieved when the entire surface of the particle per unit volume, ap = sp/vp is covered by
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the emulsifier. By defining aE the surface area covered by a single emulsifier molecule we get:

Γ∞E =
ap

aENA
(5.9)

The emulsifier amount adsorbed on the monomer droplets is usually negligible.

5.4 Colloidal Stability

Besides its role in the nucleation process, the emulsifier is also very important in providing
colloidal stability to the polymer particles. Let us consider an ionic surfactant (steric surfac-
tants can also be used) where the surfactant molecule carries a net charge on the polymer
particles, thus making them to repel each other and prevent coagulation.

As a rule of thumb, in order to avoid coagulation we have to keep most of the particle
surface covered by the surfactant. Since the particles grow during polymerization, this can
be achieved by adding the emulsifier during reaction and proportionally to the increase of the
total polymeric surface.

5.5 Kinetic Mechanism of Emulsion Polymerization (Smith &
Ewart, 1954)

The process is typically divided in three intervals.

Interval I: Nucleation

As soon as the radicals produced by the initiator enter the micelles we have the formation of
new polymer particles. Other nucleation mechanisms are possible, but we now restrict only to
the micellar one. In principle, we have that some of the radicals can terminate in the aqueous
solution, some may enter the monomer droplets and some the previously formed polymer
particles. However, particularly for fast nucleation the vast majority of radicals produced by
the initiator enter the micelles, and therefore as a first approximation we have:

dNp

dt
= RI (5.10)

The nucleated polymer particles (increasing in number) grow by taking monomer from the
aqueous solution (and eventually from the monomer droplets), their surface grows and adsorbs
more and more surfactant. The surfactant available in the water phase decreases until all
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micelles disappear and the concentration of emulsifier Ew starts dropping below cmc. This
indicates the end of the nucleation interval, and the number of particles will thereafter remain
constant.

Interval II: Growth

In this stage of the process the number of particles remains constant but their volume grows
over time. The volume of a single particle, vp, consist of polymer and monomer, vp = vmon +

vpol. The volume fraction of the monomer and the polymer in the particle can be written as
follows:

φ =
vmon

vp
(5.11)

and

1 − φ =
vpol

vp
(5.12)

As long as monomer droplets are present (interval I and II) the volume fraction of monomer
dissolved in the particle stays constant, φ = const. ≡ φ∗ (can reach values up to 0.6). First we
will consider the volume growth of polymer in a single particle, vpol:

dvpol

dt
= kpMpR•pvp

Mm
mon

ρpol
(5.13)

with

Mp = φ∗
ρmon

Mm
mon

and

R•p =
n

NAvp

one obtains

dvpol

dt
= kpφ

∗ ρmon

Mm
mon

n
vpNA

vp
Mm

mon

ρpol

= kpφ
∗ n
NA

ρmon

ρpol
(5.14)

where the first three factors represents the moles of monomer reacted per unit time and per unit
volume, Mm

mon is the monomer molecular weight and ρmon and ρpol the monomer and polymer
densities respectively. From this, the volumetric growth of a single particle can be derived as
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follows:

dvp

dt
=

d
dt

(
vpol

1 − φ∗

)
=

dvpol

dt
1

1 − φ∗

= kp
φ∗

1 − φ∗
n

NA

ρmon

ρpol
(5.15)

Note that vpol is always increasing, whereas vp is only increasing, when φ = const. (interval I
and II).

Since n = 0.5 and φ∗ is kept constant by the presence of the monomer droplets, it follows
that:

dvp

dt
= const. ≡ c (5.16)

The overall reactor productivity

Rp ∝
d
dt

(
vpNp

)
= Np

dvp

dt
= Npc (5.17)

remains also constant during this interval.

This interval continuous as long as monomer droplets are present, after this the monomer
concentration in the water phase drops below its saturation value, indicating the end of the
growth interval.

Interval III: Monomer Depletion

The polymerization process continues in the polymer particles. The monomer concentrations
Mw and Mp decrease in parallel, and the rate of polymerization consequently decreases up to
the end of the process.

Rp

time

Vpol

I II III monomer
conversion
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Comments

• The rate of polymerization increases in interval I due to the increase of Np:

Rp ∝ Np
dvp

dt
= (RIt) c (5.18)

while it remains constant in interval II and decreases to zero in interval III. This leads to
the sigmoidal behavior of the monomer conversion curve, whose derivative is propor-
tional to Rp.

• We assumed that the polymer particles do not coagulate, since they are kept colloidally
stable through the addition of surfactant during the polymerization. If we add all the
emulsifier at the beginning we make a lot of micelles, therefore many small particles
with a large surface that most likely leads to coagulation.

5.6 Kinetics of Micellar Particle Nucleation

During intervals I and II, the growth of the volume of a single particle, vp is given by 5.15:

dvp

dt
= kp

φ∗

1 − φ∗
n

NA

ρmon

ρpol

Since in these intervals φ∗ = const. and we can assume n = 0.5, the quantity above is equal to
a constant:

dvp

dt
= c (5.19)
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If we assume that the nucleation interval is very short, we can approximate that all the radicals
produced by the initiator, RI enter the micelles, so that:

dNp

dt
= RI (5.20)

where neglecting the initiator consumption we have that RI is constant.
The nucleation stops when the micelles disappear, that is when all emulsifier is adsorbed

on the polymer particles. By taking KE � 1, the emulsifier adsorption isotherm simplifies to
ΓE = Γ∞E and the condition for the end of the nucleation interval reduces to:

NpfvpfΓ
∞
E = E0 − cmc ≈ E0 (5.21)

where E0 is the overall concentration of emulsifier originally introduced in the reactor while
Npf is the final value of the number of polymer particles per unit volume of water, Np, and tf is
the time at the end interval I. Since Γ∞E = ap/aENA we obtain:

Npfvpfapf = Npf spf = E0aENA (5.22)

Using equations (5.19) and (5.20) we have:

Npf = RItf vpf = ctf (5.23)

Note that
sp = 4πr2

p
vp = 4

3πr3
p

}
⇒ sp = (36π)

1
3 v

2
3
p (5.24)

⇒ Npf (36π)
1
3 v

2
3
pf = E0aENA (5.25)

vpf = ctf = c
Npf

RI
(5.26)

Npf (36π)
1
3 c

2
3

(
Npf

RI

) 2
3

= E0aENA

⇒ N
5
3
pf = E0aENA

(RI

c

) 2
3 1

(36π)
1
3

⇒ Npf =
(
E0aENA

) 3
5

(
RIρpNA

kpnMpMm
mon

) 2
5 1

(36π)
1
5

(5.27)

We conclude that the final number of particles per unit volume of water grows with the power
of 0.6 of the initial emulsifier concentration, E0 and the power 0.4 of the initial initiator con-
centration, I0.
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5.7 Distribution of Active Radicals in the Polymer
Particles

The following physicochemical steps are involved in the process:

k nd�

cn(n-1)t

• Radical entry from the aqueous phase:

rad.
time × part.

= keR•wspNA ≡ ρ (5.28)

where ke is the mass transfer coefficient of the radicals from the water into the polymer
particles.

• Radical desorption from the polymer particles:

rad.
time × part.

= kd
n

vpNA
vpNA ≡ kdn (5.29)

where kd is the mass transfer coefficient of the radicals exiting the particles. Note that
this is usually associated with a chain transfer to monomer event, which, if the monomer
is water soluble, produces a soluble radical.

• Radical termination in polymer particles:

events
time × part.

= kt
n

vpNA

(n − 1)
vpNA

1
2

vpNA ≡ ct(n − 1)n (5.30)

where ct is the inverse of the termination characteristic time in the polymer particles.

Now we consider a population balance for polymer particles that at time t contain n active
radicals:

dNn

dt
= ρNn−1 + kd(n + 1)Nn+1 + ct(n + 2)(n + 1)Nn+2

−ρNn − kdnNn − ctn(n − 1)Nn (5.31)
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nn-1n-2 n+1 n+2

n(n-1)ct

(n+2)(n+1)ct

kd n kd(n+1)

ρρ

d
d
nN
t

Let us introduce the PSSA for Nn and two new parameters:

m =
kd

ct
and α =

ρ

ct
(5.32)

so we get:
αNn−1 + m(n + 1)Nn+1 + (n + 2)(n + 1)Nn+2

= (α + mn + n(n − 1)) Nn (5.33)

The solution has been found in terms of modified Bessel functions (Stockmayer, 1957):

Nn = Npan2(m−1−3n)/2

 Im+n−1

(
a/
√

2
)

n!Im−1 (a)

 (5.34)

with a =
√

8α, and the average number of radicals per particle:

n =

∑∞
n=0 nNn∑∞
n=0 Nn

(5.35)

Let us first consider the case with no desorption, i.e., m = 0. We see that as α→ 0 or ρ � ct

(which is equivalent to τe � τt in section 5.2) we have n → 0.5. From the PBE above for
m = α = 0 we have:

Nn+2 =
n(n − 1)

(n + 2)(n + 1)
Nn (5.36)
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log �

lo
g

n

which implies, for n = 0, 1, 2 ... that N2 = N3 = ... = 0. For computing N0 and N1 we use the
closure equation:

If a radical enters a particle with the maximum number of radicals, then it terminates imme-

diately. 
dN0

dt
= −ρN0 + ρN1

dN1

dt
= ρN0 − ρN1

⇒ N0 = N1 =
1
2

Np (5.37)

that is n = 0.5. In this case we have a so-called 0-1 system, that is one where half of the
particles have zero radicals and the other half one.

In order to appreciate the influence of radical segregation on its average number, let us
consider a bulk model, where we assume n � 1, and then n(n − 1) ≈ n2. In this case the
balance of the radicals in a particle reduces to:

dn
dt

= ρ − 2ctn2 − kdn (5.38)

and using the PSSA for n and introducing the above dimensionless parameters we obtain:

α − 2n2 − mn = 0 (5.39)

which in turn leads to:

n =
−m ±

√
m2 + 8α

4
(5.40)
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where the negative root is meaningless. The bulk model approximation above is valid when
termination is low, so that we can have radical accumulation in the particle. In this case:

−m +
√

m2 + 8α→
√

8α (5.41)

and therefore
n→

√
α/2 (5.42)

which is independent of the desorption rate and approaches the straight line emerging for
α→ ∞ appearing in the plot above, computed in the case of radical segregation. We conclude
that for n ≥ 3 the polymer particles behave like a bulk (non segregated) system.

Thus depending on the value of α the system can approach a segregated behavior (α � 1) or
a bulk one (α � 1). The first one occurs because, even if termination is very fast (ct → ∞), as
a single radical in a particle cannot terminate. Accordingly, the limit for α→ 0 is n = 0.5 and
not n = 0. However, this is not true when desorption is present, since even a radical which is
alone in the particle can desorb. Desorption becomes important when m > α, as it is indicated
in the figure where it is seen that straight lines indicating n deviate from the segregated value
n = 0.5 at α values below the specific m under examination. Note that since in these conditions
bimolecular termination cannot occur we can use the bulk model:

dn
dt

= ρ − kdn ≈ 0 (5.43)

which leads to
n =

α

m
(5.44)

which justifies the straight lines with slope equal to one in the figure above which describe the
system behavior in the region dominated by radical desorption.
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Chapter 6

Stability of Colloidal Suspensions

6.1 Kinetic Stability of Colloidal Suspensions

� � �G = A
o

f sl sl

sol/liq surface change [m ]
2interfacial surface

tension (sol/liq) [J/m ]
2

γsl > 0⇒ colloid state is unstable, i.e., lyophobic (in water: hydrophobic); you need work to
create a dispersion (⇒ mixing)

γsl < 0⇒ colloid state is stable, i.e., lyophilic (in water: hydrophilic)

Lyophobic colloids can be made kinetically stable by building an energy barrier sufficiently
large with respect to the thermal energy of the particles, kT . Two stabilization mechanisms
are possible:

• electrostatic: the particles are electrically charged

• steric: the particles are coated with some material (e.g. polymer) which prevents their
close approach.

Concept of Kinetic Stability

Thermal energy provides kinetic energy to the colloidal particles which collide with energy
(kT ). The charges on the particle surface provide an energy barrier to be overcome in order to
have aggregation.
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colloid

bulk

unstable

colloid

kinetically
stableG

aggregation coordinate

6.2 Interaction between two Charged Bodies

The interaction between two bodies is dominated by two forces, an attractive van der Waals
force and a repulsive electrostatic force.

6.2.1 van der Waals Forces

The origin of these forces is the attraction between a temporary dipole and the correspond-
ing induced dipoles (London theory). The following semi-quantitative argument provides a
reasonably accurate picture of the physics underlying these interactions. Let us use the Bohr
model for a hydrogen atom, where electrons are regarded as traveling in well defined orbits
around nuclei. As a result of the electrons motion, every atom has an instantaneous dipole
moment p approximately equal to p = a0 ∗ e, where e is the electron charge and a0 is the
Bohr radius, which is a good estimate of the radius of a hydrogen atom. Let us consider two
hydrogen atoms, referred to as atom 1 and atom 2, positioned at a distance R. The electric
field E generated by the instantaneous dipole 1 at distance R is given by:

E =
p1

4πε0R3 (6.1)

where ε0 is the vacuum dielectric permeability. Atom 2, will be polarized by the electric field
generated by atom 1, which generates an induced dipole of strength:

p2 = αE =
αp1

4πε0R3 (6.2)
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where α is the polarizability of the second atom, and is approximately equal to α = 4πε0a3
0.

Since the energy of interaction of two dipoles equals:

Vint = −
p1 p2

4πε0R3 = −
αa2

0e2

(4πε0)2 R6
= −

C
R6 (6.3)

Equation (6.3) shows that van der Waals interactions between pairs of particles in vacuum are
always attractive, and decay very strongly with the distance. However, they become consider-
able at short distances.

When the overall van der Waals interactions between macroscopic objects needs to be com-
puted, one assumes that equation (6.3) holds for all pairs of molecules contained in the two
objects. This theory has been developed by Hamaker. In this case, the van der Waals interac-
tion between macroscopic object 1 and macroscopic object 2 is given by:

VA = −C
∫

V1

∫
V2

dV1dV2

R6 (6.4)

where the two integrations run over the entire volumes V1 and V2 of the two bodies, and R

is the distance between two arbitrary points, one located within the first object, the other one
within the second object. Generally, the two integrals are difficult to compute, and explicit
formulas are available only for very simple geometries. As an example, let us perform the
integration for the case of a semi-infinite solid and a point. Equation (6.4) reduces in this
case to one single volume integral, over the semi-infinite body. If we indicate with d the
distance between the point (named 1) and the surface of the semi-infinite body, and we define
a coordinate system with the x-axis along the direction of the distance d, with the zero on the
surface of the body and pointing inwards the body and both other axes parallel to its surface,
one can immediately recognize that the system has a rotational symmetry around the x-axis. It
is therefore convenient to perform the volume integration using cylindrical coordinates. The
distance R in equation (6.4) is equal to the distance between point 1 and an arbitrary point
having coordinates x and z inside the body, as shown in the next Figure. By making use of
Pitagora’s theorem, the volume integral in equation (6.4) reduces to:

VA = −C
∫ ∞

0
dx

∫ ∞

0

2πz dz(
z2 + (d + x)2)3 = −

πC
2

∫ ∞

0

dx
(d + x)4 = −

πC
6d3 (6.5)

From equation (6.5) one can observe that the dependence of the van der Waals interactions
between a point and an infinite solid decreases as the reverse third power or the distance.

The simple calculation shows the effect of summing in a pair additive manner the inter-
actions of all pairs of molecules belonging to two macroscopic objects. Even though the
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interactions of two molecules are very weak, the overall interactions between the bodies can
become significant at short distances, for example at distances comparable to the size of the
two objects.

There are two important cases where the integrations in equation (6.4) can be performed
analytically: (1) two infinite slabs and (2) two spheres having arbitrary size and distance. The
corresponding interaction potentials can be computed as follows:

• For two infinite slabs at distance D:

VA(D) = −
A

12πD2 (6.6)

• For two spheres of radius a1 and a2 at distance R:

VA(R) = −
A
6

[
2a1a2

R2 − (a1 + a2)2 +
2a1a2

R2 − (a1 − a2)2 + ln
(
R2 − (a1 + a2)2

R2 − (a1 − a2)2

)]
(6.7)

where A is the Hamaker constant which depends on the physical characteristics, e.g., polar-
izability and density, of the materials involved. In the case of two spheres, one can perform
Taylor expansions of this last equation and observe that at distances much smaller than the
particle radius, the interactions decay with the first power of the distance. On the other hand,
for distances much larger than the particle radius the interaction energy decays with the sixth
power of the distance, as one could expect.

The Hamaker constant depends not only on the physical properties of the materials the
macroscopic objects are made of, but also on the dielectric properties of the medium sur-
rounding the particles. The effect of this medium can be extremely important in some cases.
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In fact, even though Hamaker constants are usually positive, there are some cases where neg-
ative values can be found for some specific types of materials/medium pairs. A negative value
of Hamaker constant implies that van der Waals interactions are repulsive.

One final caveat about Hamaker’s treatment of van der Waals interactions. A much more
rigorous approach of dispersion forces and van der Waals forces is available in the literature,
which has been pioneered by Lifshitz. It is based on rigorous quantum mechanical calcula-
tions, but the final equations are far more complex than the Hamaker theory. However, some
general features can be quickly discussed, which are necessary to point out the limitations of
the simpler Hamaker theory. First of all, Lifshitz’ theory shows that the pairwise addition of
interactions is a not rigorously correct, as van der Waals interactions a truly many-body prob-
lem. This effect can be simply accounted for by adjusting the values of the Hamaker constant.
The second limitation is given by the so-called retardation effect. Since atoms are fluctuating
dipoles, as the distance between two molecules increases beyond a certain threshold, the time
required for a molecule to feel the effect of the electric field produced by another dipole be-
comes significant. This implies that the interactions of the different dipoles are retarded, and
the energy of interaction decays even stronger with the distance, i.e., with the seventh power
of the distance, and not anymore with the sixth power. This effect weakens van der Waals
interactions for large bodies as their distance increases, compared to the predictions of the
Hamaker theory. However, due to its simplicity and good accuracy, Hamaker constants are
still commonly used in colloidal science.

Concept of Surface Tension

A

A

WAA = work per unit area needed to separate up to∞ two parts of liquid column
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WAA = 2γAv (6.8)

where γAv is the surface tension of A in contact with vapor (vacuum). We compute WAA as the
interaction energy between two flat bodies and get (for hydrocarbons):

γAv =
1
2

WAA =
1
2
·

A
12πL2 (6.9)

Since it is difficult to postulate L, we compute it from experimental values of γAv and calculated
A.

Alkane CnH2n+2

n 1020 × A (J) 103 × γAv (J/m2) 10−3 × ρ (kg/m3) L (nm)

5 3.75 16.05 0.626 0.176
6 4.07 18.40 0.660 0.171
8 4.50 21.62 0.702 0.166

10 4.82 23.83 0.730 0.164
12 5.03 25.35 0.749 0.162
14 5.05 26.56 0.763 0.159
16 5.23 24.47 0.773 0.159

We observe that L:

i) has dimension of molecular radius

ii) L ∝ 1/
√
ρ.

6.2.2 Electrostatic Forces

Electrical Double Layer

• Outside of the outer Helmholtz plane, the ions move freely, therefore this is the plane of
closest approach of (hydrated) ions (≈ 0.5 nm).

• The inner Helmholtz plane constitutes the locus of the centers of adsorbed (dehydrated)
ions (≈ 0.1 nm).
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aqueous solution,

diffusive layer

�W

OHP = outer Helmholtz plane

IHP = inner Helmholtz plane

0 i d x

For x > 0:
ρ = div (εE)
E = −grad (ψ)

}
⇒ ∇2 (ψ) = −

ρ

ε

(
Poisson
equation

)
(6.10)

where ρ =
∑

all ions nizie, with ni = number ion concentration, zi = valance, e = electron charge;

E = electric field
ε = permittivity
ψ = potential referred to bulk, i.e., ψ = 0 at x = ∞.

For x > d:

The ions are free to diffuse and are influenced by the local electrostatic potential, so that:

ni = n0
i exp

(
−

zieψ
kT

) (
Boltzmann
equation

)
(6.11)

where n0
i is ni in the bulk. In the diffusive layer, x > d, we have ε = εw and:

∇2 (ψ) = −
1
εw

∑
n0

i zie exp
(
−

zieψ
kT

) (
Poisson-Boltzmann

equation

)
(6.12)

with B.C.: ψ = 0 at x = ∞, ψ = ψd at x = d.
Let us consider a few specific cases for which we have analytical solutions.

