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Motivation

Applicationl: modelling physiological time series

» Human heart rate is an important physiological trait.

» Measurement over long periods only viable with poor sensors.
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Motivation

Applicationl: modelling physiological time series

» Human heart rate is an important physiological trait.

» Motivation Gaussian process model for heart rate.
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Applicationl: modelling physiological time series

The problem

Dataset

4 days of heart data
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The problem

Dataset

4 days of heart data

Features
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» Two time scales, 24h
rhythms

» Asymmetric around the
mean
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Applicationl: modelling physiological time series

The problem

Dataset

zoomed view

hr/bmp
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Features

» Different noise sources

» Two time scales, 24h
rhythms

» Asymmetric around the
mean

» Auxiliary variables
indicative of noise
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Applicationl: modelling physiological time series
The Inference Model

21

cleano noisy very noisy

Z2

aux. data

clean 1OISY _very noisy

aux. data

time step 1

-

>
>

time step 2

O. Stegle & K. Borgwardt

(a) Gaussian process prior on latent heart rate
(b) Clustering of auxiliary data to extract noise classes
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Applicationl: modelling physiological time series Gaussian process prior for heart rate

A GP prior for heart rate

(a) (b)
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. . g 100 ¢ 100
» Covarianc function for short £, 5,
[ [:4
. < I
range fluctuations 100 100
~200 -200
0 50 100 150 0 1000 2000 3000 4000
t/ min t/ min
() @
250
200
200
100
3 & 150
2 0 2
< < 100
-100
50
-200
0 1000 2000 3000 4000 0 1000 2000 3000 4000
t/ min t/ min
=} (=) = E =

O. Stegle & K. Borgwardt GP Applications Tiibingen 7



Applicationl: modelling physiological time series Gaussian process prior for heart rate

A GP prior for heart rate

(a) (b)
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Applicatio

: modelling physiological time series

A GP prior for heart rate

» Covarianc function for short
range fluctuations

» Long-range perdiodic signal
» Sum of (a) and (b)

Gaussian process prior for heart rate

HR/bpm

HR /bpm
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Applicationl: modelling physiological time series Gaussian process prior for heart rate

A GP prior for heart rate

(b)
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Applicationl: modelling physiological time series Gaussian process prior for heart rate
A GP prior for hea
» Short-range covariance
Cs(z,2") = Cy Materng o (x, z', ds)
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Applicationl: modelling physiological time series
A GP prior for heart rate

» Short-range covariance

Gaussian process prior for heart rate

» Periodic covariance

Cs(z,2") = Cy Materng o (x, z', ds)

2
Cr(x,2") = Cp exp = ;U ) exp |—2
257
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Applicationl: modelling physiological time series
A GP prior for heart rate

» Short-range covariance

Gaussian process prior for heart rate

» Periodic covariance

Cs(z,2") = Cy Materng o (x, z', ds)

» Total covariance

2
Cr(x,2") = Cp exp = ;U ) exp |—2
257

sin? (2%
. PL

(x —a'))
A2
C(x,z') = Cr(z,z") + Cs(x,2")
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Applicationl: modelling physiologica
A GP prior for heart rate

me series

» Short-range covariance

Gaussian process prior for heart rate

» Periodic covariance

Cs(z,2") = Cy Materng o (x, z', ds)

» Total covariance

R AY sin
Cr(x,2') = Cq exp |— (@ ;U ) exp |—2
257

2/ 2m
(5
of heart rate

(x —a'))
A7
C(x,z') = Cr(z,z") + Cs(x,2")

» Non-linear transformation, reflecting strict positivity and asymmetry

x _ 1058
yi = log”(ys)
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Applicationl: modelling physiological time series
Clustering of auxiliary data

Gaussian process prior for heart rate

» Every datapoint can be member in one of K clusters.
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Applicationl: modelling physiological time series
Clustering of auxiliary data

Gaussian process prior for heart rate

» Every datapoint can be member in one of K clusters.

> Use clustering approach to determine cluster membership

7, = {mp1,...,Tn K} Where
K

zﬂ'n,k =1
k=1
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Robust noise model

Applicationl: modelling physiological time series

Gaussian process prior for heart rate

» Remember: standard robust noise model, accounting for outliers

p(yn | fn) = WokN (yn | fna02) =+ (1 - 77019)-/\/’ (yn | fn,ffgo)
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Robust noise model

Applicationl: modelling physiological time series

Gaussian process prior for heart rate

» Remember: standard robust noise model, accounting for outliers

p(yn | fn) = WokN (yn | fna02) =+ (1 - 7"'olc)-/\/’ (yn | fnvago)

» Here: clustering results (auxiliaries S) encode useful information.
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Robust noise model

Applicationl: modelling physiological time series

Gaussian process prior for heart rate

(Yn | fn) = Tk N (yn | Ins

» Remember: standard robust noise model, accounting for outliers

o?)