• The Debye-Hückel approximation:

Applies when the electrical energy is small compared to the thermal energy: |zieψ| < kT .
Then,

exp
(
−

zieψ
kT

)
≈ 1 −

zieψ
kT

(6.13)
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which leads to

∇2ψ = −
1
εw

(∑
n0

i zie −
∑

n0
i z2

i e2

kT
ψ

)
(6.14)

According to the principle of electroneutrality for the bulk
∑

n0
i zi = 0 and, therefore, we

get
∇2ψ = κ2ψ (6.15)

where

κ2 =
1
εw

∑
n0

i z2
i e2

kT
(6.16)

is the Debye-Hückel parameter. The solution has the form

ψ = A1 exp (κx) + A2 exp (−κx) (6.17)

but since ψ = 0 as x→ ∞,⇒ A1 = 0 and imposing ψ = ψd at x = d⇒ A2 = ψd exp(κd),
so that

ψ = ψd exp [−κ(x − d)] , for x > d (6.18)

The distance 1/κ where ψ = ψd exp(−1) is defined as the thickness of the diffusive layer.
At 25◦C in water

κ = 3.29
√

I [nm−1] (6.19)

with I = 1/2
∑

ciz2
i is the ionic strength and ci is in mol/L. For example, for a 10−3 M,

1:1 electrolyte is 1/κ = 9.6 nm.

• Flat surface:

We consider a symmetric electrolyte, z+ = −z− = z and n0
+ = n0

− = n0, so that the
Poisson-Boltzmann equation becomes

∇2ψ = −
1
εw

n0ze exp
(
−

zeψ
kT

)
+

1
εw

n0ze exp
(
+

zeψ
kT

)
=

2n0ze
εw

sinh
(zeψ

kT

)
(6.20)

and then for a flat geometry

d2ψ

dx2 =
2n0ze
εw

sinh
(zeψ

kT

)
(6.21)

Multiplying both sides by (2dψ/dx) and integrating in x:∫
2

dψ
dx

d2ψ

dx2 dx =
4n0ze
εw

∫
sinh

(zeψ
kT

) dψ
dx

dx (6.22)
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0 d d+1/�
x

�
d
/e

�
d

�

∫ x

∞

d
dx

(
dψ
dx

)2

dx =
4n0ze
εw

∫ ψ

0
sinh

(zeψ
kT

)
dψ (6.23)

where we account for the B.C.: ψ = 0 and dψ/dx = 0 at x = ∞(
dψ
dx

)2

=
4n0ze
εw

∣∣∣∣∣kT
ze

cosh
(zeψ

kT

)∣∣∣∣∣ψ
0

(6.24)

(
dψ
dx

)2

=
4n0kT
εw

[
cosh

(zeψ
kT

)
− 1

]
(6.25)

Recalling that
√

cosh(aψ) − 1 = −
√

2 sinh(aψ/2), we get

dψ
dx

= −

(
8n0kT
εw

) 1
2

sinh
( zeψ
2kT

)
(6.26)

This can be integrated by variable separation as follows:∫ ψ

ψd

dψ
sinh (zeψ/2kT )

= −
2κkT

ze

∫ x

d
dx (6.27)

⇒ tanh
( zeψ
4kT

)
= tanh

(zeψd

4kT

)
exp [−κ (x − d)] (6.28)

In the case where zeψ < kT , we can approximate tanh (zeψ/4kT ) ≈ zeψ/4kT , and the
solution above becomes

ψ = ψd exp [−κ (x − d)] (6.29)

which is the Debye-Hückel approximate solution.
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A couple of comments on the results above:

a) Approximate behavior:

d x

�
d

�
2kT

ze

d x

�
d

�

4kT

ze

for ψd < 2
kT
ze
⇒ ψ ≈ ψd exp [−κ(x − d)]

for ψd > 4
kT
ze
⇒ tanh

( zeψ
4kT

)
≈ exp [−κ(x − d)]

(since tanh (y)→ 1 as y→ ∞)

which sufficiently away from the surface, where ψ is small, leads to

ψ =
4kT
ze

exp [−κ (x − d)] (6.30)

that is away from the surface the potential behaves like in the case where ψd =

4kT/ze, although ψd is much larger.

b) If we take d = 0, and ignore the IHP and OHP, this treatment corresponds to the
Gouy and Chapman model. The figures show the effect of electrolyte charge and
concentration on the potential behavior predicted by Debye-Hückel. The points
indicate the value ψ/ψd = exp(−1) and the corresponding Debye thickness 1/κ.

1/κ Celectrolyte

9.60 nm 0.001 M
3.00 nm 0.01 M
0.96 nm 0.1 M

It is seen that both the electrolyte concentration and its charge can strongly affect the
thickness of the double layer. This is known as double layer compression and is widely
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used in applications to destabilize colloids. However, the predictions of this model on
a quantitative basis are often unrealistic. For example in the case of ψd = 100 mV with
n0 = 0.001 M, a surface concentration value nd = n0 exp (zeψd/kT ) = 0.001 exp(12) =

160 M is obtained. This result can be corrected introducing the Stern layer, where some
counterions are strongly associated with the surface, thus also neutralizing some of the
surface ions.

Simple Example for a Boltzmann Distribution

Let us consider the molecules in the atmosphere which are free to move according to Brownian
motion but are also subject to the gravitational field.

h

dh

P

P+dP
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By applying Newton law to a thin slice of atmosphere dh we get:

dP = −ρg dh (6.31)

where ρ is the mass density which using the ideal gas law can be expressed as follows:

ρ = nM =
PM
RT

(6.32)

where M is the molecular weight and n is the number molecule concentration. Substituting in
the previous equation this leads to:

dP
P

= −
Mg
RT

dh (6.33)

which integrated with I.C.: P = P0 at h = 0 yields:

P = P0 exp
(
−

Mg
RT

h
)

(6.34)

Recalling that M = mNA, where m is the molecule mass and NA the Avogadro number, while
R = kNA and pressure is proportional to the number molecule concentration the above equation
leads to:

n = n0 exp
(
−

mgh
kT

)
(6.35)

which, since (mgh) is the gravitational potential, coincides with the Boltzmann equation (6.6).

A More Rigorous Derivation of the Boltzmann Distribution

In order to fully justify the use of the Boltzmann distribution to describe the dependence of
the concentration of ions on the electrostatic potential, let us consider the following thermo-
dynamic argument. In the presence of a charged surface, which generates an electric field,
the thermodynamic function which determines the equilibrium condition of the ions is the
electrochemical potential µ̃, defined as:

µ̃ = µ + zeψ (6.36)

where z is the valence of the ion, ψ is the electrostatic potential at the location considered and
µ is the chemical potential. The significance of the electrochemical potential is that of free en-
ergy per molecule in the presence of electric field. For every ion, the electrochemical potential
has to be constant in the entire space in order to guarantee the thermodynamic equilibrium.
Therefore, by considering two different locations, one at distance x from the surface, where the
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electrostatic potential is ψ(x), and the other one in the bulk of the solution, at infinite distance
from the surface, where the electrostatic potential is equal to zero, the equilibrium conditions
reads:

µ̃(x) = µ(x) + zeψ(x) = µ̃(x = ∞) = µ(x = ∞) (6.37)

By using the definition of chemical potential:

µ(x) = µ0 + kT ln (a(x)) (6.38)

where a(x) is the activity of the species at a distance x from the surface and µ0 is a reference
chemical potential. By neglecting concentration effects, we can replace the activity by the
number concentration, i.e., a(x) ≈ n(x). Therefore, by calling n0 the number concentration of
the ion in the bulk of the solution, equation (6.37) becomes:

kT ln (n(x)) + zeψ = kT ln(n0) (6.39)

which leads to the Boltzmann distribution of the ion:

n(x) = n0 exp
(
−

zeψ
kT

)
(6.40)

Therefore, the Boltzmann distribution arises naturally (at least for dilute electrolyte solutions)
as a consequence of thermodynamic equilibrium in the presence of an electric field.

Electrostatic Potential of Interaction

When two charged bodies approach each other the corresponding double layers overlap, the
local ion concentration increases compared to the bulk, thus creating an osmotic pressure and
therefore a corresponding repulsive force.

0
x

�
0

�����x

�
0

D
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Depending on the kinetics of the approach we can have that the ions may have or not time
enough to equilibrate. We distinguish three limiting situations:

• constant surface potential, ψ0 ⇒ slow approach;

• constant surface charge, σ0 ⇒ fast approach or ions covalently bound to the surface;

• charge regulation ⇒ the surface groups can dissociate to an extent which depends on
the interaction, as for example:

SH
 S− + H+ ⇒ σ0 = −eS −s =
−eκdNs

κd + H+0 exp (−eψ0/kT )
(6.41)

In order to compute the repulsive force between two charged infinite planar surfaces at a
distance h, let us consider the following simple argument. At equilibrium, all forces acting on
a volume element located between the two plates must balance. The only two forces acting are
the electrostatic forces and the osmotic pressure. The osmotic pressure force per unit volume
is equal to:

Fp = −
dp
dx

(6.42)

where x is the coordinate perpendicular to the two surfaces. On the other hand, the electrostatic
force per unit volume equals the product of the charge density with the electric field, and can
be written as:

Fel = −ρ
dψ
dx

(6.43)

By using the Poisson equation, this force balance can be recast in the following form:

dp
dx
− ε

d2ψ

dx2

dψ
dx

= 0 (6.44)

The integration of this equation gives:

p −
ε

2

(
dψ
dx

)2

= const. (6.45)

This last equation implies that the sum of the osmotic pressure and the so-called Maxwell
pressure, ε/2 · (dψ/dx)2, are constant in the whole domain. Due to the symmetry of the sys-
tem considered here, at the midplane the electrostatic potential profile has to have an ex-
tremum (minimum if the surface are positively charged, maximum otherwise). Therefore
(dψ/dx)x=h/2 = 0, and the constant in equation (6.45) is equal to the osmotic pressure at the
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midplane. Therefore, once the pressure at midplane is known, the force acting on the planes
can be computed, and by integrating the force, the energy of interaction can be derived. In
order to determine the pressure at midplane, we can once again use the force balance written
as:

dp = −ρ dψ (6.46)

In order to simplify the calculations, let us assume to have a solution containing just a symmet-
ric z–z electrolyte. By making use of the Boltzmann distribution for the ions concentration,
one obtains:

dp = 2zen0 sinh
(
−

zeψ
kT

)
dψ (6.47)

This equation can be easily integrated between the following limits: p = p0 in the bulk (when
ψ = 0), and p = ph/2 at ψ = ψh/2. The result is the following:

ph/2 − p0 = 2kTn0

[
cosh

(
−

zeψh/2

kT

)
− 1

]
= FR (6.48)

The conclusion is that the repulsive force between the planes can be computed if the potential
at midplane is known. This can be obtained by integrating the Poisson-Boltzmann equation.
One should then notice that the electrostatic repulsive energy (per unit surface) is obtained
from the repulsive force per unit surface as follows:

dVel = −FR dh (6.49)

The physical interpretation is that the potential energy per unit surface of two plates at a
distance h is equal to minus the work done to bring the plates from infinite distance to the
current distance h.

Several approximate relations have been developed to compute the electrostatic repulsive
potentials between two bodies.

• For small degree of double layer overlap (any geometry), D � 1/κ:

Vψ
R =

64n0kTZ2

κ
exp (−κD) (6.50)

Z = tanh
(zeψ0

4kT

)
(6.51)

In this case Vσ
R ≈ Vψ

R since the discharge remains anyway small due to the small overlap.
This corresponds to the case where the potential at midplane is approximated by the sum
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0
x

�
0

�����x

�
0

D

�
m

of the potentials of two isolated charged infinite planes. This approximation is only valid
for small overlapping.

• For small potentials of the two surfaces, zeψ0 � kT :

In this case we can apply the Debye-Hückel approximation

Vψ
R =

2n0kT
κ

(zeψ0

kT

)2 [
1 − tanh

(
κD
2

)]
(6.52)

• Most convenient in applications are:

Vψ
R =

32n0kT
κ

z2
[
1 − tanh

(
κD
2

)]
(6.53)

Vσ
R =

2n0kT
κ

(
2y0 ln

[
B + y0 coth (κD/2)

1 + y0

]
(6.54)

− ln
[
y2

0 + cosh (κD) + B sinh (κD) + κD
])

(6.55)

where y0 = zeψ0/kT and B =
[
1 + y2

0 cosh2 (κD/2)
]1/2

• Illustrations:

The next figure shows a comparison of the three repulsive potentials. The one for con-
stant charge is clearly the largest, while the charge regulation solution is somehow inter-
mediate. The next figure shows that Vψ

R decreases with distance and with y0 = zeψ0/kT .
The approximate expression for D � 1/κ (dotted) is compared with exact solution
(solid).
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6.2.3 Total Interaction Energy

The total potential energy of interaction is given by the sum of the attractive and the repulsive
contributions derived earlier:

VT = VA + VR (6.56)

Using expressions developed for flat surfaces and symmetric electrolyte, we get:

VT = −
A

12πD2 +
32n0kT

κ
z2

[
1 − tanh

(
κD
2

)]
(6.57)

which is illustrated in the figure on the next page. It is seen that the van der Waals forces
dominate at low distances, where however VT does not go to −∞, but contrary increases due
to the occurrence of Born repulsion forces, which are very short-range and come into play
when the atom of the two surfaces come in contact. This leads to the very deep attractive well,
referred to as primary minimum. At high distances, the van der Waals forces prevail again,
often leading to the formation of a secondary minimum.
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Note

Because of the large depth of the primary minimum the energy barrier for separating two
particles is much larger, often substantially infinite, compared to that corresponding to the
reverse process.

6.2.4 Simple Manifestation of Electrical Double Layers: Soap Films

The figure shows a soap film, where the water molecules are kept in the film by the repulsive
forces between the layers of surfactant molecules adsorbed at the air-liquid interface.

double layers
repulsion

gravity on
water molecules

For the film formed with a wire frame in the figure, at each height, H the hydrostatic pres-
sure (Hρg) which tends to drain the water molecules have to be balanced by the double-layer
pressure, which corresponds to a certain thickness of the film, D that can be measured. For
example at height of about H = 10 cm, the repulsive double-layer pressure has to be of the
order of 103 N/m2. Soap film thickness of about 20 nm were stabilized by the overlapping
diffusive double layers with ψ0 ≈ 30 mV.
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6.3 Coagulation of Colloidal Suspensions

From the shape of the total interaction potential curve as a function of particle distance we
can define the stability of a colloid or a latex. This is illustrated in the figure below, where we
have:

a = kinetically stable or meta-stable colloid;
b = marginally unstable (critical condition)
c = unstable

The loss of stability, or particle aggregation, can be induced in two ways as described in the
following.

6.3.1 Aggregation by Potential Control

We can change the particle charge, and then its potential, as shown by the curves in the previ-
ous figure.

The most common way to bring charges on the surface of particles is to adsorb ionic surfac-
tants. These can be salts which are fully dissociated (e.g. sodium dodecylsulfonate) or weak
acids (e.g. carboxylic acids) that dissociate to an extent which depends upon the solution pH.
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Another possibility is to act on the concentration of the so-called potential determining ions,
as we discuss next.

When considering a dispersion of solid AgI particles in water, since the solution is saturated
we have:

ae
Ag+ae

I− = KS (6.58)

where KS is the solubility product. In addition, due to the solid-liquid equilibrium we have
that the activities of each ion are equal in the two phases:

ae
Ag+ = as

Ag+ (6.59)

ae
I− = as

I− (6.60)

This in general implies that, since the affinity of Ag+ and I− to the solid and solution is
different, the particle acquires a charge. We can affect such particle charge by acting on the
activity of the ions in the solution. If we add AgNO3, then aAg+ in solution increases and aI−

has to decrease, thus increasing the positive particle charge. In this case Ag+ and I− are the
potential-determining ions, and we can use them to control the particle charge and potential.
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The figure below shows the potential profile and the counterion distribution around a charged
particle: they have to follow the potential distribution but thermal diffusion tends to uniformize
them, the result is the diffusive electrical double layer.

6.3.2 Aggregation by Electrolyte Addition

Even if the concentrations of the potential determining ions are such as to give a good sur-
face charge, and therefore stability to the particles, we can induce aggregation acting on the
indifferent ions, that is causing the double layer compression. This is shown in figure 6.3.1
as well as in figure 6.3.2, where we see that as the concentration of the indifferent electrolyte
increases, the energy barrier decreases and eventually becomes zero. At this point there is no
opposition to aggregation, which becomes very fast and controlled by Brownian diffusion. The
smallest electrolyte concentration leading to such a fast coagulation is called critical coagu-
lation concentration. Typical values for three different colloids are reported in the table below:
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Valency of Sol of As2S3 Sol of Au Sol of Fe(OH)3

counterions negatively charged negatively charged positively charged

Monovalent LiCl 58 NaCl 9.25
NaCl 51 NaCl 24 1/2BaCl2 9.65
KNO3 50 KNO3 23 KNO3 12

Divalent MgCl2 0.72 CaCl2 0.41 K2SO4 0.205
MgSO4 0.81 BaCl2 0.35 MgSO4 0.22
ZnCl2 0.69 K2Cr2O7 0.195

Trivalent AlCl3 0.093
1/2Al2(SO4)3 0.096 1/2Al2(SO4)3 0.009
Ce(NO3)3 0.080 Ce(NO3)3 0.003

It is seen that the ccc values seem to be independent of the electrolyte type but strongly af-
fected by the charge of the counterion. The value of the ccc can be computed from a suitable
expression of VT(D) by imposing the two conditions for criticality:

VT = 0 and
dVT

dD
= 0 (6.61)
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Let us consider the case of flat surfaces with small overlapping (κD > 1):

VT = −
A

12πD2 +
64n0kTZ2

κ
exp (−κD) (6.62)

By setting

V ′T =
2A

12πD3 − κ
64n0kTZ2

κ
exp (−κD) = 0 (6.63)

and substituting in the equation VT = 0, we get

2A
12πD3 − κ

A
12πD2 = 0⇒

2
D
− κ = 0⇒ κD = 2 (6.64)

Substituting in the relation VT = 0, we get the critical κ:

κ3 =
(4 · 12 · 64)πn0kTZ2 exp (−2)

A
(6.65)

and recalling for symmetrical electrolytes z = z+ = z−

κ2 =

∑
n0

i z2
i e2

εwkT
=

2NAz2e2

εwkT
Cs (6.66)

where Cs = n0
i /NA is the molar electrolyte concentration, it follows

ccc[mol/L] =
(384)2(4π)2

2 exp (4)
ε3

w(kT )5Z4

NAA2(ze)6 (6.67)

which at 25◦C in water for relatively high potential so that Z ≈ 1, reduces to

ccc =
87 · 10−40

z6A2 [mol/L] (6.68)

This relation, although approximated, correctly predicts that the ccc value depends only on the
charge of the electrolyte and in a rather strong way. This is known as the Schultz-Hardy rule.
Its reliability is clearly demonstrated by the data shown in the table, where for the colloid
As2S3 we have that the ccc values for mono, di and trivalent electrolytes can be scaled as
follows:

50 : 0.7 : 0.09 ≈ 1 : 0.014 : 0.0018 (6.69)

which compare well with the equation prediction 1 : 2−6 : 3−6 = 1 : 0.016 : 0.0014. It is
confirmed that the type of electrolyte, if the valency is the same, plays a minor role.
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Note

Since the stability behavior of colloids is dominated by the concentration of the counterion,
we can restrict our attention to symmetric electrolytes. Then, MgCl2 would behave like a
2:2 electrolyte in the presence of negatively charged surfaces, and like a 1:1 electrolyte in
the presence of positively charged surfaces. This is confirmed by the ccc data reported in the
previous table.

6.4 Steric Interactions

Steric interactions are the third important type of interactions between colloidal particles.
Steric interactions are commonly used to stabilize particles when long term stability is re-
quired. The most common way to achieve steric stabilization is to graft some polymer on
the particle surface. The grafting can be achieved in various ways. The most common is to
add polymer to a solution of particles and let it attach onto the particle surface. However,
the amount of polymer to be added has to be accurately chosen, otherwise unwanted desta-
bilization effects (instead of stabilization) such as depletion induced flocculation or bridging
flocculation can arise. Recently, another method has been developed, which consists in grow-
ing a polymer brush directly from the particle surface.

The physical mechanism underlying steric stabilization is strongly related to the thermody-
namic behavior of polymers in solutions. The simplest theory used to explain this mechanism
is the Flory-Krigbaum theory. As two particles coated with a polymer layer approach each
other, when the center-to-center distance is small enough there is an overlap between the poly-
mer layers. This overlap generates an change in the free energy of the polymer layers. There
are two contribution of the free energy of the solution: the first one is a mixing contribution,
the second one is an elastic contribution to the free energy. For the first case, if the polymer
volume fraction in an isolated layer is equal to φ, then the overlapping leads to a concentration
of 2φ in the lens region, as depicted in the figure.

Polymer chains, if soluble in a solvent, occupy a large amount of volume, and their confor-
mation is that of a random coil. If the degree of polymerization of the coil is equal to n, the
size of the coil scales as R ∼ n0.5. Therefore, if a chain is trying to occupy the same volume
already occupied by another chain, there is usually an increase in the free energy of the sys-
tem. The change in free energy resulting from the overlap of two sterically stabilized particles
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is equal to:

∆G = ∆GovVlens (6.70)

The first term on the right hand side is the free energy change per unit volume, while the
second term is the volume of the lens where the overlap occurs. The volume of the lens is a
pure geometrical term, and is equal to:

Vlens =
2π
3

(
δRs −

d
2

)2 (
3Rs + 2 ∗ δRs +

d
2

)
(6.71)

where d is the surface to surface distance between the cores of the particles, δRs is the outer
radius of the shell and Rs is the radius of the core (see the previous Figure). The free energy
of overlap per unit volume is equal to:

∆Hov = 2kT

 V2
2

V1V2
d

 (1
2
− χ

)
(6.72)

where Vd is the volume occupied by a polymer coil, V1 is the solvent molar volume, and V2 is
the polymer molar volume. It is important to note that the sign of the free energy of mixing
per unit volume depends on the parameter χ. In units of kT , the parameter χ is a measure of
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the energy change between solvent-monomer interactions and solvent-solvent and monomer-
monomer interactions. Mathematically this is expressed as follows:

χ =
z

2kT
(2w12 − w11 − w22) (6.73)

where z is the coordination number of a monomer (or solvent) molecule, and wi j is the energy
of interaction between molecule i and molecule j. Here 1 are solvent molecules and 2 are
monomer molecules. Therefore, depending on whether the monomer units like more solvent
molecules rather than other monomer units, the χ parameter can become smaller or larger
than 1/2. When χ > 1/2 we are in the presence of a bad solvent, i.e., the monomer units
prefer to stay close to each other because the polymer is not soluble under those conditions
in that solvent. This means that the free energy given by equation (6.72) is negative. In
this case, interpenetration of polymer shells is favored, and the polymer does not provide a
good stabilization. If instead χ < 1/2 the free energy given by equation (6.72) is positive,
and interpenetration is unfavorable. In that case, steric stabilization is effective. It is quite
common that the quality of solvent can be changed for many polymers by simply playing
with the temperature. In fact, the following temperature dependence of the χ parameter on the
temperature is usually observed:

1
2
− χ = ψ

(
1 −
Θ

T

)
(6.74)

where Θ is the famous Theta temperature. T > Θ implies a good solvent, while T < Θ implies
a poor solvent. T = Θ is the critical solubility temperature for many solvents.

The second contribution to steric stabilization, arising when two polymer shells try to in-
terpenetrate, is the elastic contribution. This mechanism underlying elastic stabilization is
actually an entropic one, since polymer coils tend to assume in absence of any constraint a
rather swollen configuration. By compressing a polymer, one limits their degrees of freedom
and this reduction in configurational entropy generates a force that for small compressions can
be approximated as obeying Hook’s law, with an elastic constant equal to:

∆S ov ∝ kHd,where kH =
3kT
nl2 (6.75)

where n is the degree of polymerization of a chain and l is approximately the length of a
monomer unit. The contribution to the total free energy given by this mechanism is always
positive, which means that compression of a polymer coil is always an unfavorable process.
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When both contributions to steric stabilization are considered together, it turns out that in
the case of a good solvent, steric interactions are always strongly repulsive. In the case of bad
solvents, instead, attractive interactions dominate initially, but when the distance between the
particle surface is further reduced, repulsion due to elastic compression eventually prevails.
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Chapter 7

Kinetics and Structure of Colloidal
Aggregates

7.1 Diffusion Limited Cluster Aggregation – DLCA

7.1.1 Aggregation Rate Constant – DLCA

In the case where no repulsive barrier exists between the particles, i.e., VT(D) is a monotonously
increasing function with no maximum, the rate of particle aggregation is entirely controlled
by Brownian motion. Let us compute the flow rate F of particles aggregating on a single ref-
erence particle. For this, we note that the flow rate, F of identical particles diffusing through a
sphere centered around a given particle, is given by:

F =
(
4πr2

)
D11

dN
dr

with N = N0 at r = ∞ (bulk) (7.1)

where N is the particle concentration, r the sphere radius and D11 the mutual diffusion coeffi-
cient, which since both colliding particles undergo Brownian motion is equal to twice the self
diffusion coefficient, i.e., D11 = 2D. At steady state, i.e., F = const., the particle concentration
profile is given by:

N = N0 −
F

4πD11

1
r

(7.2)

If we now assume that upon contact the second particle disappears (because of coagulation),
that is N = 0 at r = R11 where R11 = 2a is the collision radius, we have:

F = 4πD11R11N0 (7.3)

which is the flow rate of particles aggregating on the single particle under consideration.
If we now consider only the beginning of the aggregation process, we can compute the rate of
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r

N

N
0

2a

decrease of the particle concentration in bulk due to the aggregation process, R0
agg as follows:

R0
agg = −

1
2

N0F = −
1
2

4πDR11N2
0 = −

1
2
β11N2

0 (7.4)

where the factor 1/2 is needed to count each event only once. In the above expression we have
introduced the aggregation rate constant β11 = 4πD11R11, which plays the same role as the
reaction rate constant in a second order kinetics.

In the case of two particles of equal size, a this reduces to:

β11 = 16πDa (7.5)

and using the Stokes-Einstein equation to compute D = kT/(6πηa), where η is the dynamic
viscosity of the medium, we obtain:

β11 =
8
3

kT
η

(7.6)

which is size independent. In the case of two particles of different radius, Ri and R j, we have:

βi j = 4π
(
Di + D j

) (
Ri + R j

)
=

2
3

kT
η

(
Ri + R j

) ( 1
Ri

+
1
R j

)
(7.7)

It is interesting to investigate the behavior of the aggregation rate constants for particles of
different sizes.

96



CHAPTER 7. KINETICS AND STRUCTURE OF COLLOIDAL AGGREGATES

ai a j
βi j

4πDa

a a 4 ⇒ β is size independent

a a/2
(

1
a + 2

a

) (
a + a

2

)
= 3 · 3

2 = 4.5

a a/4
(

1
a + 4

a

) (
a + a

4

)
= 5 · 5

4 = 6.25

a a/n
(

1
a + n

a

) (
a + a

n

)
= (n + 1) (n+1)

n =
(n+1)2

n

limn→∞
(n+1)2

n = ∞

From the values in the table above it is seen that small/large collisions are more effective than
small/small or large/large ones.

7.1.2 Cluster Mass Distribution – DLCA

In order to derive the Cluster Mass Distribution (CMD) of the aggregates containing k primary
particles (or of mass k) we need to consider the following population balance equation, also
referred to as Smoluchowski equation:

dNk

dt
=

1
2

k−1∑
i=1

βi,k−iNiNk−i − Nk

∞∑
i=1

βikNi (7.8)

where Nk is the number concentration of aggregates of size k, and the first term on the r.h.s. rep-
resents all possible collisions leading to the formation of an aggregate of mass k, while the
second is the rate of disappearance of the aggregates of mass k due to aggregation with ag-
gregates of any mass. If we now assume that the aggregation rate constant is constant with
size, i.e., βi j = β11 and we sum both sides of the equation above to compute the total aggregate
concentration of any mass, that is

N =

∞∑
k=1

Nk (7.9)

we obtain:
dN
dt

=
1
2
β11N2 − β11N2 = −

1
2
β11N2 (7.10)

which integrated with the I.C.: N(t = 0) = N0 leads to:

1
N

=
1

N0
+

1
2
β11t (7.11)
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t

N/N0

tRC

1

0.5

0

If we define the characteristic time of coagulation or of rapid coagulation, tRC the time needed
to half the initial value of aggregates we have:

tRC =
2

β11N0
=

1
2πD11R11N0

(7.12)

which for particles of equal size reduces to:

tRC =
3η

4kT N0
≈

2 × 1011

N0
[s] (7.13)

where a water suspension at room temperature has been considered in the latter equation,
with N0 in cm−3. As an example, for concentrated colloids of a few percent in solid volume,
N0 = 2 × 1014 cm−3 the tRC is in the range of milliseconds.
The CMD computed from the Smoluchowski equation is given by:

Nk =
N0 (t/τ)k−1

(1 + t/τ)k+1 (7.14)

where time has been made dimensionless using the rapid coagulation time, i.e., τ = tRC.

7.1.3 Role of Aggregate Morphology – DLCA

In order to solve the Smoluchowski equation in the general case where the aggregation rate
constant is size dependent, that is:

βi j =
2
3

kT
η

(
Ri + R j

) ( 1
Ri

+
1
R j

)
(7.15)
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we need to correlate βi j directly to the masses i and j of the two colloiding clusters. Accord-
ingly, we need to derive a relation between the size Ri of an aggregate and its mass i, that is to
say something about the structure of the aggregate.

If we consider a solid sphere this relation is simple:

i = ρ
4
3
πR3

i , ρ = density (7.16)

which reported on a log-log plot leads to a straight line with slope 1/3. This expression
can be used in the case of coalescence, where smaller droplets (e.g. of a liquid) aggregate to
form a larger drop. In this case, by substituting it in the above equation we get the following
expression for the coalescence rate constant:

βi j =
2
3

kT
η

(
i1/3 + j1/3

) (
i−1/3 + j−1/3

)
(7.17)

Using Monte Carlo simulations and light scattering measurements it has been shown that a
similar straight line is obtained also for the polymer aggregates if we define as aggregate size,
Ri the radius of the smallest sphere enveloping the entire cluster. This is the size that we
have tacitely used above in computing the self diffusion coefficient of the fractal using Stokes-
Einstein equation.
The difference with respect to the solid sphere is that in this case the slope of the straight line
is much larger due to the many voids present in the fractal structure, and equal to 1/df, where
df is defined as the fractal dimension.
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1/d
f

1/3

ln R
i

ln i

R
i

In typical applications df ranges from 1.5 to 3.0. If we now accept that our aggregates have
a fractal structure, then we use the following scaling of their size with mass

Ri ∝ i1/df (7.18)

which leads to the following expression for the aggregation rate constant:

βi j =
2
3

kT
η

(
i1/df + j1/df

) (
i−1/df + j−1/df

)
(7.19)

which can be used to solve numerically the Smoluchowski equation in diffusion limited con-
ditions.

7.2 Reaction Limited Cluster Aggregation – RLCA

7.2.1 Aggregation Rate Constant – RLCA

In the case where a repulsive energy barrier is present between particles, i.e., VT(D) exhibits
a maximum value, then the aggregation process becomes slower than the diffusion limited
described above and becomes controlled by the presence of the interparticle potential. This
is often referred to as reaction limited cluster aggregation, RLCA. In this case, in computing
the particle flow rate, F entering a sphere of radius, r centered on a given particle, we have
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to consider not only the particle concentration gradient, i.e., brownian diffusion, but also the
potential gradient. The particules are diffusing toward each other while interacting in the
potential field VT(r) whose gradient is producing a force:

FT = −
dVT

dr
(7.20)

which is contrasted by the friction force given by Stokes law, Ff = Bu, where B = 6πηa

represents the friction coefficient for a sphere of radius, a in a medium with dynamic viscosity,
η. The two forces equilibrate each other once the particle reaches the relative terminal velocity,
ud so that FT = Ff . This implies a convective flux of particles given by:

Jc = udN = −
N
B

dVT

dr
(7.21)

which superimposes to the diffusion flux:

Jd = −(D11)
dN
dr

(7.22)

where D11 is the mutual diffusion coefficient of the particles. The flow rate of particles
aggregating on one single particle, F, which at steady state conditions is constant, is given by:

F = −
(
4πr2

)
(Jc + Jd) =

(
4πr2

)
D11

(
dN
dr

+
N
kT

dVT

dr

)
(7.23)

where using the Stokes-Einstein equation the friction factor can be represented in terms of
the diffusion coefficient by B = kT/D11. Using the B.C.: VT = 0, N = N0 at r → ∞, and
dN/dr + N

kT dVT/dr = exp
(
−

VT
kT

)
d
(
N exp

(
VT
kT

))
/dr, this equation can be integrated leading to:

N = N0 exp
(
−

VT

kT

)
+

F exp (−VT/kT )
4πD11

∫ ∞

r
exp

(VT

kT

) dr
r2 (7.24)

from which, considering N = 0 at r = 2a and D11=2D, we compute:

F = −
8πDN0∫ ∞

2a
exp (VT/kT ) dr/r2

(7.25)

Note that for VT = 0 we obtain F = 8πDN0(2a), which is the same value computed earlier
for diffusion limited aggregation. Considering the definition of aggregation rate constant,
β = F/N, we can conclude that FDLCA/F = βDLCA/β. This is a very important parameter in
colloidal science and is usually referred to as the Fuchs or stability ratio, W defined as:

W =
βDLCA

β
= 2a

∫ ∞

2a
exp

(VT

kT

) dr
r2 (7.26)
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which gives the value of the ratio between the rates of rapid (diffusion limited) and slow
(reaction limited) aggregation. By looking at the function (a/r)2 exp [VT/(kT )] shown in the
figure above, it is apparent that the value of its integral can be related to the value of only the
maximum value of VT, i.e., VT,max. In particular, the following approximate equation for W

has been derived:
W ≈

1
2κa

exp
(
VT,max

kT

)
(7.27)

where 1/κ is the thickness of the diffusive layer as defined in section 6.2.2. Using this relation
we can compute the W values corresponding to typical values of VT,max in applications. From
this we can compute the corresponding half coagulation time t1/2 = 2/ (β11N0) following the
same procedure used in section 7.1.2 to compute tRC = 2/

(
βDLCA

11 N0

)
. Considering again the

case where N0 = 2 · 1014 cm−3 we obtain the results reported in the following table:

VT,max ≤ 0 15kT 25kT
W 1 105 109

t1/2 [s] tRC = 10−3 102 106

These clearly indicate the meaning of kinetic stabilization, since with a modest energy barrier
the coagulation process can be delayed from milliseconds to days or months. Note that the
value of W tends to be very sensitive to even small changes of the surface charge or potential.
In particular, in these conditions we have that a ten-fold variation of W is obtained with an
about 15% change in VT,max and a 7% change in the surface potential, ψ0. This makes it
unfeasible to compute W from measurements of ψ0, while it is recommended to measure it
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from direct measurements of the kinetics of particle aggregation, i.e., β11. It can be shown that
the relation above for W leads to the plots shown below in the plane log W − log cE, where cE

is the concentration of an electrolyte. The region where W > 1 has a negative slope, which
depends upon the valency of the electrolyte, and is well confirmed by the experimental value.
This loss of stability is due to the double layer compression effect, which appears in the above
equation through the effect of the ionic strength on the Debye-Hückel parameter, κ.

The second region corresponds to diffusion control, which is unaffected by the presence of an
electrolyte, i.e., W = 1. The intersection of the two straight lines indicates the ccc, where the
energy barrier vanishes.

7.2.2 Role of Cluster Morphology – RLCA

We have seen that in the case of primary particles under RLCA conditions the aggregation rate
constant is given by:

β11 =
βDLCA

11

W
(7.28)

We now need to extend this to the aggregation of two clusters of size i and j, respectively.
One way to consider this problem is to assume that the aggregation of the two clusters occurs
through the interaction between the two primary particles, on each aggregate, which first come
into contact. This has two relevant consequences:

1. The aggregate-aggregate interaction can be approximated with the interaction between
the two colloiding primary particles, which is described by the stability ratio W. The
interactions with the other particles can be assumed to be too short range to be relevant.
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2. The rate of aggregation depends upon the probability of collision between the primary
particles on the cluster surface, which means the probability of having a primary particle
on the external surface of a cluster.

cluster i

cluster j

For a given cluster k, the change in the number of primary particles in the cluster with its size,
ak, is given by:

k =

(ak

a

)df

⇒
dk
dak

=
df

a

(ak

a

)df−1
=

df

a
k(df−1)/df (7.29)

If we multiply this by the primary particle radius, a we get the number of primary particles
added on the last layer of the aggregate:

a
dk
dak

= dfk(df−1)/df (7.30)

This means that the aggregation rate constant should be augmented by a factor k(df−1)/df when
we consider the probability of collision of the primary particles instead of that of collision
of the clusters. With this result we can derive the final expression for the aggregation rate
constant in RLCA conditions:

βi j =
βDLCA

i j

W
(i j)λ (7.31)

where λ = (df − 1) /df , which for df ≈ 2 leads to λ ≈ 0.5, which has received some experi-
mental validation.

Upon collision the aggregates formed in RLCA conditions have time to probe many possible
configurations for an aggregation event. Due to this, the resulting aggregates are denser than
their counterparts in DLCA, and can also penetrate deeper into each other without immediately
aggregating. This results in aggregates which are generally denser with fractal dimensions of
about 2.1.
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7.2.3 Cluster Mass Distribution – RLCA

In RLCA detailed calculations of the CMD using equation 7.8 with the aggregation rate con-
stant shown in equation 7.31 can only be obtained from numerical solutions to the PBE. How-
ever, for many aggregation problems in non-sheared colloidal dispersions it has been found
that the resulting CMD exhibits some general features. Therefore it is possible to develop
scaling solutions of the PBE, which are often sufficient for approximate purposes. A general
form of the solution for a wide range of aggregation rate constants is given by

Nk (t) = Ak−τ exp (−k/kc) , (7.32)

where A is a normalization constant determined from the conservation of total mass in the
system and is given by

A =
N0kτ−2

c

Γ(2 − τ)
(7.33)

where Γ(x) is the gamma function. kc is the time dependent cutoff-mass of the distribution
which grows with time and determines the kinetics. In RLCA, this growth is exponential, as
kc(t) = p exp(t/t0), where t0 is a sample dependent time constant. τ is a power-law exponent
of the CMD describing the shape of the CMD. In RLCA τ = 1.5 has been found to be a
reasonable value.

7.3 Comparison of Aggregation Regimes – DLCA vs.
RLCA

7.3.1 Aggregation Rate Constant – DLCA vs. RLCA

We now compare the aggregation rate constants of the two aggregation regimes, DLCA and
RLCA. The general kernel valid for the two regimes can be written as

βi j = βDLCA
11 W−1Bi jPi j with

βDLCA
11 = 8kT/(3η)

W =
βDLCA

11

β11

Bi j =
1
4

(
i−1/df + j−1/df

) (
i1/df + j1/df

)
Pi j = (i j)λ ,with λ = 0 in DLCA and λ ∼ 0.5 in RLCA,

(7.34)
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Most important for the aggregation kinetics is the aggregation rate of equal sized aggregates
βii as a function of aggregate mass i. Therefore the parameter λ is extremely important for the
kinetics as it dominates this function, as is displayed below.

In DLCA, as discussed before, W ≈ 1 and λ = 0. On the other hand, in RLCA W is large
and λ ≈ 0.5, therefore exhibiting a strong mass dependence of βi j. In summary, in DLCA the
aggregation of big with small aggregates is favored and the aggregation rate of equal sized
aggregates is independent of the aggregate mass, whereas in RLCA big clusters preferably
aggregate with big ones such that the aggregation rate of equal sized aggregates strongly in-
creases with the aggregate mass. This is reflected by the aggregation rate constant values βi j,
shown in figure 7.1 as a function of the aggregate masses i and j in figure 7.1 for the aggrega-
tion regimes DLCA and RLCA.