+ (1 — Mok
» Here: clustering results (auxiliaries S) encode useful information

>

N (yn | fn,

o)

P(Yn | fn) =

1
2
§ 7rkn ynlfmo'k)
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Results

Applicationl: modelling physiological time series

Regression for Heart Data

Single data set
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Applicationl: modelling physiological time series Results

Regression for H Data

Double data-set

SHEEET N A PR s b uu L a

cluster

|
o | T T T T

» Two sensors for
one heart

» GPs overlap well
within error-bars

> Lower panel:
difference plot
and error bars

A HR/bpm

t/ min
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Fill-in test
Motivation

Applicationl: modelling physiological time series

Results

» Fill-in test:

» Evaluate predictive performance to benchmark alternative models
bars.

» Model is trained on a subset of the data to predict the remainder.

> Log probability as criteria rewards models with appropriately sized error
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Results

Applicationl: modelling physiological time series

Block size 1 minute

Block size 1 minute

? » 5 different models compared

> (i) baseline

(i) GP with ks

(iii) GP with ks + kl

_ (iv) as (iii) but with Tlost
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Results

Applicationl: modelling physiological time series

Block size 60 minute

Block size 60 minutes
» 5 different models compared
(i) baseline

e e )
—_— (i) GP with ks
(iii) GP with ks + kI
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g — — (i) threshold noise model

v -05 > (v) as (iv) but with full robust

[\‘_*{ noise model
0
-1 > Larger blocks removed rewards
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Application 2: differential gene expression
line
Application 2: differential gene expression
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Application 2: differential gene expression Overview
Response to External Stimuli
» Organisms such as plants respond to
external stimuli:
» Heat/Cold
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Application 2: differential gene expression Overview
Response to External Stimuli
» Organisms such as plants respond to
external stimuli:
» Heat/Cold
» Starvation

] 5 =
O. Stegle & K. Borgwardt GP Applications

= YAl
Tiibingen

18



Application 2: differential gene expression Overview

to External Stimuli

» Organisms such as plants respond to
external stimuli:

» Heat/Cold
» Starvation

» Biotic stresses (fungus)
>
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Application 2: differential gene expression Overview

External Stimuli

» Organisms such as plants respond to
external stimuli:
» Heat/Cold
» Starvation

» Biotic stresses (fungus)
>

» Changes in observed gene expression
levels.
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Application 2: differential gene expression Overview
Differential Gene Expression
» An important goal is the identification
of differentially expressed genes.

(7 (%)
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Application 2: differential gene expression Overview
Differential Gene Expression
» An important goal is the identification
of differentially expressed genes.
components.

» ldentification of involved regulatory
network.

» Uncovering parts of the biological @ @ @ @
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Application 2: differential gene expression
Time Series

Differential Gene Expression in Time Series

Overview

» The response to external stimuli is a dynamic process.

] 5 =
O. Stegle & K. Borgwardt GP Applications

= YAl
Tiibingen

20



Application 2: differential gene expression Overview

Differential Gene Expression in Time Series

Time Series

» The response to external stimuli is a dynamic process.

» Hence the response should be studied as a function of time.

55
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Application 2: differential gene expression Overview

Differential Gene Expression in Time Series

Challenges

» Time series expression profiles vary smoothly over time.
» Noisy observations — outliers.
» Multiple replicates.

» Few observations.

» Temporal patterns (intervals) of differential gene expression.

Log expression level
Log expression level

0 30 20 3
Time/h Time/h

Non-differentially expressed Differentially expressed
o & = = = wace
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Gaussian process Model
Model comparison

Application 2: differential gene expression

A Gaussian process two-sample test

» The basic idea — a comparison of two models:

] 5 =
O. Stegle & K. Borgwardt GP Applications

= YAl
Tiibingen

22



Gaussian process Model
Model comparison

Application 2: differential gene expression

A Gaussian process two-sample test

» The basic idea — a comparison of two models:

» The shared model: Expression levels are explained by a single process.
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Gaussian process Model
Model comparison

Application 2: differential gene expression

A Gaussian process two-sample test

» The basic idea — a comparison of two models:
separate processes.

» The independent model: Expression levels are explained by two
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» The shared model: Expression levels are explained by a single process
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Gaussian process model

Application 2: differential gene expression

Bayesian Network: Shared Model

A Gaussian process two-sample test

R replicates.