7.3.2 Cluster Mass Distribution – DLCA vs. RLCA

The mathematical formulation of the cluster mass distributions in DLCA and RLCA has been
presented above. The equations were for DLCA

Nk =
N0 (t/τ)k−1

(1 + t/τ)k+1 (7.35)

and for RLCA

Nk (t) =
N0kτ−2

c

Γ(2 − τ)
k−τ exp (−k/kc) , (7.36)

The last equation can be shown to give identical results to the CMD for DLCA (equation
7.35) if τ = 0 is chosen. The different shapes of CMD that are obtained during the aggregation
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Figure 7.1: (a) DLCA; (b) RLCA

process are plotted in figure 7.2. There we see that the distribution for DLCA is flat when
computed with the constant kernel (equation 7.35) or the scaling solution with τ = 0. When
using the full DLCA kernel, a bell-shaped CMD is obtained. It is seen that as time is passing by
the CMD moves towards larger sizes and its area decreases, as a consequence of the increase in
size and decrease in number of the aggregates. After a short transient time, the CMD exhibits
the typical self-preserving behaviour due to the fact that the rear of the distribution moves at
the same speed as the front.
Typical RLCA distributions are shown in figure 7.3 where we compare a scaling solution with
τ = 1.5 and the full numerical solution using the RLCA kernel in equation 7.34. Obviously,
in this case the scaling solution is a very powerful tool to obtain good estimates of the CMD
without going through the procedure of numerically solving the PBE. In the case of RLCA,
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Figure 7.2: The CMDs computed with the DLCA kernel. Constant, not size dependent kernel (dashed
line) and full size dependent ”fractal” kernel (solid line).
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Figure 7.3: Cluster mass distribution (CMD) computed using the aggregation kernel is Eq. (7.34) for
RLCA with W = 2.8×104 (continuous lines). The scaling solution for RLCA in Eq. (7.36)
with τ = 1.5 is also plotted for comparison (×).

the time evolution of the CMD exhibits a fundamental difference with respect to DLCA. Since
large-large aggregations dominate in this case, the CMD becomes wider in time, and actually
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primary particles remain present in the system up to large aggregation times. The CMD does
not exhibit the typical bell shape which causes often problems in the technology.

7.3.3 Aggregate Morphology – DLCA vs. RLCA

We have seen that the kernel and the CMD in the two regimes are rather different. This is also
apparent in the aggregate structure that often can be described by the aforementioned fractal
dimension df . There are several ways to measure the fractal dimension, either by sedimenta-
tion experiments, light scattering or image analysis. Such direct images can be obtained, for
example, by transmission electron microscopy (TEM) and one example is shown in the picture
below. Aggregates of different materials and from computer simulations (the lowest set) are

Figure 7.4: left panel: DLCA; right panel: RLCA

shown in figure 7.4 for the two regimes, DLCA and RLCA. Obviously, the clusters for DLCA
are much more tenuous and open than the ones formed in RLCA.

In summary, the fractal dimensions for each of the regimes are
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Fractal relation: R ∼ i1/df

Regime Fractal dimension df

DLCA 1.6 − 1.9
RLCA 2.0 − 2.2

7.3.4 Comparison to Experimental Data

As has been shown in the TEM images in the previous section the agreement between ex-
perimental images and those generated from computer models are very satisfactory and sup-
port the fractal concept. However, direct comparison between the CMD computed with the
Smoluchowski or PBE equations and experimental data is not straightforward, because direct
experimental measurements of the CMD are not or hardly possible. Therefore light scattering
techniques are often used, where averages (certain moments of the distribution) are measured.
These moments can, with the proper theory, be computed from the CMD and compared to
experimental data. This allows to validate the aggregation models presented in this chapter.
In figure 7.5 we show two examples of such validation, one for each of the two aggregation
regimes. The lines are model calculations and points are the experiments data.
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Figure 7.5: Left panel: DLCA regime, comparing the real time evolution of the experimen-
tal light scattering data and the model calculations. Right panel: RLCA regime,
comparing experimental data and model calculations.

A further experimental support to the models discussed above can be obtained by making
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the PBE (Eq. 7.8) dimensionless using the following definition for the dimensionless concen-
tration of the clusters of mass k and the dimensionless time:

φk =
Nk

N0
(7.37)

τ = N0β
DLCA
11

t
W

(7.38)

where N0 is the initial number of primary particles, W the Fuchs stability ratio and βDLCA
11 the

primary particle aggregation rate constant in DLCA conditions as defined by equation 7.34.
Thus, the following dimensionless PBE is obtained from equations 7.8 and 7.34.

dφk

dτ
=

1
2

k−1∑
i=1

Bi,k−iPi,k−iφiφk−i − φk

∞∑
i=1

Bi,kPi,kφi (7.39)

with initial conditions: φ0 = 1, φk = 0 for k ≥ 0 .

It is remarkable that in this form, the PBEs depend only on two parameters: the fractal di-
mension d f and the parameter λ in equation 7.34. Since these two parameters do not depend on
many physical parameters such as ionic strength or primary particle concentration, the above
equation can be regarded as a master equation describing some kind of universal behavior of
aggregating systems under DLCA and RLCA conditions. Some experimental verification of
these conclusions are reported in figure 7.6.

7.4 Cluster Coalescence

Let us consider the case where the particles constituting a cluster can coalesce by polymer
interdiffusion, as it is the case for polymers close or above their glass transition temperature.

Figure 7.7 shows cryo-SEM images of elastomer clusters for two limiting cases. If the
coalescence process is fast with respect to aggregation, i.e., the characteristic time for par-
ticle fusion is much smaller than the characteristic aggregation time, τfus � τagg (e.g., with
τfus ∝ ηR1/γ, and τagg ∝ 1/

[
β1,1N0

]
), the newly formed clusters relax to spherical geometry

(Figure 7.7a) before being involved in the next aggregation event. On the other hand, if the
coalescence process is very slow compared to aggregation, i.e., τfus � τagg, coalescence is
suppressed and ramified, fractal clusters are prevailing (Figure 7.7b).

The influence of the cluster structure on the aggregation kinetics can be well demonstrated
under DLCA conditions where the aggregation kernel, βDLCA

i j , has only one free parameter,
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Figure 7.7: Cryo-SEM images of the clusters formed by (a) soft and (b) rigid elastomer latex
particles in DLCA at 25 ◦C.

the fractal dimension df . In particulary, we can use the result (not shown) that in DLCA the
average particle size or radius scales with time as:

〈R〉 ∝ t1/df (7.40)

Accordingly, when we measure for example the average hydrodynamic radius 〈Rh〉 for an
aggregating system, we can use the scaling at large times to extract information about the
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cluster structure. As shown in Figure 7.8, for fully coalescing clusters the time evolution
of 〈Rh〉 follows 〈Rh〉 ∝ t1/3, which is clear from the spherical shape, i.e., df = 3.0. On the
other hand, for the cluster growth of rigid particles the scaling is: 〈Rh〉 ∝ t1/1.7, i.e., df =

1.7, as typical for fractal clusters grown in DLCA. It is worth noting that the dimensionless
scaling of experimental data obtained under different conditions (e.g., temperature, particle
concentration, or coagulant type) leads to unique master-curves characterized in their scaling
by the df value, as can be taken from Figure 7.8.

Figure 7.8: Dimensionless scaling of the average hydrodynamic radius 〈Rh〉 with time under
DLCA conditions. Circles are experimental data of coalescing clusters where df =

3.0. Squares are experimental data of fractal clusters latices with df = 1.7. Solid
curves are the corresponding simulation results.

Cluster coalescence and colloidal interaction. In contrast to DLCA, where particle repul-
sion is completely screened, under RLCA conditions the fate of surface charges during coa-
lescence is important for the aggregation kinetics. To account for partial repulsion of spherical
clusters of different sizes i and j, one can use the following PBE kernel:

βi, j =
2kT
3η

(
i1/3 + j1/3

) (
i−1/3 + j−1/3

)
Wi, j

(7.41)

where the fractal dimension is fixed because of the spherical cluster shape, i.e., df = 3.0. In
addition, the colloidal stability is not anymore determined by the interaction of primary par-
ticles as in the case of non coalescing aggregates. The reason is that upon the coalescence
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process on one hand the total polymer surface decreases, thus leading to more stable disper-
sions, but on the other hand some of the surface changes may be entrapped inside the newly
formed particles thus having a destabilizing effect.

Using a simple particle sintering model, we can envision the coalescence process in Fig-
ure 7.9 as given by a first deformation of the two attached spheres at the point of contact (a),
leading to a circular region (b) where a surface area of 2πy2 is lost. All surface charges lo-
cated in this region are entrapped. Next, the process proceeds to the final spherical geometry
(c) where charge redistribution without further entrapment takes place.

Figure 7.9: Schematic shape evolution of a coalescing doublet.

In this model we can take the neck radius, y to characterize the extent of particle fusion and
then the number of charged sites left at the end of the coalescence process. For example, in
the case of two coalescing primary particles with radius R1, the neck radius y is constrained
between zero and R2 (= 21/3R1). Thus, for a given y value, the balance of initial, lost, and re-
maining surface charges returns the value of the surface charge density σs,2 after full doublet
coalescence. This calculation can be easily extended to the coalescence of any equal sized
clusters with radius Ri/2 and final radius Ri (i ≥ 2). The obtained results are shown in Fig-
ure 7.10a (open circles) in terms of the relative surface charge density, σs,i/σs,1, as a function
of the resulting cluster mass i. The solid line represents a power-law fit to these data, i.e.,
σs,i/σs,1 = in, where n is an adjustable parameter that depends on the y value. The only pos-
sibility to estimate y and n is by fitting experimental coalescence data such as those shown in
Figure 7.10b. With the obtained y = 1.005Ri/2, it is seen from Figure 7.10a that as clusters
increase in size i their surface charge density σs,i decreases due to the charge entrapment dur-
ing coalescence. However, we find that at least in this case Wi, j is nevertheless increasing with
cluster size (due to the increase of the particle size), which causes the slow down in the 〈Rh〉

and 〈Rg〉 time evolutions, shown in Figure 7.10b, if we compare the RLCA to the DLCA data
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Figure 7.10: (a) Relative surface charge density of clusters of mass i, σs,i/σs,1. Discrete val-
ues (circles) are calculated assuming entrapment of fixed charges from the area
2πy2 whith y = 1.005Ri/2 (i = 2, 4, 8, 16, etc.). The solid line is a power-law fit,
σs,i/σs,1 = i−0.0865, to predict σs,i for clusters of arbitrary size.
(b) Dimensionless time evolutions of average hydrodynamic and gyration radii,
〈Rh〉 (filled symbols) and 〈Rg〉 (open symbols), in RLCA for three different coag-
ulant concentrations (ionic strength). Solid and broken curves are results of the
respective PBE simulations.

(see Figure 7.8 for comparison). A further feature of the RLCA–coalescence process as shown
in figure 7.10b is that not all the experimental data collapse onto master-curves for 〈Rh〉 and
〈Rg〉 as we discussed in section 7.3.4 for non-calescing systems. This is, despite having equal
charge loss, i.e., using the same value of y, because of the different evolution of Wi, j with ionic
strength for the three different coagulant concentrations used in the experiments.

Let us compare the case of coalescing elastomer clusters having fixed surface charges dis-
cussed above to the case of mobile charges. This is for example the case of ionic surfactants
that are typically only physically adsorbed on the particle surface. In this case the charged
groups are squeezed out from the neck region during particle fusion and they relocate accord-
ing to their adsorption equilibrium. Thus, assuming that no charge is entrapped, the surface
charge density σs becomes a function of the available colloidal surface S , i.e., σs(S ). If the ad-
sorption equilibrium of the surfactant is known, one can compute σs from the actual colloidal
surface given by the CMD at time t. For the experimental system considered in Figure 7.11a, it
is shown that the charge density increases as the particle surface decreases during aggregation
and cluster coalescence. Accordingly, the colloidal interactions, change in time and in partic-
ular the stability ratio Wi j increases during aggregation. Figure 7.11b shows the time evolution
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Figure 7.11: (a) Relative surface charge density σs/σs,0 as a function of the available colloidal
surface, S/S 0.
(b) Dimensionless time evolutions of average hydrodynamic and gyration radii,
〈Rh〉 (filled symbols) and 〈Rg〉 (open symbols), in RLCA for three different coag-
ulant concentrations (ionic strengths). Solid and broken curves are results of the
respective PBE simulations.

of the average cluster sizes of three colloidal systems under these conditions. It is seen that
the process is much slower, particularly when compared to the case of fixed charges shown in
figure 7.10. Finally note that again the experimental data do not collapse onto master-curves,
manifesting that RLCA under coalescence conditions is a non-universal process. In the case
of the mobile surfactant charges, their relocation depends on the dissociation state of the ionic
groups and therefore on the ionic strength of the solution, which is different for the three
coagulant concentrations employed in figure 7.11.

7.5 Solid Suspensions under Shear

7.5.1 Shear induced Aggregation

In all previous chapters we considered the aggregation kinetics of colloidal suspensions in
stagnant conditions, where particle collisions are driven by Brownian motions, i.e., Brownian-
induced aggregation. This is relevant in many applications such as the estimation of the shelf
stability of a solid dispersion. However, in most industrial processes suspensions are subject
to stirring and then the aggregation process is driven by the velocity gradient induced in the
suspension by the stirrer. This is referred to as shear-induced aggregation and it is discussed
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in the following.

Purely shear-induced aggregation kinetics
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Figure 7.12: Schematic of the geometry of the problem for purely shear-induced aggregation.

We consider the stationary test particle, of radius Ri , located at the origin of the Cartesian
frame, and a particle of radius R j moving toward the test particle along the streamline of
the shear flow, x. From the geometry of the problem, schematically depicted in figure 7.13
below, it is evident that the two particles can collide and aggregate only if the relative distance
between the two particles centers is y ≤

(
Ri + R j

)
which implies that the y-axis coordinate

of the center of the second particle must be y ≤
(
Ri + R j

)
sin θ. The velocity of the second

particle along the x direction be denoted by vx = Gy , where G is the constant shear-rate. If
we denote by n j the number of particles j per unit volume, the number of particles j that enter
the element of collision surface in the upper-left quadrant per unit time is given by:

2
[(

Ri + R j

)
cos θ

]
Gyn jdy (7.42)

Given the symmetry of the problem, an equal number of collisions arises in the lower-
right quadrant. Introducing a factor two and the number concentration of test particles, ni

and integrating over the spatial coordinate, gives the total number of collisions with the test
particle per unit time and per unit volume:

4
∫ Ri+R j

0

[(
Ri + R j

)
cos θ

]
Gynin jdy (7.43)

Substituting for y and changing the integration coordinate to θ leads to :

4nin j

(
Ri + R j

)3
G

∫ π/2

0
cos2 θ sin θdθ (7.44)
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from which the collision frequency per unit volume follows as:

β11 =
32R3G

3
(7.45)

This result, which was derived for the first time by M. von Smoluchowski in the eventful
year 1917, shows that the rate of shear-induced aggregation is proportional to the shear rate
and to third power of the sum of the particle radii. This strong dependence on the particle
size is what renders shear aggregation faster than Brownian aggregation for sufficiently large
particles.

The above β11 expression is valid under laminar conditions, seldom encountered in indus-
trial units that typically operate under turbulent conditions. In the presence of turbulence, such
dependency is still valid, provided that G is replaced by an average shear rate that can be cal-
culated from the average energy dissipation rate of the turbulent flow, ε. This approximation is
valid in the case where the aggregates are smaller than the Kolmogorof vortexes, within which
the laminar flow prevails with shear equal to G = (ε/ν)0.5 , where ν is the kinematic viscosity
of the disperse medium.

Generalization to DLVO-interacting Brownian particles in shear flow

The Smoluchowski result for purely shear-induced aggregation kinetics is valid under the
restrictive hypotheses that the particles are non-Brownian and non-interacting. The latter hy-
pothesis means that the particles are treated as hard spheres which stick upon collision. The
shear-induced aggregation kinetics of Brownian particles which do interact (typically with a
superposition of van der Waals attraction and electric double layer repulsion) is a more com-
plicated problem. The interplay between shear and interactions in this case gives rise to an
interesting phenomenology: a colloidal suspension which is completely stable under stagnant
conditions (owing to charge-stabilization) can be made to aggregate under the imposition of
shear flow, with the result that the rheological properties of the suspension may change dramat-
ically. A typical situation is depicted in the Figure below, where, after a lag-time or induction
period within which it remains constant, the viscosity suddenly undergoes a very sharp upturn
and eventually results in the overload of the shearing device, and the system turns into solid-
like upon cessation of flow. Furthermore, the duration of the lag-time correlates exponentially
with the applied shear-rate, in the sense that the lag-time before the viscosity upturn decreases
exponentially upon increasing the shear rate.

The difficulty of treating this general case is related to the mathematical complexity of the
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Figure 7.13: Typical time-evolution of the suspension viscosity for charge-stabilized latex par-
ticles in laminar shear flow at a varying imposed shear-rate (see legend).

governing equation. This, in the presence of shear, is the convective diffusion equation with
an interparticle interaction potential, U(r) , which reads:

∇

[
D

kBT
(−∇U + bv) − D∇

]
c = 0 (7.46)

where b is the hydrodynamic drag acting on a particle, v is the particle velocity due to the
flow and c is the concentration of particles. This equation is a partial differential equation in
three-dimensional space and cannot be solved analytically. Further problems are due to the
flow velocity term (linear in the radial distance r) which diverges at infinity. However, since
our problem is to determine the collision frequency, this equation can be reduced to an ordi-
nary differential equation in the radial distance as the independent variable. The underlying
simplifying assumption is that one neglects the spatial correlation between the concentration
and velocity fields. Integration under the proper boundary conditions for the problem leads to
the following generalized kinetic constant for aggregation :

β11 =
16πD0R

2
∫ δ/R

0
dx

℘(x)(x+2)2 exp(
∫ x

δ/R
dx

[
d(U/kBT )/dx + Peṽr,e f f

]
)

(7.47)

where x is the surface-to-surface radial distance between the particles, ṽr,e f f is the relative
velocity between two particles due to the flow normalized by GR, Pe is the Peclet number (i.e.
the ratio between the shear and the Brownian forces) and ℘(x) is a hydrodynamic function
accounting for the resistance of the solvent being squeezed when the two particles approach
each other. δ is the thickness of the hydrodynamic boundary-layer (a function of the Peclet
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number and of the interaction range). This expression is still sufficiently complicated, where
the integrals need be evaluated numerically. A further simplification can be done by consider-
ing the limits of a high interaction potential barrier and moderate Peclet number. Under these
conditions, the previous expression reduces to the following simple relationship:

β11 =

√
Pe − (U ′′

m/kBT ) exp (−Um/kBT + 2Pe/3π) (7.48)

where Um is the value of the interaction potential at the maximum of the barrier and U
′′

m is
the second derivative evaluated at the maximum. Since the Peclet is proportional to the shear
rate (Pe = 3πµGR3/kBT , where µ is the solvent viscosity,kB is Boltzmann’s constant, and
T is the absolute temperature) this formula explains the observed exponential dependence of
the lag-time preceding the viscosity upturn upon the shear-rate in terms of the attempt time
(activation delay) for the shear-induced aggregation of particles with a potential barrier. The
exponential scaling with the shear-rate predicted by this formula is in fairly good agreement
with experimental observations.

 

800 1200 1600
103

104

105

 
 
 

 

 

G[s-1]

C
h

ar
ac

te
ri

st
ic

 
ag

gr
eg

at
io

n 
ti

m
e 

[s
]

800 1200 1600
103

104

105

 
 
 

 

 

G[s-1]

C
h

ar
ac

te
ri

st
ic

 
ag

gr
eg

at
io

n 
ti

m
e 

[s
]

Figure 7.14: Characteristic aggregation time as a function of the applied shear-rate.

To better illustrate the physical meaning of the above expression the right panel of the
following figure shows the aggregation rate constant, β11 as a function of the Peclet number Pe,
for four values of the surface potential, ψs, which are typical for DLVO-interacting colloidal
systems. It is seen that there are two regimes separated by the broken line: on the left hand side
(small Pe values), the aggregation rate is very small and sensitive to the surface potential, while
on the right hand side (large Pe values) it is substantially larger and practically independent
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of the surface potential. This defines the critical Pe value separating Brownian- from shear-
induced aggregation.
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7.5.2 Shear induced Breakage

In the presence of strong shear rates, another phenomenon arises which is usually not present
under stagnant conditions: cluster breakage. Fluid velocity gradients are not only capable of
accelerating the rate of aggregation, but also to break clusters into two or more fragments and
also to restructure them, i.e., to increase the primary particles packing density inside a cluster.
Both phenomena are strongly coupled, since a more open cluster will be easier to break than a
denser one. In addition, cluster breakage also depends on the strength of inter-particle bonds,
on cluster size and on the shear rate. Up to know, no complete theory exist which is capable of
fully capturing the details of breakage. A typical semi-empirical expression for the breakage
rate constant of a cluster with mass i is the one proposed by Delichatsios and Probstein in
1976 and later modified by Kusters in 1991:

βbreak
i =

4
15π

G exp
(
−

B
G2Ri

)
(7.49)

Equation (7.49) shows that the rate of breakage increases as the shear rate increases (in a non
linear fashion for small shear rates, linearly for large shear rates) and increases as the cluster
size Ri increases following a sigmoidal trend. The constant B empirically accounts for all
dependencies upon structure, material and particle-particle interactions. It is noteworthy that
equation (7.49) is just one of the many available expressions proposed to model the rate of
breakage, even though it is probably the most commonly used one.
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One of the major difficulties related in the modelling of breakage events is that the rate
of breakage is not the only piece of information required to construct a mathematical model
for coagulation in the presence of shear. In fact, it is necessary to also know the distribution
of fragments generated in a breakage event. Unfortunately, it is very difficult to obtain the
fragment distribution function both theoretically and experimentally. Usually, either simple
binary breakage or fragmentation of a cluster into a specific number of equal size fragments
are assumed.

One significant difference between a breakage event and an aggregation event is that break-
age is a first order kinetic process, i.e., the rate of breakage is proportional to the first power
to the cluster concentration, while all aggregation mechanisms discussed so far are second
order kinetic processes, because they require the collision of two clusters. This implies that
the formulation of population balance equations (PBE) changes substantially when breakage
is present. The PBE (equation (7.8)) in the presence of shear can be formulated as follows:

dNk

dt
=

1
2

k−1∑
i=1

βi,k−iNiNk−i − Nk

∞∑
i=1

βikNi − β
break
k Nk +

∞∑
i=k+1

Γk,iβ
break
i Ni (7.50)

The last two terms of equation (7.50) provide the contribution due to breakage to the mass bal-
ances. The second last term is a mass loss, due to the breakage of clusters with mass k, while
the last term is a positive contribution due to formation of clusters with mass k generated by
the fragmentation of all clusters with mass i > k. The function Γk,i is the fragment distribution
function, which is defined as the number of fragments with mass k generated by breaking a
cluster with mass i.

7.6 Gelation of Colloidal Suspensions

7.6.1 The Gelation Process

During aggregation clusters continuously grow in size. Taking the radius of the smallest sphere
enveloping the cluster of mass i as the cluster dimension, Ri, we can compute the cumulative
volume fraction occupied by all clusters, as follows:

φ(t) =
∑

i

4
3
πR3

i Ni (7.51)

where Ni is the CMD, for example computed through the PBE (Eq. 7.8). As shown in fig-
ure 7.15, φ(t) increases in time reaching values larger than one. This indicates that the system
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is becoming increasingly crowded, so that the clusters are not anymore able to diffuse ran-
domly but begin to interact strongly with each other. The consequence is that the liquid-like
colloidal dispersion can dynamically arrest or jam to form a solid-like gel, whose properties
can be substantially different from their original disperse state, leading to wide applications in
many areas such as in producing ceramics, food, medicine, controlled porous materials, drug
delivery devices, etc. In particular, during the diffusion-limited cluster aggregation (DLCA)
and reaction-limited cluster aggregation (RLCA), the solid-like transition results from inter-
connections of the fractal clusters when they grow and fill the entire available space. This
process, which transforms the original liquid dispersion in a solid-like gel, is referred to as
gelation and can be conceptually divided in two steps:

• cluster formation: this is the aggregation process described by the PBE (Eq. 7.8) which
continues until the so called arrest time, which is time where the clusters have occupied
so much of the space that their movement is seriously hindered. At this point the cumu-
lative volume fraction occupied by all clusters, φ(t) is of the order of unity. This time
can be measured using dynamic light scattering technique;

• cluster interconnection: the substantially arrested clusters interact with each other form-
ing a percolating structure which span the entire available volume. This process is com-
pleted at the so called gelation time.
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Figure 7.15: Schematic overview on the gelation process

There are various methods to define the critical conditions (time, tc) for the gelation to
occur. The simplest method is through visual observation, i.e., by tilting the aggregation
system to see if it ceases flowing. There are more rigorous methods based on measurements
of variations in the system physicochemical properties. One of the most commonly used
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methods is monitoring elastic modulus (G′) of the system, which is near zero in the liquid-
like state and sharply increases when the clusters start to interconnect forming the solid-like
gel. Another technique that can be well used to define the occurrence of gelation is cross-
correlation dynamic light scattering, whose intensity indicates the transition of the system
from ergodic (liquid-like) to non-ergodic (solid-like). The three methods mentioned above to
define the critical gelation time (tc) are depicted in the following figure.
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Figure 7.16: Schematic overview on the gleation process

7.6.2 Brownian-Induced Gelation

When a colloidal system is fully or partially destabilized by adding electrolytes, the Brownian-
induced aggregation (i.e., DLCA or RLCA) of the particles can lead to gelation if the initial
particle volume fraction is large enough (e.g., φ > 0.01 ). Under DLCA conditions, once
the system is in close vicinity to gelation, the interconnection process among the clusters is
very fast, due to two main reasons: The first is because every collision between particles
and clusters results in a new cluster, i.e., the reactivity is independent of cluster size. The
second arises due to the fact that the characteristic CMD of DLCA is rather monodisperse,
and all clusters experience approximately the same environment and are on average separated
by the same short distance. This view is confirmed by experiments performed on polystyrene
colloids, where the gelation time and the arrest time have been measured as a function of solid
volume fraction, as shown in the following figure (left panel). It is seen from the figure that
the gelation time and the arrest time basically overlap within the experimental error.

It should be mentioned that from practical application viewpoint, gelation under DLCA
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Figure 7.17: Schematic overview on the gleation process

conditions is not the first choice because the process is too fast to obtain homogeneous gels
at large solid volume fractions. Instead, gelation under RLCA conditions is more commonly
used (e.g. in food and ceramic industry), because the aggregation and gelation rate can be well
tuned by the amount of salt added into the system. In this way, gelation can be carried out
in a large range of solid volume fractions. In the above figure (right panel), the gelation time
and the arrest time measured experimentally are shown as a function of salt concentration
for polystyrene particles at a fixed solid volume fraction. One can see that under RLCA
conditions, the arrest time is substantially smaller than the gelation time. This is likely due to
the broad CMD and different reactivity of the clusters in RLCA. With the wide CMD, although
a gel network would be formed by the first few largest clusters, it is rather weak due to the
small bonding number, and the system is still dominated by small clusters, which have low
reactivity and thus need substantially long time to form a standing gel network.

7.6.3 Shear-Induced Gelation

To form a gel under DLCA and RLCA conditions, one needs to use electrolytes to screen the
repulsive energy barrier and then destabilize the colloidal system. Using electrolytes may be
undesired because they cannot be fully eliminated after gelation, leading to contamination of
the final products. Thus, without adding any electrolytes, one may impose a high shear stress
to a colloidal system through fluid motion to force the particle to overtake the energy barrier
so as to aggregate and subsequently gelate. Recalling the characteristics of the shear aggrega-
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tion process discussed in section 7.5.1 and in particular the dependence of the corresponding
aggregation rate constant on the Pe number, we can conclude that once the imposed shear is
high enough, leading to a Pe value in the shear-induced regime, the aggregation will be ex-
tremely fast and independent of the DLVO interactions. This occurs for Pe values larger than
the critical value leading to shear-induced aggregation.

In practical applications, shear-induced gelation can be realized by forcing a colloidal sys-
tem to pass through a microchannel (MC) without adding any electrolyte to screen the DLVO
interactions. The left panel of the following figure shows an example of such a device where
the capillary exhibits a z-shape with retention times in the order of tens of microseconds and
pressure in the range of 20 to 120 bar. The intense shear is generated by forcing the col-
loidal system to pass through the z-MC under pressure. In general, right after passing through
the z-MC, the system can be either a Newtonian liquid or a viscous non-Newtonian liquid or
solid-like gel, depending on how many clusters have been generated, which in turn depends
on the shear rate, the particle volume fraction and size. One can speculate that if a sufficient
amount of clusters is formed in the capillary, gelation occurs and at the MC outlet we have a
solid gel having diameter similar to that of the connecting tube. If the conditions for gelation
are not reached then the exiting liquid suspension is composed of two distinct classes of clus-
ters: Class 1, constituted mainly of primary particles, and at most some dimers and trimers,
and Class 2, constituted of large clusters (or gels) with sizes at least two orders of magnitude
larger than that of the primary particles. It is remarkable that clusters with intermediate size
are negligible. These two classes can in fact be easily isolated using a 5 µm-opening filter.
Such a bimodal CMD is rather different from the CMDs which are typically obtained under
DLCA or RLCA conditions, and it is indeed difficult to be explained on physical ground.

On the other hand, when one thinks to the formation of macroscopic pieces of coagulum
which is often observed in suspension/emulsion reactors and coagulators, this can certainly
not be regarded as an academic curiosity. One possible explanation can be offered by referring
again to the critical transition from Brownian to shear induced aggregation (Pe is already
above the critical Pe!). Since the Pe number depends upon the third power of the aggregate
size, one can speculate that if in an otherwise stable suspension (i.e., under very slow Brownian
aggregation) a very few doublets or triplets are formed (for whatever reason) they might enter
the shear-induced aggregation regime and grow very fast, following some kind of runaway
behavior, leading to the formation of macroscopic pieces of coagulum.

In the case of the shear-induced aggregation in the MC, it is quite reasonable to expect that
also breakage plays a role. As a matter of fact, since in general the Pe number is in the order of
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103-104, we should expect the system to be always controlled by shear-induced aggregation.
Whether a liquid-like or a solid-like system is obtained at the outlet of the MC should then
be related to the competition between the shear generated in the MC and the strength of the
aggregates. This is well represented by the Breakage number, Br defined by:

Br =
µGR3

p

Umin
=
µGR3

p

hkBT
(7.52)

Which is the ratio between the shearing energy acting on a particle (µGR3
p ) and the inter-

particle bonding energy (or the energy required to breakup a doublet bond) (hkBT , where h

is a coefficient, significantly larger than unity, representing units of kBT between the primary
minimum and the energy barrier on the interparticle interaction curve).

This vision is confirmed by a series of experiments where the critical conditions for the
solid-like system (gel) formation have been measured using a z-MC unit for various values of
the imposed shear, G and the primary particle radius, Rp. The obtained results expressed in
terms of the effective particle volume fraction, φg,e, are found to perfectly correlate with the
Breakage number as shown in the right panel of the figure below. It is seen that the critical
particle volume fraction φg,e for the shear-induced gelation to occur increases as Br increases.
These values form a boundary separating the plane into two regimes: the solid-like gel above
the boundary and the liquid-like state below.

 

As a final remark we note that although the shear-induced gelation is significantly different
from the Brownian-induced gelation, they share one feature: the clusters formed in the intense
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shear flow within the MC exhibit fractal scaling with fractal dimension equal to 2.4 ± 0.04,
independent of Br, (i.e., of the shear stress, the particle size and the interparticle bonding
energy). This is similar to the case of the Brownian-induced aggregations under DLCA and
RLCA conditions, which lead to clusters with fractal dimension equal to 1.8 ± 0.05 and 2.1 ±
0.05, respectively, independent of the particle type and size and the electrolyte concentration.

7.7 Experimental Characterization of Colloidal
Suspensions

7.7.1 Light Scattering

Scattering of light, x-rays, and neutrons is probably the most important experimental tech-
nique used in the investigation of colloidal systems and aggregation phenomena, because it
allows one to gain information about the size of particles and aggregates, the structure of ag-
gregates and gels, and the kinetics of the aggregation process, in a non-invasive way. Of course
several other experimental tools have also been used in the investigation of colloidal systems:
microscopy (optical, electron, and X-ray) to study size and morphology; rheology to follow
the gel formation and to investigate the mechanical properties of the gel phase; ultrasound
spectroscopy to monitor particle size in on-line applications. In this chapter we will focus our
discussion on light scattering, but most of the results could be almost immediately be applied
to both neutrons and x-ray scattering.

In order to better understand the features of light scattering, it is necessary to have an
overview of the physical principles and the main results of scattering theory.

Among the three sources: light, neutron and x-rays, light is the most used one for scattering
experiments, due to the relatively low cost of lasers which are good quality monochromatic
light sources and due to the development in detectors (photomultipliers and fiber optics) and
computer-controlled correlators. Another advantage is that light scattering enables one to
perform two different kinds of measurements: dynamic light-scattering measurements and
static light scattering measurements. In the following, we will briefly review the main concepts
of both kinds of measurements. It should be pointed out that most of the static light scattering
theory can be also applied to neutron and x-rays scattering experiments.

Light scattering is due to the interactions of electromagnetic waves with matter. When an
incident electromagnetic wave shines on a molecule, the electrons feel the interaction and, as
a results, the center of mass of the negative charges in the molecule is shifted from its original
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position. Then, a dipole is formed, which oscillates with the same frequency as the incident
radiation. One of the major results of the electromagnetic theory is that an oscillating dipole
emits electromagnetic radiation in all directions. This radiation is the scattered radiation.
When a sample is illuminated by an incident electromagnetic wave, the sum of the radiations
scattered by all the elements of the sample constitute the scattered radiation. The intensity of
the scattered light depends strongly on the optical contrast of the scattering object, which is
the difference in refractive index between the object and the surrounding medium.

Another way of understanding the scattering problem is the quantum mechanics perspective,
where the incident radiation can be viewed as made of photons traveling in a given direction,
and due to the collisions with atoms of the sample, these photons are deviated, or scattered,
keeping however their frequency constant. According to this picture, multiple scattering cor-
responds to the situation where photons are scattered more than once. Multiple scattering is
likely to occur in system with a high concentration of material or in systems with a high optical
contrast, when the probability of a photon to be scattered more than once is very high.

The general treatment of light scattering is quite complex, especially for the most general
case where multiple scattering is considered. It requires the full solution of Maxwell equations,
which is feasible only for very simple geometries like spheres, cylinders, ellipsoids etc. This
arises because the multiple scattering problem is a typical many-body problem: the scattering
behavior of one part of the sample has an effect on, and is affected by, all the other parts of the
sample. For complex, but always small, systems, where no analytical solutions of Maxwell
equations is available, only heavy numerical methods can be used.

Therefore, for most of the applications in the colloidal domain, the interpretation of scat-
tering data is unfortunately limited to those conditions where multiple scattering is absent or
can be safely neglected. From an experimental point of view, the conditions where multiple
scattering can be neglected are those of low concentration and low optical contrast, where the
number of incident photons scattered is a small fraction of the total. An alternative to lowering
the concentration of scatterers is the so-called refractive index matching, i.e., finding a solvent
that matches as much as possible the refractive index of the scatterer, so that a very low optical
contrast can be obtained.

7.7.2 Static Light Scattering

The theory of scattering that neglects multiple scattering is called Rayleigh-Debye-Gans (RDG)
theory. The basic assumption is that in every part of the sample, the radiation that illuminates
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the sample is only the incident radiation. In this way, the scattering of every part of the system
is independent of the others. The theory allows one to compute the profile of the scattered in-
tensity I as a function of the scattering angle Θ, defined as the angle between the directions of
the incident radiation and the measurement of the scattered radiation, as shown in next figure.

Incident radiation, I0

Scattered radiation, I(q)

Scattering angle, θ

The existence of an angular dependence of the scattered radiation is because waves scat-
tered from different parts of a sample have a different phases, and that these phase differences
become larger as the scattering angle Θ increases. In general, the modulus of the wave vector
q of the scattered radiation, equal to the modulus of the difference between the propagation
vectors of the scattered and incident radiation, is used instead of the angle θ:

q =
4πn
λ0

sin
(
θ

2

)
, (7.53)

where λ0 is the wavelength of the radiation in vacuum and n is the refractive index of the
solvent.

It should be noted that the modulus of the wave vector q has the dimensions of the inverse
of a length. Therefore, the quantity 1/q represents a length scale, and it gives an indication
of the typical size of the objects that contribute to the scattering intensity at the given q value.
A better illustration of the meaning of q may be given by an analogy between q and the
magnification of a microscope. Looking at the intensity scattered by a sample at different q

values is analogous to observing the sample by changing the magnification. Low values of q

correspond to low magnification, while large values of q correspond to large magnifications
and better resolutions. It is obvious from equation (7.53) that changing the scattering angle
is not the only way to change the magnitude of q. One can also change the wavelength of
the incident radiation. This is one of the reasons why other sources, x-rays and neutrons, are
chosen to perform the scattering experiments.
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X-rays are probably the first source that has been used in the investigation of the structure of
materials, particularly crystals. They have been chosen because of their very low wavelength
that results in a high resolution. They are usually applied to investigate gels and surfactant
solutions. X-rays scattering, particularly small angle x-rays scattering, allows to investigate
systems over a broad range of length-scales.

Neutron scattering is based on the scattering of neutrons on the nuclei of atoms. Since
neutrons can have a high momentum, which is inversely proportional to their wavelength,
neutron scattering also provides a very high resolution. Another advantage is that in the case
where the system under investigation is an aqueous solution, the appropriate mixing of water
and heavy water (D2O) enables the elimination of multiple scattering or to change the contrast
in such a way that only some part of a sample can be studied. This method is called contrast
variation technique.

Static light scattering measurements are to determine the profile of the scattered intensity as
a function of the modulus of the wave vector q. To be more quantitative, we consider a sample
made of N subunits, having all the same optical properties. In this case, the intensity of the
scattered radiation is given by:

I(q) =
I0

r2

N∑
j=1

N∑
m=1

b j(q)b∗m(q) exp
(
−i q ·

(
R j − Rm

))
, (7.54)

where I0 is the intensity of the incident radiation, r is the distance of the sample from the
detector (assumed to be much larger than the size of the sample), R j is the vector defining the
position of the center of the jth subunit with volume V j, i is the imaginary unit, the asterisk
defines the complex conjugate, and the quantity b j(q), called scattering length, is defined as
follows:

b j(q) =
πn2

λ2
0

n2
p − n2

n2
0

 ∫
V j

exp
(
−i q · r j

)
d3r j, (7.55)

where np is refractive index of the material, n0 is the average refractive index of the dispersion
(material and dispersant) and r j is the vector defining the coordinate of a point inside the
jth subunit at a distance r j from its center of mass. It is important to notice that equation
(7.54) is very general, and holds true not only for light scattering but also for neutron and
x-rays scattering. The only difference for different radiation sources is the dependence of
the scattering length on the physical properties responsible for the scattering behavior of the
system, namely the term multiplying the integral in equation (7.55).

From equations (7.54) and (7.55) three very important features of intensity of scattered
light can be recognized. First of all, the scattered intensity is proportional to the reverse
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fourth power of the wavelength. This explains among others why the sky appears blue: the
component of white sun’s light which is diffused more heavily by dust particles and water
droplets is blue light (low wavelength). The second important feature is that the intensity of
scattered light is proportional to the square of the volume of the object. Therefore, in the
presence of a population of large and small particles, the amount of light scattered by large
particles easily overwhelms that of small particles. The third feature is that the intensity of
scattered light strongly depends on the optical contrast between the material and the medium
around it. If the optical contrast is reduced to zero, the intensity of scattered light also goes to
zero.

Since equation (7.54) is quite complex, requiring the knowledge of the relative distances
among the various subunits in the sample, it is useful to consider a special case of equation
(7.54) that is very important for all colloidal applications. In particular, let us assume that all
the subunits are equal and of spherical shape, then equation (7.54) takes the form:

I(q) = I0K1NV2
p P(q)S (q), (7.56)

where Vp is the volume of one spherical particle, K1 is a constant that incorporates the de-
pendence of equation (7.54) on the optical constants, P(q) is called particle form factor and
depends on the geometrical shape and size of a particle, and S (q) is the structure factor, which
depends on the correlations among the particles. In the case of spherical particles, the form
factor P(q) is given by:

P(q) =

[
3(sin(qRp) − qRp cos(qRp))

(qRp)3

]2

, (7.57)

The form factor for a sphere is plotted in the next figure.

This formula is correct usually for particles sufficiently smaller than the wavelength of the
radiation (about 10 times smaller), and with a low optical contrast. If the particles do not
fulfill these requirements, the RGD theory cannot be applied to interpret the scattering profile
of particles. Instead, the full scattering theory, referred to as Mie theory, has to be used.

From a Taylor expansion of the particle form factor, one can derive a very useful relation:

P(q) = 1 −
1
3

q2R2
g,p, (7.58)

where Rg,p is the primary particle radius of gyration. Equation (7.58) suggests that, from the
bending of the form factor, one can estimate the radius of gyration of an object. The radius of
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gyration of an object is defined as the sum of the squares of the distances of all his points from
the center of mass:

R2
g,p =

1
i

i∑
j=1

(
r j − rcm

)2
, (7.59)

For a continuous object, the sum in the above equation should be replaced by an integral. In
the case of a sphere, Rg,p =

√
3/5Rp.

The structure factor, S (q), on the other hand, contains information about the structure of
the system, i.e., how the particles are arranged. The relation between the structure factor and
relative positions of i spherical particles in the system is given by the following expression:

S (q) =
1
i2

i∑
m, j=1

sin(qrm j)
qrm j

, (7.60)

where rm j is the distance between the centers of the mth and the jth particles. If the system is
dilute enough that no correlations among the particles exist, i.e., the relative distances among
the particles are much larger than 1/q, then S (q) = 1 and the scattering intensity depends only
on the geometrical properties of the particles.

The general procedure to obtain the structure factor of a system from static scattering mea-
surements is as follows. One first determines the particle form factor P(q) by performing
the static scattering measurements for a dilute suspension of particles, where S (q) = 1 and
the measured profile is only proportional to the form factor. Then, by dividing the scattering
profile of the sample by the obtained form factor, the structure factor can be analyzed.

Two kinds of information from the structure factor are crucial in the study of aggregation
phenomena. In the case of a dilute suspension of large fractal aggregates, it can be shown that
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the structure factor has typically a power-law behavior within a certain q-range:

S (q) ∼ q−df , (7.61)

so that from the slope of S (q) in a double logarithmic plane the cluster fractal dimension df

can be extracted. The validity of this procedure will be subsequently discussed in the case of
small clusters and in the case of gels. Another important quantity that can be determined from
the scattering profile is the radius of gyration. It can be obtained by using a Taylor expansion
similar to what was done for a single particle. This procedure is called Zimm plot analysis:

P(q)S (q) = 1 −
1
3

q2R2
g, (7.62)

where a linear region can be found when plotting P(q)S (q) versus q2, the slope of which is
proportional to the square of the radius of gyration of the system.

All the theory summarized above refers to a system in which there is no polydispersity.
When a polydisperse system is analyzed, the effect of the polydispersity on the scattered in-
tensity has to be taken into account. It can be seen from equation (7.56) that, since the intensity
scattered by each particle is proportional to the square of its volume (proportional to the square
of the mass), large particles contribute much more to the total scattered intensity than small
particles. In particular, in the case of a dilute population of particles with m different classes
of particles, the total scattered intensity becomes:

I(q) = I0K1

m∑
j=1

NiV2
p, jP j(q), (7.63)

where N j, Vp, j and P j(q) are respectively the number, volume and form factor of the jth class
particles. Moreover, even for a monodisperse colloidal system, when the aggregation of the
primary particles occurs, since the population of aggregates is often broad, the expression of
the scattered intensity becomes:

I(q) = I0K1V2
p P(q)

imax∑
i=1

Nii2S i(q), (7.64)

where Ni and S i(q) are the number and structure factor of a cluster with mass i and imax is the
largest mass of the clusters in the population.

Consistently, the measured radius of gyration will be an average value 〈Rg〉, which, can be
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written in the following form:

〈Rg〉
2 =

imax∑
i=1

Ni(t)i2R2
g,i

imax∑
i=1

Ni(t)i2

. (7.65)

Equation (7.65) shows that the average radius of gyration receives a much greater contribution
from large clusters than from small clusters. This is again a consequence of the dependence
on the square of the volume of the radiation scattered by an object.

7.7.3 Dynamic Light Scattering

The second scattering technique often used in the study of the colloidal systems and aggrega-
tion phenomena is dynamic light scattering, which measures, instead of the scattered intensity
as a function of the scattering angle, the rapid fluctuations of the intensity at one specific an-
gle. In a colloidal suspension, the configuration of the system changes rapidly with time due
to the Brownian motion of the particles, and consequently, so does the pattern of the scattered
radiation. Moreover, such random motion of the particles (or clusters) results that the config-
uration of the system at a certain time t loses quickly any correlation with its initial status. An
effective way to analyze such irregular change in the scattered intensity induced by the ran-
dom motion of particles (or clusters) is to compute the intensity time autocorrelation function
〈I(q, 0)I(q, τ)〉:

〈I(q, 0)I(q, τ)〉 = lim
T→∞

1
T

∫ T

0
I(q, t)I(q, t + τ)dt, (7.66)

where I(q, t) is the scattered intensity at time t and τ is the delay time. When the delay time
τ = 0, the intensity autocorrelation function is equal to the mean square intensity, and it decays
to the square of the average intensity when the delay time τ goes to infinity. For the latter, the
system has lost any correlation with its initial configuration. The above analysis is possible
only if the system is fully ergodic, i.e., as time goes by, the system has the freedom to probe
all the possible configurations and does not retain memory of previous stages. Dynamic light
scattering can be used to investigate even concentrated colloidal suspension, to recover inter-
esting information about the mobility of particles at high volume fractions and in the presence
of multi-body interactions, but through a very complicated and sophisticated analysis. In this
paragraph we will focus our attention only on the case of dilute colloidal suspensions.
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It is useful to introduce the normalized intensity autocorrelation function:

g(2)(τ) =
〈I(q, 0)I(q, τ)〉
〈I(q)〉2

, (7.67)

where 〈I(q)〉 is the average intensity. It can be shown that g(2)(τ) is related to another autocor-
relation function, the electric field autocorrelation function g(1)(τ), defined as:

g(1)(τ) =
〈E(q, 0)E∗(q, τ)〉

〈I(q)〉
, (7.68)

where E(q, τ) is the electric field of the scattered wave at delay time τ and wave vector q, and
E∗(q, τ) is the complex conjugate. The relation between the two autocorrelation functions is
called Siegert relation:

g(2)(τ) = 1 + σ
(
g(1)(τ)

)2
, (7.69)

where σ is a constant that depends on the specific configuration of the detector used in the
experiment, but it is always smaller than unity and approaches 1 with increasing the detector
area. It can be shown that in the case of a dilute suspension of equal size, non-interacting
spherical particles, the field autocorrelation function decays exponentially, and the time con-
stant is proportional to the particle diffusion coefficient Diff:

g(1)(τ) = exp
(
−Diffq2τ

)
. (7.70)

From equation (7.70), it can be seen that the faster the particle move, the larger their diffu-
sion coefficient and the faster is the decay of the exponential. Therefore, by measuring g(2)(τ),
g(1)(τ) can be extracted using the Siegert relation, equation (7.69), and from the slope of the
logarithm of g(1)(τ), one can determine the diffusion coefficient, and consequently the hydro-
dynamic radius Rh using the Stokes-Einstein relation:

Diff =
kT

6πηRh
, (7.71)

For a sphere, the hydrodynamic radius is equal to the sphere radius. For any other body,
equation (7.71) defines the hydrodynamic radius as the size of the equivalent sphere that ex-
periences the same friction as the body.

In the case of a polydisperse suspension, equation (7.70) does not hold any longer. The
contribution of particles (clusters) of different sizes to the total field autocorrelation function
is proportional to their masses squared and to their scattering form factors (structure factors).
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In the case of a population of clusters, equation (7.70) becomes:

g(1)(τ) =

imax∑
i=1

Nii2S i(q) exp
(
−Diff,iq2τ

)
imax∑
i=1

Nii2S i(q)

. (7.72)

It is clear that measurements performed at different angles, i.e., at different q values, give
different results. An important consequence of equation (7.72) is that only an average diffusion
coefficient can be estimated, and therefore an average hydrodynamic radius 〈Rh〉:

〈Rh〉 =

imax∑
i=1

Ni(t)i2S i(q)

imax∑
i=1

Ni(t)i2S i(q)
Reff

h,i

, (7.73)

where Reff
h,i is an effective hydrodynamic radius of a single cluster with mass i, accounting also

for the rotational diffusive motion of the cluster.

From Eqs. (7.73) and (7.65), it can be seen that dynamic light scattering and static light
scattering alow one to determine two different average sizes of the CMD. These sizes are
independent moments of the CMD, and contain independent information on the width of the
CMD, thus useful information for the CMD analysis. These are also the formulas that allow
one to relate measurable quantities to the results of PBE computations.

7.8 Zeta Potential, Electrophoretic Mobility, and Surface
Charge Density

When working with electrostatically stabilized particles, it is particularly important to de-
termine their surface charge status. This is typically carried out by using a combination of
techniques.

The first step usually consists in measuring the surface charge density, or to be more precise
the maximum surface charge density. Potentiometric titration can be used for this purpose.
Potentiometric titration consists in using either a concentrated base or a concentrated acid,
which are added in small quantities, and simultaneously measuring the conductivity of the
suspension. Titration works exactly as in the case of common acids or base solutions. It
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allows one to measure the point of zero charge of a colloidal particles, which corresponds
to the point where all of its charges have been neutralized. From a simple material balance,
the total amount of base (acid) used to achieve neutralization can be related to the amount of
surface charge.

However, another physical property is very commonly used to extract information on the
surface charge of particles: the electrophoretic mobility. It is well known (and also rather in-
tuitive) that a charged particle moves in the presence of an external electric field. The velocity
at which the particle will move is linearly proportional to the applied electric field. The elec-
trophoretic mobility is defined as the ratio between the velocity at which the charged particle
moves and the applied electric field.

Developing a comprehensive theory which accounts for all the physics involved in the study
of the electrophoretic mobility is a demanding task. In the following, we will therefore restrict
us to the case where particles are surrounded by a thin double layer. This occurs in the presence
of a sufficient amount of electrolytes. Since the thickness of the double layer is small compared
to the size of a particles, one can use planar geometry to perform a few simple calculations.
The next figure shows the geometry.

We consider a small slab of fluid parallel to a charged planar surface. In the presence of an
electric field, there are two forces acting on the small slab of fluid: the electrostatic force and
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the viscous drag force, and the two have to balance each other. The electrostatic force per unit
volume is equal to:

Fel = Eρ (7.74)

where E is the electric field and ρ is the volume charge density. The viscous drag is instead
equal to:

Fvis = η
d2v
dx2 (7.75)

where η is the dynamic viscosity, and v the fluid velocity. By equating the two forces, and
making use of Poisson equation to express the charge density as a function of the electrostatic
potential, one obtains the following equation:

ε
d2ψ

dx2 E = −η
d2v
dx2 (7.76)

A fist integration of this equation leads to:

ε
dψ
dx

E = −η
dv
dx

+ C (7.77)

where the arbitrary constant C has to be equal to zero since at infinite distance from the surface
both dψ/dx and dv/dx have to be equal to zero, meaning that both electric field and velocity
field are constant at infinite distance from the surface. A second integration can be carried out
from the so-called shear plane, i.e., the position where the velocity is zero (which is located
very close to the surface) and the potential equal to the so-called ζ-potential, and outsize the
double layer, where the electrostatic potential equals zero and the velocity equals the particle
velocity ν. The final expression for the electrophoretic mobility u is:

u =
ν

E
=
εζ

η
(7.78)

The most remarkable feature of equation (7.78) (originally derived by Smoluchowski) is that
the electrophoretic mobility u is independent of the particle size, and only depends on the
value of the ζ-potential. The concept of ζ-potential is very important in colloidal science.
Since the ζ-potential is the potential at a position very close to the surface (even though it is
not the potential at the surface), it provides very useful information about the surface charge
status of the particles. This information is complementary to that provided by titration. In
fact, the shear plane, where the zeta potential is measured, is located outside the Stern layer.
It therefore accounts for the net charge of a particle, i.e., both the surface charge and the
counterions located within the inner Helmholtz plane. This net charge enclosed within the
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surface of shear, is smaller than the charge estimated from titration measurements, but more
useful in studying colloidal stability of particles.

Equation (7.78) is only valid for small double layers compared to the particle size. When
instead the double layer is larger than the particle size, Debye proved that the electrophoretic
mobility is equal to 2/3 of the values predicted by equation (7.78). A more complete theory,
developed by Henry, provides accurate results for all double layer thicknesses, but only for low
surface potentials, and shows that the electrophoretic mobility increases monotonically from
the Debye limit to the Smoluchowski limit. However, a non-monotonic behavior is observed
for high surface potentials, as shown in the next figure. These curves are obtained using more
complex numerical calculations. In addition, a weak dependence on the type of electrolyte
present in the system has been also observed.

Nowadays electrophoretic mobility is most often measured through a combination of DLS
and electrophoresis. In fact, in the presence of an electric field, the field autocorrelation func-
tion of a particle takes the following form:

g(1)(τ) = exp (±iqEuτ) exp
(
−Diffq2τ

)
. (7.79)

where i is the imaginary unit. Therefore, the autocorrelation function shows a typical oscil-
lating pattern in the presence of an electric field, the frequency of which equals qEu. The
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electrophoretic mobility can then be obtained by fitting the frequency of these oscillations,
and from this the particles zeta potential is calculated.
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Chapter 8

Proteins and Bioprocesses

8.1 Proteins and Biomolecules

This introductory paragraph summarizes a few basic concepts of protein science required for
the next paragraphs. The human body is composed of water (60 %) and of a limited number
of classes of biomolecules, which include mainly DNA, RNA, lipids and proteins. Proteins
account for about 20 % of the mass of the human body, and are involved in essentially all
cellular functions, including:
- signals and reactions: e.g., enzymes, hormones (insulin), immunosystem (antibodies, cy-
tokines)
- structure: e.g., actin and myosin (muscle)
- transport: e.g., hemoglobin (oxygen), albumin

These biomolecules exhibit a modular architecture which is composed of a limited num-
ber of building blocks. DNA from nucleotides, carbohydrates from few monosaccharides
(sugars), proteins from aminoacids (20 in the genetic code). Such building blocks are con-
nected via covalent bonds (peptide bonds for proteins) to form the biomolecular chain. From
this point of view, biomolecules can be seen as biopolymers, where the monomers are rep-
resented by the building block (nucleotides, aminoacids, ...). The design of a biomolecule
implies a large number of degrees of freedom in terms of both the number and the nature of
the building blocks composing the chain (Figure8.1a), which allow to finely tune the surface
chemistry (e.g, modulate surface charge, hydrophillicity, hydrophobicity...).

How do cells produce proteins with a given sequence? The information about the sequence
is contained in the DNA, and the production of proteins occurs in cell compartments, called
ribosomes, according to a process called protein transcription: during this process the DNA
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8 

Peptide Bond 

b a 

Figure 8.1: a) List of aminoacids and chemistry of the peptide bond; b) different levels of protein
structure

sequence is ′′read′′ by the cell, and 1 codon of DNA (composed of 3 nucleotides) is translated
into 1 aminoacid. Proteins are therefore generated as linear chains of a certain number of
aminoacids, and after their formation they have to fold to acquire suitable secondary and ter-
tiary structures (Figure 8.1b). This important step, called protein folding, is regulated by a bal-
ance of non-covalent forces, with a competition between intra-molecular and extra-molecular
interactions. In particular, the burying of hydrophobic aminoacis inside the inner part of the
protein structure represents a major driving force for protein folding.

The acquisition of the correct tertiary structure is a crucial prerequisite for the proper func-
tion of the protein. The connection between protein structure and function dates back to the
formulation of the ′′lock and key model′′ by Emil Fisher in 1894. From a colloidal point of
view, such a complex structure as well as the activity of biomolecules is regulated by a large
number of non covalent forces: in addition to van der Waals and electrostatic interactions
(discussed in Chapter 6), hydrogen bonds, hydrophobic effect, salt bridges and other solvation
forces play a relevant role. Interaction potentials are typically complex, and in most cases
DLVO theory alone is not sufficient to describe the colloidal stability. Although the strength
of non-covalent forces is much weaker than covalent bonds (2-7 kcal/mol of hydrogen bond
versus 70-110 kcal/mol of covalent bond), a single biomolecule can exhibit a large number of
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these interactions, making their contribution crucial.

The structure-function paradigm remains a milestone in protein sciences, and applies to the
vast majority of the systems. However, in the last decades a large number of proteins have
been discovered to be intrinsically disordered and functional in the unfolded state. These pro-
teins typically require promiscuity and flexibility for their functions (e.g. binding to multiple
targets). Interestingly, from a physicochemical point of view, these proteins are characterized
by higher net charge and lower hydrophobicity with respect to natively folded proteins (Figure
8.2).Intrinsicallly Disordered Proteins (IDP) 

9 

A large number of proteins are 
“intrinsically disordered” and 
functional in the unfolded state 
(promiscuity, flexibility) 

Figure 8.2: Intrinsically disordered protein (adapted from Habchi J. et all, Chem. Rev., 2014, 114,
6561-6588

The considerations of this introductory paragraph highlight that there is a fundamental con-
nection between protein structure, protein-protein interactions and protein functions. Typical
examples of protein functions include binding, self-assembly and enzymatic activity.

The understanding of the functional and aberrant behaviours of proteins in biological sys-
tems is important in chemical biology and biomedical sciences, for instance to identify thera-
peutic strategies to fight against pathological states.

Moreover, the possibility to engineer functionality by playing with structure makes pro-
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teins attractive materials in the biotechnological context. Indeed, the understanding of the
molecular and chemical biology underlying cellular functions, as well as the advent of recom-
binant DNA technology, allows us to exploit microorganisms as living reactors to produce
desired proteins or use proteins in microroganisms to generate specific chemical molecules.
The manipulation of a living organism or a part of it (e.g. enzymes) to produce a chemical or
biological material is the core activity of biochemical engineering. This technology is applied
in a very broad range of biotechnological applications to produce products for chemical, food
and pharmaceutical industries. Important examples of biochemical products include the pro-
duction of ethanol from sugar and corn via yeast, of therapeutic proteins by mammalian cells
as well as the production of antibiotics and glutamic acid for food applications.

Figure 8.3: Advances in the area of biochemistry and microbiology in the past years have driven the
development of numerous novel products and a new industry.

The application of biotechnology on an industrial scale exhibits a series of engineering
challenges analogous to the polymer reaction and colloid engineering systems analyzed in
Chapters 1-7 (Figure8.4).
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Figure 8.4: Analogies between a) polymer reaction engineering and b) biochemical engineering.

8.2 Enzyme Kinetics

Enzymes catalyze chemical reactions in biological systems. These biomolecules are typically
structured 3-D proteins exhibiting one or more active sites on the surface, where suitable
substrates can bind. Enzymes increase reaction rates by a factor of 106-1012 by stabilizing
transition states and reducing activation energy barriers. Therefore they assist reactions but
are not modified during the process. Their peculiarity consists in performing this catalytic
activity with extremely high selectivity and at mild conditions of temperature.

8.2.1 Michaelis-Menten Equation

In 1913, L. Michaelis and M.L. Menten derived the equations describing enzymatic rates for
a single substrate reaction, which were later modifide by Briggs and Haldane in 1925. Their
theory describes a kinetic scheme for the enzyme E and its substrate molecule S to form a
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complex before proceeding to the product P:

E + S
k1
−−⇀↽−−
k−1

E ·S
k2
−→ E + P

The intermediate ES is assumed to be at any given time at steady state with respect to E and
S This means that it is possible to apply the PSSA assumption (Chapter 1, paragraph 1.5), and
assume that d[ES]/dt = 0:

d[ES ]
dt

= k1[E][S ] − k2[ES ] − k−1[ES ] = 0

[ES ] =
k1

k2 + k−1
[E0][S ] =

1
KM

[E0][S ]

where KM is the Michaelis Menten constant. Introducing the mass balance equation [E0] =

[E] + [ES ], where [E0] is the total amount of enzyme initially present in the reaction mixture,
we can derive:

[ES ] =
[E0][S ]

KM + [S ]
The rate of product formation is given by:

v = k2[ES ] = k2
[E0][S ]

KM + [S ]

At high substrate concentrations v = vmax = k2[E0]. The rate of product formation is
typically expressed in the compact form:

v =
vmax[S ]

KM + [S ]

It is convenient to re-arrange the last equation by introducing the reciprocal of the rate (1/v)
and of the subtrate concentration (1/[S ]), in order to obtain a linear representation known as
the Lineweaver-Burk plot.

8.2.2 Engineering of enzyme kinetics

Several possibilities to modulate enzyme kinetics. For instance, inhibition:

• Competitive: the inhibitor competes with the substrate for the active site of the enzyme
E.

• Uncompetitive: the inhibitor binds to either a modified form of the enzyme which arises
when substrate is bound, or to the enzyme-bound substrate itself ES .
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Figure 8.5: Enzymatic reaction rate as a function of substrate concentration and Lineweaver-Burk
plot

• Non-competivie: the inhibitor can combine with either the free enzyme (E) or the
ezyme-substrate comples (ES ).

Additional considerations:

• Many enzymes are used in immobilized form, in particular for continuous processes;

• Several enzymes require the binding of small molecules (coenzymes) to be active;

• In many cases more complex kinetics are observed.
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8.3 Bioprocessing

In the following, we will discuss the basic operation units that are required in a bioprocess.

8.3.1 Microbial growth

First, we need to understand the kinetics of cell growth. Typical systems are bacteria (e.g.
E.coli), mammalian cells (e.g. Chinese hamster ovary (CHO) cells) or yeast (e.g. Pichia
Pastoris). More recently, also plants and insect systems have been used.

The growth rate of a cell is related to the cell metabolism, the set of reactions that are
employed by a cell to consume a substrate and generate products. In batch cultivations, the
growth rate is divided into four characteristic phases: lag-phase, exponential phase, stationary
phase and dead phase. It is important to correlate the growth rate with substrate concentration
and other parameters. On this purpose, different levels of complexity of models can be applied.
Most realistic models should consider a) individual metabolic reactions occurring within the
cell; b) variations from cell to cell in a population. In practice, simpler models are considered,
which can be divided as:

• Segregated: individual cells are different from one another. Nonsegregated: population is
lumped into one biophase which interacts with the external environment (cell concentration is
one variable alone).

• Structured: models consider individual reactions or groups of reactions occurring within
the cell. Unstructured: models view the cell as an entity in solution which interacts with the
environment.

The most simple relationships are unstructured models describing the exponential growth.
The most simple expression that includes the effect of nutrient concentration is the Monod
model. This model assumes that only one substrate (the growth-limiting substrate, S) is im-
portant in determining the rate of cell proliferation. Based on the observation that the substrate
transport to the cell is limited by the activity of an enzyme (a permease), Jacques Monod pro-
posed a cell growth expression that follows the Michaelis-Menten form:

µ =
µmaxS
Ks + S

where µmax is the maximum specific growth rate of the cells, and Ks is the value of the limiting
nutrient concentration which results in a growth rate of half the maximum value. The variation
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of the dry cell weight per volume (X) during time is:

dX
dt

=
µmaxS X
Ks + S

Figure 8.6: Typical time evolution of the growth of a microorganism in a bacth reactor.

After determining the kinetics of cell growth, we need to understand how the synthesis of
the desired product by the cell is connected to the rate of cell growth. Here we can distinguish
between three different types of fermentation (Gaden, Biotech. & Bioeng., 67, 6, 2000):

- In fermentation of type I the product is generated directly from the primary energy metabolism
of the cell (e.g. biomass itself, ethanol, lactic acid);

- In fermentation of type II the product is still originated from the primary energy metabolism
of the cell but in an indirect way: it can represent the product of a by-side reaction, or of a
reaction which follows in series the production of the mean products of the energy metabolism
(e.g. citric acid);

- In fermentation of type III the product does not arise from the primary energy metabolism
but is synthesized from secondary metabolic pathways of the cell (e.g. antibiotics/ vitamins).

Depending on the type of fermentation, the rate of product formation follows the kinetics
of cell growth according to different profiles (Figure 8.7).

8.3.2 Reactor design

In the previous paragraphs we have analyzed the kinetics of our reactions, either enzymatic
or cellular. Now we have to decide how to operate our reactions on an industrial scale. Also
in bioprocessing, the reactor can de designed in different configurations: batch, fed-batch,
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Figure 8.7: Different types of fermentation.

continuous and plug-flow. Bioreactors which use living cells are usually called fermentors.
Bioreactors usually handle liquids, since most chemical reactions occur in the liquid phase,
and involve also a gas phase, e.g. aerobic fermentors. Colloids, such as immobilized enzymes
or cells, are handled too, either suspended or fixed in a liquid phase.

Figure 8.8: Different configurations of a bioreactor.

Batch
Mass balance for a reactant A;

V
dCA

dt
= VCA0

dxA

dt
= −rAV

where rA is the reaction rate (mol ·m−3s−1), V is the liquid volume (m3), CA is the reactant
concentration (mol ·m−3), and xA is the fractional conversion of the reactant A, defined as
1−CA/CA0, with CA0 the initial reactant concentration in the liquid in the reactor. The material
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balance can be integrated into:

t =

∫ CA

CA0

dCA

−rA
= CA0

∫ xA

0

dxA

rA

For enzyme-catalyzed reactions following the Michaelis-Menten law, we can derive for the
substrate S :

CS 0xS − Kmln(1 − xS ) = vmaxt

In case of batch fermentors, cells are grown during the exponential phase, in conditions
where the substrate is not rate-limiting. In this case µ = µmax and

dX
dt

= µmaxX = X
0.693

tD

where tD is the doubling time, the time required to double the population of cells.
CSTR

The material balance for the reactant A at steady state reads:

FCA0 − FCA0(1 − xA) = −rAV

where F is the volumetric feed rate (m3s−1) and V is the volume of the reactor (m3). An
important parameter is the residente time τ (s), which is defined as:

τ =
V
F

=
CA0xA

−rA

The recriprocal of τ is called the dilution rate, D.
For Michaelis-Menten type reaction we can derive for the substrate S :

vmaxτ = CS 0xS + Km
xS

1 − xS

For cell growth, the balance reads:

F(X − X0) = µXV

and the dilution rate D can be expressed as:

D =
F
V

= µ =
µmaxS
Ks + S
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Additional aspects in reactor design

• Inoculum;

• Aeration and oxygen mass transfer;

• Sterilization;

• Biosensors.

8.3.3 Product recovery, formulation and delivery

After the production of the desired biomolecule from the cells, the product has to be recov-
ered from the mixture of thousands of other proteins of the host system. This purification
step accounts for about 60-80% of the production cost for therapeutic proteins, and about 60%
for enzymes. Many different separation strategies have been developed: filtration, extraction,
crystallization, membrane, chromatography. Typically, more than one operation units are ap-
plied within the same process, with polishing steps following initial purification units.

8.3.4 Choice of the reactor configuration

Choice of using either the isolated enzyme or the whole cell:

• Advantages isolated enzyme: more homogeneous solutions for the recovery of the prod-
uct (still a challenge - see immobilized enzymes); reduced problems of contamination;
reaction mechanism is well understood;

• Advantages entire cell: enzymes in native environment (more stable, right co-factors);
cheaper

Choice of continuous/batch operation: The decision to run a process in continuous or in batch
operation is dictated by several factors.

• Advantages batch: Reduced risk of contamination; flexibility; possibility to control
quality of single batch.

Disadvantages batch: presence of dead-times; differences from one batch to another;
possible accumulation of inhibitors.
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• Advantages continuous: reduction of dead-times; possibility to control processes at
steady-state; suitable for large scale production, when reaction is inhibited by a product,
when organism has high genetic stability.

Disadvantages continuous: high risk of contamination; no fermentation type II or III.

8.3.5 Biopharmaceuticals

The pharmaceutical industry is an important industrial sector concerned with the development
and the manufacturing of molecules for diagnostic and therapeutic purposes. Very broadly,
we can distinguish between drugs generated via chemical synthesis and molecules produced
through the biotechnological route involving biological systems (e.g. plant and animal cells,
yeast, bacteria). This sector of biotechnology is defined as red biotechnology.

• Chemical synthesis: Small molecules ( MW 180 Da)

• Biological synthesis: complex molecules e.g. proteins ( MW 150000 Da)

Biopharmaceuticals currently represent around 20% of the entire pharmaceutical revenue,
and their number is continuously growing at a rate that exceeds small molecules. Major ad-
vantages of biopharmaceuticals include higher specificity, higher efficiency and reduced side
effects. However, this improved performance is accompanied by drawbacks related to the
more complex bioprocess underlying their production. In this final paragraph, we re-visit the
general concepts described in this Chapter highlighting the specific needs of this very impor-
tant sector.

Main biopharmaceuticals are insulin, growth hormones, monoclonal antibodies, vaccines (
e.g. tetanus, hepatitis B).

Monoclonal antibodies currently own the largest market share in terms of value in the global
biopharmaceutical market and have a number of therapeutic applications in the treatment of
asthma, cancers, autoimmune diseases and other pathological conditions.
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Host:  enzymes                        mammalian cells 
 microorganism     

Products:   
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Figure 8.9: Biopharmaceuticals involve higher cost and more complex processes compared to other
bioproducts such as ethanol, sugars, enzymes, amino acids, vitamins.

Production of recombinant proteins with medical applications

This chapter mainly focuses on the production and purification of proteins produced by a
mammalian expression system which are able to perform posttranslational modifications such
as glycosylation. Most recombinant proteins in this category are complex and highly variable
molecules that need to possess certain quality attributes for full bioactivity and therapeutic
safety.

Product quality attributes include:

• Glycosylation ( attachment of sugar moieties to proteins)

– Variations in terms of glycosylation patterns provoke a heterogeneous product mix-
ture

– Affects protein folding

– Influences therapeutic efficacy (ADCC, CDC, life-time)
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– Immunogenicity

• Charge isoforms ( charge variants of proteins)

– Protein charge heterogeneity

– Caused by chemical or enzymatic modification

– Protein charge distribution

– Therapeutic efficacy and safety unknown

• Structural changes

– Fragmentation and aggregation

– Comprises drug efficacy and safety

Example: Herceptin (Trastuzumab) contains multiple isoforms with different activities.

It is of prime importance to limit and control the heterogeneity of the final product for safety
compliance and therapeutic efficacy. Undesired product modifications can be limited and pre-
vented at various stages of the development and manufacturing process.The next paragraph
focuses on assessing the impact of different operation modes on the critical quality attributes
(including product related-impurities).

W1     W2     W3  W4 
 

P (140% activity) 
S1 
 (12% activity) 

Figure 8.10: Analytical weak cation exchange chromatogram of trastuzumab (commercial name,
Herceptin)
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Figure 8.11: Development strategy

Fed-batch bioreactors

• Most widely used technique in industry for the production of recombinant proteins

• Based on the periodic delivery of fresh feeds (e.g. glucose, amino acids) to support cell
growth and prolong the productive culture life time

Figure 8.12: Protein product concentration profile during fed batch cultivation

Upon inoculation the cell density increases and the expressed protein is accumulated in the
bioreactor, which is harvested once the cells enter the death phase.

Advantages
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• Simpler operation

• Ease of scale-up

• High titer concentrations at the time of harvest that simplifies downstream processing

Disadvatages

• The accumulation of cellular by-products and the changing cellular environment envi-
ronment inhibits cell growth, reduces productivity and quality.

• The expressed product is harvested and purified after eight to 21 days

Perfusion bioreactors
Perfusion cultures are continuously operated systems where the continuous addition of fresh

media is coupled with the outflow of spent media while cells are retained inside the reactor. In
contrast to batch and fed-batch processes, where there is no removal of inhibitory metabolites,
in continuous processes medium is perfused at dilution rates exceeding the cellular growth
rate. For this, a good separation device is needed to retain cells in the bioreactor. Cells are
held within the reactor by sedimentation, filtration or centrifugation (e.g. gravity-based cell
settlers, spin filters, centrifuges, cross flow filters, alternating tangential- flow filters...).

Example: Perfusion reactor with external filtration device

Perfusion 

Figure 8.13: Perfusion set up featuring feed, bleed and harvest stream. The harvest stream is passed
through an external filtration device to retain the cell in the bioreactor. Different cell
density profiles are obtained during different modes of operations

In this case, the harvest stream is passed through an external filtration device, which physi-
cally retains the cell in the bioreactor. The bleed stream, on the other hand, is a cell containing
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outflow used to control and maintain a high viable cell density.

Advantages

• Prolonged culture at high viable cell density

• Enhanced volumetric productivity

• Steady state operation resulting in a constant cellular environment which leads to a
constant product quality

• The protein product is continuously harvested which minimizes the exposure to degrada-
tive enzymes and metabolic by-products ( e.g. lactate ammonia) if directly purified

• Small equipment footprint

Disadvantages

• More complicated operation ( maintain sterility, more complex process control) result-
ing in a higher risk of failure

• Higher media consumption

• Lower protein product concentration at harvest

Comparison fed-batch and perfusion

• Products prone to degradation (e.g. unstable proteins, highly hydrophobic proteins)
require perfusion due to the reduced residence time of the product

• Perfusion is preferred for cell lines with growth associated to the product formation
(product concentration increases with cell concentration)

• Lower protein product concentration at harvest in case of perfusion

• Fed-batch , on the other hand, may be favoured in the case of high medium costs

• If cells secrete product in a non-proliferative state or the cell line is unstable, so that the
production time horizon is limited, fed batches would be the method of choice
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Figure 8.14: Comparison of the residence time distribution of the expressed product cultivated in
fed-batch and in a perfusion reactor

The choice is often based on company tradition, existing facilities, infrastructure and ex-
perience. Nevertheless there is a growing interest in high density perfusion cultures due to
advantages including product quality, steady state operation and high culture viability.

Example: Comparison of fed-batch and perfusion operating conditions in terms of product
quality.

• Increased product residence times prolong the exposure of the product to proteases and
other degradative enzymes which can lead to fragmentation.

• Furthermore the prolonged exposure can also lead to an increased probability of chem-
ical and enzymatic protein modifications which can cause acidic or basic isoforms.

• The steady state operation in perfusion bioreactors and the shorter residence time favour
homogenous post-translational modifications such as glycosylation

• Protein aggregation is shown to depend on protein concentration, process parameters
(temperature, pH, aeration) and residence time.

• Glycosylation appears to reduce aggregation, probably due to the corresponding reduc-
tion of in hydrophobicity of the protein.

• Especially the constant metabolite composition and by-product formation during perfu-
sion cultures favour the desired glycosylation pattern
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Outlook

Figure 8.15: Future trends in biotechnology

• Continuous processing is attracting attention in most industries

• The continuous production of biopharmaceuticals has evolved in the past years and may
eventuall become the preferred technology

• Currently 5 recombinant proteins and mAbs using perfusion bioreactors are on the mar-
ket

• Companies also work on an end-to-end continuous production (-upstream and down-
stream) production
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Chapter 9

Protein Aggregation

9.1 Proteins and Colloids

In all biotechnological applications which involve proteins, particular attention must be given
to the stability of the complex protein structure to guarantee proper function. Indeed, proteins
are exposed to a broad range of chemical and physical instabilities, which can modify their
structure and deteriorate their activity.

• Chemical instabilities include oxydation, deamidation, asparic acid isomerization, pep-
tide fragmentation, nonreducible cross-linking.

• Physical instabilities are represented mainly by protein aggregation. Aggregation of ther-
apeutic proteins is a significant hurdle in protein drug development, hindering rapid commer-
cialization of potential drug candidates. Aggregation is indeed the major protein instability en-
countered in almost all stages of therapeutic protein manufacturing, including expression from
the cells, purification, storage, shipping and administration to the patient. About 20 − 25% of
the approved therapeutic proteins are administred subcutaneously via injections and are for-
mulated as solutions at high protein concentrations (50-200 mg/mL) in order to reduce the
injection volumes below 1.5-2 mL. Such high concentrations can clearly promote interactions
and aggregation. Since the presence of protein aggregates in pharmaceuticals may compro-
mise drug safety and drug efficacy, the protein aggregate content must be strictly controlled
to assure satisfactory product quality. There is therefore a severe need to increase our un-
derstanding of the mechanisms of protein aggregation at a fundamental level with the aim of
optimizing the protein primary sequence and/or the operative parameters, e.g. the solution
composition in terms of pH, type and concentration of excipients.

This challenge is again a colloidal stability problem. Protein sizes are indeed typically in
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Figure 9.1: Key differences between proteins and polymer colloids
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Figure 9.2: Example of the aggregation behavior of a monoclonal antibody solution at low pH

the order of a few nanometers, and are thus lying in the colloidal range. Proteins are therefore
small enough to be affected by Brownian motion, but sufficiently large compared to solvent
molecules so that the solvent can be considered as a continuum. Several of the concepts
and techniques discussed in Chapters 1-7 for polymers apply also to proteins, in particular
for globular aggregates formed by folded proteins. For instance, several protein aggregates
exhibit fractal morphology, in analogy with polymer clusters. Light scattering techniques are
often used to characterize the structure of protein gels in terms of fractal dimension. However,
there are crucial differences between proteins and polymer colloids, mainly because of the
complex protein secondary and tertiary structure.
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To explain this difference, we use as an example the stability of a monoclonal antibody
at low pH: the aggregation stability, which is followed by monitoring the increase during
time of the average radius of the population, decreases with increases pH value (Figure 9.2).
From a colloidal point of view, the net charge of a protein increases with the increase of the
difference between the pH and the pI value. However, the low pH values modify the secondary
and tertiary structures of the proteins; following these unfolding events, reactive hydrophobic
patches can be exposed to the exterior, and the attractive hydrophobic forces can overcome the
electrostatic repulsive interactions. This example explains clearly how for proteins there is the
need to characterize simultaneously aggregation and structural stability. As a consequence of
this complexity, the DLVO theory has only limited applications.

9.2 Experimental biophysical techniques

In protein science, and in particular in problems dealing with protein aggregation and self-
assembly, experimental analytics is a fundamental aspect and represents the first step to per-
form any mechanistic study. Protein systems typically exhibit a series of challenges including
very low and high values of proteins concentrations, presence of dynamic equilibria and very
heterogeneous mixtures, with presence of species ranging from few nm to several microns.

As discussed before, with respect to colloidal systems, there is the need to characterize
not only the size and shape of the aggregates but also potential changes in the structure of
the protein species. In addition, more practical limitations of laboratory experiments related
to the small volumes and amounts of material which are normally available have also to be
considered. Currently, there is not a single technique capable of providing all the required
information. Rather, a bactery of different approaches has to be applied in parallel (Figure
9.3).

Size and Molecular Weight: In analogy with colloidal systems, light scattering (Chapter
7) represents one of the most important techniques to achieve information about the size and
the shape of the protein aggregates which are generated during the aggregation reaction. Static
Light Scattering (SLS) and Dynamic Light Scattering (DLS) can be used to follow the increase
in the average gyration radius (< Rg >) and in the average hydrodynamic radius (< Rh >),
respectively, as well to measure the fractal dimension of the aggregates.

However, light scattering is challenging to apply for the analysis of the heterogeneous mix-
tures typically observed during the aggregation of proteins in solution. In particular, from the
average signal recorded in bulk experiments is difficult to de-convolute information about the
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Figure 9.3: Overview of conventional biophysical methods to investigate protein aggregates over dif-
ferent length scale. Zoells S. et al., J. Pharm, Sci, 101,3, 914-935 2012

full size distribution.

An attractive strategy to address this limitation consists in performing the fractionation of
the protein mixtures before analyzing individually the fractionated species. The most common
method is represented by Size Exclusion Chromatography coupled with inline multi angle
light scattering. Limit of the size of the aggregates that can be detected, used to quantify the
residual monomer and the oligomer distribution (see Figure 9.4 (a)).

Secondary and Tertiary Structure: In order to characterize the structure of the protein,
circular dichroism and Fourier Transform Infrared Spectroscopy are some of the most common
methods.

Protein stability: Isothermal Calorimetry and differential scanning calorimetry.

165



CHAPTER 9. PROTEIN AGGREGATION

10 15 20 25 30 35
0

10

20

30

40

50

Elution8time8[min]

U
V

8a
b

so
rb

an
ce

8[
m

A
.U

.] Total
Monomer
Dimer
Trimer

10 15 20 25 30 35
0

10

20

30

40

50

Elution8time8[min]

U
V

8A
b

so
rb

an
ce

8[
m

A
.U

.]

10 15 20 25 30 35
0

0.4

0.8

1.2

1.6

2
x810

M
o

le
cu

la
r8

W
ei

g
h

t8
[g

/m
o

l]UV
MW

6(a) (b)

Figure 9.4: Typical SEC chromatogram of a mixture of mAb monomer and mAb aggregates. (a) De-
termination of the monomer, dimer and trimer content by peak deconvolution (b) Measure
of the aggregate molecular weight from Multi Angle Light Scattering.

Microfluidics Very recently, microfluidics is emerging a very powerful tool to address many
of the limitations of conventional biophysical methods. Attractive advantages include not only
small volumes and short analysis times, but also the possibility to couple different strategies
on the same platform, the more accurate control of mass and heat transport and the ability to
compartmentalize solutions in droplets.
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9.3 Kinetic Model and PBE

Many possible aggregation mechanisms have been observed. With respect to colloid systems,
also structure changes and nucleation events must be considered in addition to growth, which
can occur either via monomer addition or cluster-cluster aggregation. In many applications it
is importat to discover which mechanism is the one in action.

Figure 9.5: Different mechanisms of aggregation of therapeutic proteins (Roberts C.J., Biotechnology
and Bioengineering, 98, 5, 2007.)

There are two levels of analysis to achieve this goal. A first simplified description can be
captured by monitoring the kinetics of monomer depletion at several protein concentrations
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(Figure 9.4, and evaluating an apparent reaction order n, defined as:

dM
dt

= −kappMn, (9.1)

Where M is the monomer concentration followed on a few half-lives and kapp is the apparent
reaction rate constant for monomer loss. The value of n, which typically lye between one and
two, reports on the step which is rate limiting in the monomer consumption. In particular,
n = 1 is indicative that unimolecular conformational changes are rate limiting the kinetics of
monomer depletion, whereas n = 2 rather corresponds to the case where monomer consump-
tion is rate limited by the aggregation events leading to dimer formation.

A second level of analysis implies a more comprehensive mechanistic description of the
full aggregation network. On this purpose, a powerful strategy consists in comparing experi-
mental data with model simulations obtained from a population balance equation scheme that
describes the contribution of several individual microscopic reactions. We illustrate this strat-
egy here below, using a case study as a concrete example to guide the explanation. More than
the exact content of this very specific example, the student is invited to learn the different steps
(here divided in five points) of this general strategy, which can be applied to the analysis of
any other system.

9.3.1 Case Study: aggregation of a monoclonal antibody (mAb-1)

1) Experimental Observations

Figure 9.6 shows some experimental observations regarding mAb-1 aggregation. We con-
clude from these data that, in the case of mAb-1:

(a) The monomer depletion is rate limited by monomolecular conformational changes

(b) Aggregation is irreversible

(c) Aggregates exhibit fractal morphology, with df = 1.85
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Figure 9.6: Experimental observations for mAb-1. (a) Linearization of the monomer depletion kinet-
ics followed by SEC (b) Dilution experiments to assess aggregates reversibility (c) SLS
experiment to measure the fractal dimension of aggregates.

2) Reaction Scheme

According to these observations, the reaction scheme shown in Figure 9.7 is proposed.

Figure 9.7: Proposed reaction scheme for mAb-1 aggregation.

First, the monomer in its native form N unfolds to form U, which is a denaturated conformational
state of the monomeric protein. This step, denoted as (M1-1) in the kinetic scheme, is regarded as
irreversible in this study. Indeed, U can be considered as an intermediate reactive species which is
depleted by irreversible aggregation before it can re-fold. Therefore, aggregation is faster with respect
to the possible backward reaction of unfolding, and the reversibility of the unfolding step can be ne-
glected. It is worth mentioning that the quantity experimentally accessible from SEC experiments is
the sum of the concentrations of N and U, since SEC is not sensitive to changes in protein conforma-
tion. The aggregation prone form of the protein, U, can then aggregate to form oligomers, according
to step (M1-2). Finally, aggregates grow irreversibly either by monomer addition or by cluster-cluster
aggregation, as depicted in step (M1-3).

The unfolding step is a simple monomolecular reaction, which can be easily described by a single
kinetic rate constant kU. Describing the aggregation steps is a bit more challenging, though, as it
requires the definition of an aggregation kernel which provides a relation between aggregate size and
aggregate reactivity. Following the approach presented before in the case of polymer colloids, we first
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compute the characteristic time for rapid coagulation so as to determine whether or not aggregation
occurs under diffusion limited conditions. At 70 ◦C, with a protein concentration of 1 g/L, we obtain
tRC ≈ 10−5s. Therefore, we conclude that aggregation is not limited by diffusion under these conditions,
and we select the traditional RLCA kernel to describe aggregate growth.

However, it must be emphasized that this kernel was derived in the case of spheres uniformly
charged, while it is known that protein reactivity strongly depends on protein conformation and on
the accessibility of aggregation-prone patches. This effect can be accounted for by introducing differ-
ent values of the Fuchs stability ratio in order to characterize the stability of different sub-populations of
species characterized by a similar reactivity. In particular, the unfolded aggregation-prone monomer U
is an unstable intermediate which has a very high reactivity compared to other aggregates species.
Therefore, three types of aggregation events characterized by species with different reactivity can
be identified: monomer-monomer, monomer-aggregate and aggregate-aggregate. Accordingly, three
Fuchs stability ratios are defined: W11,W1j and Wij, which describe oligomer formation, aggregate
growth by monomer addition and aggregate growth by cluster-cluster aggregation, respectively.

3) Population Balance Equations

The kinetic model corresponding to the reaction scheme of Figure 9.7 is given below:

dN
dt

= −kU N

dU
dt

= kU N − U
∞∑
j=1

k1, jU j

dUi≥2

dt
= 1

2

i−1∑
j=1

k j,i− jU jUi− j − Ui

∞∑
j=1

ki, jU j

(9.2)

With: 

ki, j = ksBi, jPi, jW−1
i, j

ks = 8kBT/3η

Bi, j = 1
4

(
i−1/df + j−1/df

) (
i1/df + j1/df

)
Pi, j = (i j)λ

(9.3)

And W11 , W1j , Wij

It can be observed that the usual Smoluchowski population balance equations were modified
in order to account for two features that are specific of proteins: (1) an unfolding step was
introduced to reflect monomolecular changes in protein conformation, (2) several Fuchs ratio
values were introduced to describe the different reactivities of the various sub-populations
present in solution.
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4) Parameter Estimation

The implementation of the proposed kinetic scheme requires the estimation of several pa-
rameters. Some of these parameters can be evaluated by independent measurements, while
others can be estimated by fitting the suitable quantities to those measured experimentally as
a function of time. Since the concentration of U is low and nearly constant due to its high
reactivity, the unfolding rate constant kU can be approximated to kapp, which is determined
from the linearization of the experimental monomer depletion. The fractal dimension has
been measured by SLS and the power law factor λ appearing in the aggregation kernel has
been estimated as λ ≈ 1 − 1/df . The remaining parameters are the three Fuchs ratios which
have been fitted to describe the experimental data at the reference protein concentration of 2
g/L. The parameters used for the simulations are summarized in Table 9.1.

Parameter kU d f λ W11 W1 j Wi j

Value 1 × 10−3s−1 1.85 0.5 8.5 × 106 4 × 107 8 × 108

Source kapp SLS Exp. 1 − 1/d f Fit Fit Fit

Table 9.1: Parameters used for the simulations of mAb-1 aggregation (without co-solutes).
In Figure 9.8 (a-c) it can be seen that the simulations are in excellent agreement with the

experiments, indicating that the proposed kinetic model can successfully describe the aggre-
gation of mAb-1 under the investigated conditions.

The comparison between the different Fuchs stability ratios estimated by the fitting to ex-
perimental data provides information on the relative reactivity of the various species involved
in the aggregation process.Considering the values reported in Table 9.1, it can be noticed
thatW1j � Wij . This highlights that, for this system, aggregate growth by monomer addition
prevails over aggregate growth by cluster-cluster aggregation, probably due to the high reac-
tivity of the unfolded monomer.

5) Model Validation

To further validate the proposed kinetic scheme, the kinetics of aggregation were simulated
at protein concentrations of 1 g/L and 5 g/L using the same set of values reported in Table I,
with no additional parameters. In Figure 9.8 (d-i), it can be seen that the model predictions
agree very well with all the experimental results, proving that the model is capable of predict-
ing the concentration effect on the aggregation kinetics of mAb-1 in the concentration range
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Figure 9.8: Comparison between experimental data and simulations for mAb-1 at protein concentra-
tion of 2 g/L (a-c), 1 g/L (d-f) and 5 g/L (g-i). The experimental concentration of monomer,
dimer and trimer were determined by SEC. The aggregate molecular weight was measured
by SEC-MALS and the average hydrodynamic radius was followed by DLS.

from 1 g/L to 5 g/L. We can therefore conclude that the kinetic scheme of mAb-1 aggregation
is the one presented in Figure 9.9.

I. Monomeric 
conformational changes

II. Irreversible 
oligomerization

III. Irreversible 
aggregate growth

+

+

r.l.s.

r.l.s.: rate limiting step for monomer depletion

Figure 9.9: Kinetic scheme for mAb-1 aggregation
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9.4 Protein Misfolding and Aggregation in the Biomedical
Context

9.4.1 Functional role of protein self-assembly and aggregation in
biology

Several proteins play theri biological roles in a self-assembled state. For instance, under phys-
iological conditions insulin is present as an hexamer which is coordinated by a zinc ion. An-
other relevant example is represented by molecular chaperones. These proteins are crucial
components of the protein homeostasis network, and assist proteins in folding correctly as
well as in the removal of degraded species. Relevant chaperones are heat shock proteins,
which are over-expressed as an answer to a rise in the temperature, clusterin, alpha-B crys-
tallin. The vast majority of molecular chaperones are present as a distribution of oligomers in
dynamic equilibrium. Different oligomers have different reactivity, and this quaternary struc-
ture is crucial to allow molecular chaperones to react to different situations and interact with
different protein structures.

In other cases, biology uses larger forms of protein aggregates. A particular type of protein
aggregate structure which has been increasingly found in nature is represented by amyloid
fibrils. These aggregates exhibit a regular fibrilar geometry, with a diameter of 5-10 nm and a
length of 1-10 µm. Peptide and protein hormones in secretory granules of the endocrine system
are stored in an amyloid-like cross-beta-sheet-rich conformation (Maji, S.K. et al., Science.
2009; 325(5938):328-32). Thus, functional amyloids in the pituitary and other organs can
contribute to normal cell and tissue physiology. This colloidal state guarantees a controlled
release of functional monomeric hormones in response to a change of the environment, for
instance the pH. Functional amyloids are also fungal prions, which are involved in prion repli-
cation, and the amyloid protein Pmel17, which is involved in mammalian skin pigmentation.
Functional amyloids have also been observed in many bacteria, where they are associated to
host cell adhesion and invasion, and they are potent inducers of the host inflammatory response
(Barnhart and Chapman, Annual Review of Microbiology, 60, 131-147, 2006).
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9.4.2 Role of aberrant protein aggregation in pathology: amyloid
fibrils

(Reference: Knowles, T.P.J. et al., The amyloid state and its association with protein misfold-
ing diseases. Nat. Rev. Mol. Cell Biol., 2014, 15 (6), 384-396) Although amyloid fibrils are
increasingly associated to biological functions, they were intially discovered in the context of
pathological states. In particular, these peculiar protein aggregates are associated with the on-
set and development of a large number of neurodegenerative diseaeses, including Alzheimer’s
and Parkinson’s disorders, Amyotrophic Lateral Sclerosis and systemic amyloidosis.

Petkova et al. Science 307, 262–265 (2005).  

Figure 9.10: TEM images of amyloid fibrils

The medical doctor Aloises Alzheimer was the first scientist who associated these structures
observed in the brain of people affected by the disease wit the loss of neuron function. Initially,
these structures were thought to consist of starch (from which the word amyloid). However,
later it was discovered that they were made of proteins.

In many cases, the formation of amyloid fibrils follows the incorrect folding of the pro-
tein, a process defined as misfolding. If the protein can not form the correct intramolecular
bonds require to fold correclty, it can interact with other molecules to form aggregates. A
very important observation is that a large variety of proteins can form amyloid fibrils under
suitable conditions. Moreover, even if the monomeric proteins have very few or no properties
in common, the amyloid fibrils share a large number of features, including in particular the
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Figure 9.11: Protein Misfolding and Amyloid Fibrils

morphology and a high content of secondary beta sheet structures. These observations induce
people to consider amyloid fibirls as an alternative form of folding, and some hypothesis con-
sider the simple amyloid structure as the primordial form of folding, which has evolved during
the years into more complex 3-D structures.

An increasing series of evidence, including mutational studies, associate amyloids witht the
onset and development of the disorders. However, the connection between the aggregation
process and the lost of function is still largely unclear. Small reactive intermediates, which
are formed during the aggregation pathway leading to the formation of fibrils, are currently
thought to represent the most toxic species. These intermediates, broadly defined as oligomers,
could damage neuronal cells via a series of processes, including membrane perforation, acti-
vation of a cascade of signal and sequestration of key functional proteins.

The problem is clearly very complex and interdisciplinary, involving contributions from
clinical doctors, biologists, biochemists and biophysicists. Since amyloid fibrils are colloids,
several aspects of this stability problem share physico-chemical features with the systems dis-
cussed in this course, as .described in the following paragraphs.

9.4.3 Kinetic and thermodynamic stability of amyloid fibrils

The main driving force for the formation of amyloid fibrils is their high thermodynamic stabil-
ity. The beta sheet structures allow the formation of a large number of intermolecular hydrogen
bonds, which are energetically very favorable. This explains why so many different proteins
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can convert into the amyloid state.

Figure 9.12: Thermodynamic stability of amyloid fibrils

Since the aggregation process is concentration dependent, there is a critical concentration
(dependent on the thermodynamics of the process) determining the stability or instability of a
protein solution. For many proteins under physiological conditions this critical concentration
is close to the physiological value: this observation indicates that proteins in biological sys-
tems could be thermodyanamic unstable and only kinetically stable

stability time ∝ E/kBT 

Energy barrier: 
Intermolecular forces 

Figure 9.13: Kinetic stability of amyloid fibrils
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9.4.4 Aggregation mechanism of amyloid fibrils

The kinetics of the aggregation process plays therefore an important role in amyloids. In
analogy with Chapter 7, we can decribe the time evolution of the fibril size distribution by
applying a population balance equation, replacing the concentration of particles Ni with the
concentration of fibrils containing j monomeric units, f j.

There are, however, some differences in the aggregation mechanism that must be captured
in the PBE (Figure 9.14): since aggregation occurs only in one dimesion at the fibril ends,
the aggregation step is replaced by elongation, with a rate constant k+ which is independent
on the fibril size (in contrast with the aggregation kernels described in Chapter 7) and only
f j−1 and f j partecipate in the mass balance of f j. Additionally, we have to consider primary
nucleation and secondary nucleation events, which appear in the mass balances of the smallest
fibrils (containing nC and n2 monomeric units). Typical secondary nucleation reactions are:
a) surface-induced secondary nucleation, where the surface of the existing fibrils promotes
the formation of new fibril. The rate is therefore proportional to the total mass (surface) of
the fibrils in the system; b) fragmentation, because a breakage event creates two new fibril
reactive ends. In the descriptio of fragmentation (breakage), we have again the problem of the
daughter distribution. We can assume the same probability of breakage for each bond within a
fibril, which implies that a fibril with j monomeric units has j−1 positions where brekage can
occur. We note that the fibrillar morphology of amyloids can be considered an extreme case
of the fractal aggregates discussed in Chapter 7 with d f = 1. The PBE can be expressed as:

d f j

dt
= 2k+ f j−1m − 2k+ f jm − k−( j − 1) f j + 2k−

∞∑
i= j+1

fi + δ j,nC knmnC + δ j,n2k2Mmn2 (9.4)

where m(t) is the monomer concentration, M =
∑∞

i=nC
i fi is the total fibril mass concentration

and the Kronecker delta operators δ j,nC and δ j,n2 are equal to one for j = nC or j = nC, and
zero otherwise. The first term on the right side of the equation accounts for the generation of
filaments of length j by monomer addition to a shorter fibril; the second term describes the
disappearance of the fibrils of length j which grow further to length j + 1; the third and fourth
terms are related to fragmentation events and the last terms refer to the generation of new
nuclei by primary and secondary nucleation events with reaction orders nC and n2, respectively.
Recently available analytical solutions of the master equation led to closed expressions of
the time evolution of the principal moments of the fibril distribution, i.e., the fibril number
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concentration, M =
∑∞

i=nC
fi and the fibril mass concentration, M =

∑∞
i=nC

i fi, and provided
insights into the relationship between relevant physical quantities of the system.

An important application of the PBE is the possibility to extract information about the
relative contribution of different microscopic events on the total fibril mass formation (the
macroscopic experimental observable). This operation is relevant in many contexts, including
the discovery of molecules which could block the aggregation process in vivo, as discussed in
the next paragraph.

Figure 9.14: Microscopic aggregation mechanism of amyloid fibrils

9.4.5 Role of chemical kinetics in drug discovery

Information about the microscopic processes underlying changes in macroscopic variables are
crucial for understanding the mechanism of action of a given drug as well as for identify-
ing strategies to change both the thermodynamics and the kinetics of the disease-associated
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processes. This general strategy has found widespread applications in enzymology, where
chemical kinetics has become a standard tool for testing inhibition mechanisms, including
identifying competitive, uncompetitive and non-competitive inhibition mechanisms (Chapter
8). This approach has already resulted in significant progress in the understanding of the
mechanisms of action of enzymes and has led to the development of anti-cancer drugs target-
ing kinases activity.

The exact causative relationship between amyloid formation and organ dysfunction remains
unclear, but the inhibition of protein aggregation is an attractive candidate for generating dis-
ease modifying therapeutic strategies against Alzheimer’s disease and other neurodegenera-
tive disorders because in all cases the toxicity has been associated to the soluble forms of the
aggregating peptides. In this context, kinetics is not only a tool to investigate the inhibition
mechanism but can represent also a therapeutic target per se, since the delay of the aggregation
process for a sufficiently large number of years can be considered as effective as the thermo-
dynamic inhibition of the process. However, either a thermodynamic or a kinetic inhibition
should not aim at a generic arrest or delay of the formation of the final fibril load, but rather at
a specific intervention on the molecular species that mediate cellular toxicity. Indeed, an un-
controlled disassembly of higher order aggregates, thought to be relatively inert in a biological
context, could lead to the increase in the concentration of soluble toxic oligomers and hence
negative outcome in terms of rescuing toxicity. In order to develop effective therapeutic strate-
gies, therefore, an understanding is required not only of the protein aggregation process and
its connection to pathogenicity, but also of how potential drugs interfere with these processes.

We can apply the population balance equation platform to understand the inhibition mech-
anism of fibril formation at the molecular level. The key for applying this approach to analyse
inhibition of aggregation is to note that the change in different microscopic events results in
different characteristic macroscopic aggregation profiles, as shown qualitatively in the model
simulations in Figure 9.15. For instance, the decrease of primary nucleation rate increases
the lag-time preceding the growth phase. Elongation and secondary nucleation events have
different effects on both lag-phase and growth, Surface induced secondary nucleation events
become relevant at larger conversion values. As a consequence, a reduction of this micro-
scopic step does not affect significantly the aggregation profile at low conversion values. By
contrast, a decrease of the elongation rate constant inhibits the formation of fibrils from the
early stages of the process. and therefore we can discriminate the inhibition of these two mi-
croscopic processes by considering the macroscopic profile of the kinetics of aggregation at
different protein and inhibitor concentrations.
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Figure 9.15: Kinetic modelling analysis of aggregation inhibition mechanism. The binding between
the inhibitor (for instance, a molecular chaperone) and the different species in the system
leads to specific changes in the microscopic steps of the aggregation process, such as pri-
mary nucleation, elongation and secondary heterogeneous processes. (a-c) Dot lines rep-
resent model simulations of the macroscopic time evolution of fibril formation, showing
how changes in single specific microscopic aggregation events affect in a characteristic
way the observed kinetic macroscopic profile (simulations are compared to experimental
data, reported in different colors). (d-f) Different modalities of intervention have dramat-
ically different consequences on the concentraiton of toxic oligomers generated during
the aggregation process.

It is important to observe that the specific inhibition of heterogeneous processes delays the
fibril formation but does not affect the final fibril load, since monomers are still consumed by
elongation events. To affect the final fibril composition, a thermodynamic inhibition which
prevents primary nucleation and elongation processes is required. On the other hand, the
kinetic inhibition of secondary processes can suppress the generation of toxic intermediates,
in contrast to the kinetic inhibition of primary nucleation and elongation processes, which
delays but not suppresses the formation of soluble oligomers. For the specific system under
consideration, calculations based on the kinetic model can quantify the qualitative aspects
describe above, leading to the identification of the inhibition strategy with the best potential
therapeutic benefits.
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