» Data in conditions A and B
observed at N time points with

O. Stegle & K. Borgwardt

replicates r: 1..R
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Application 2: differential gene expression A Gaussian process two-sample test

Gaussian process model

Bayesian Network: Shared Model

smoothness.

» Data in conditions A and B
observed at NV time points with T '@

R replicates.
» A Gaussian process prior ‘ ‘
incorporates beliefs about

replicates r: 1..R
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Application 2: differential gene expression A Gaussian process two-sample test

Gaussian process model
Bayesian Network: Shared Model

» Data in conditions A and B f @ -
observed at NV time points with .

R replicates.

» A Gaussian process prior
incorporates beliefs about
smoothness.

> Noise is is modeled separately

per-replicate, af/B. --------------

replicates r: 1..R

=] & = E E DA
O. Stegle & K. Borgwardt
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Gaussian process model

Application 2: differential gene expression

Bayesian Network: Both Models

A Gaussian process two-sample test

» The independent model follows in an analogous manner

O. Stegle & K. Borgwardt

Shared model Hg

replicates r: 1..R,

GP Applications
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Yrt
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Independent model H,

replicates r: 1..R

DA
Tiibingen



Inference

Gaussian Process Model

Application 2: differential gene expression

A Gaussian process two-sample test

» Models are compared using the Bayes factor
Independent model
P(Da,D
Score = log P( 4, Dp| 1)

(Da,Dp|Hs)
Shared model
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Inference

Gaussian Process Model

Application 2: differential gene expression

A Gaussian process two-sample test

» Models are compared using the Bayes factor

P
=1
Score = log Iz

Independent model

(Da,Dp | H)

(Da,Dp|Hs)
» Writing out the GP models explicitly leads to

Shared model
Score = log

P(YA | HGP? TA7 0|)P(YB | HGP, TB, 0|)
P(YAUYP |Hep, TAUTE, 65)

(YA/B' expression levels in conditions A and B; T4A/B. observation time points)
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Inference

Gaussian Process Model

Application 2: differential gene expression

A Gaussian process two-sample test

» Models are compared using the Bayes factor

P
Score = log iz

Independent model

(Da,Dp | H)

(Da,Dp|Hs)
» Writing out the GP models explicitly leads to

Shared model
Score = log

P(Y# | Hgp, T4, 0, )P(Y? | Hep, TE, 6))
P(YAUYB |Hep, TAUTB, 65)

(YA/B' expression levels in conditions A and B; T4/E: observation time points)
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Gaussian Process Model
Shared Model

Application 2: differential gene expression

A Gaussian process two-sample test

> Given observed data from both conditions D = {YA/B, TA/B} the
posterior distribution over latent function values f is

P(f | Y, T, OK, 0|_) O(N(f | 0, KT(OK))

R N
x H HHPL(yf‘,tn‘ftnyeL),
ce{A,B}r=1n=1
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Gaussian Process Model
Shared Model

Application 2: differential gene expression

A Gaussian process two-sample test

» Given observed data from both conditions D = {Y*/Z T4/B} the
posterior distribution over latent function values f is

P(£|Y,T,0k,00) x N (f ’ 0,-)

R N
x H HHpL(yg,tnlftn79L)7
ce{A,B} r=1n=1
» Covariance funciton (kernel)
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Gaussian Process Model
Shared Model

Application 2: differential gene expression

A Gaussian process two-sample test

» Given observed data from both conditions D = {Y*/Z T4/B} the
posterior distribution over latent function values f is

P(£|Y,T,0k,00) x N (f ‘ 0,-)

R N
< I TITI petis, | fes00)
ce{A,B} r=1n=1
> Covariance funciton (kernel),
» Noise model
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Gaussian Process Model
Shared Model

Application 2: differential gene expression

A Gaussian process two-sample test

» Given observed data from both conditions D = {Y*/Z T4/B} the
posterior distribution over latent function values f is

P(f|Y,T, 0k,6,) oc/\/'(f‘O,-)

R N
x H H H pL(yﬁ,tn | ftn’ol-) )
ce{A,B} r=1n=1
> Covariance funciton (kernel),
» Noise model

» Hyperparameters 0s = {6k, 0.} (length scale, noise levels)
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Application 2: differential gene expression A Gaussian process two-sample test

Gaussian Process Model

Shared Model

» Given observed data from both conditions D = {Y*/Z T4/B} the
posterior distribution over latent function values f is

P(f|Y,T, 6k,0.) oc/v(f\o,-)
R N
< I TITI pe@ie, | fen60)

ce{A,B} r=1n=1

- [T ehe]
» Noise model
» Hyperparameters 0s = {6k, 0.} (length scale, noise levels)

» For Gaussian noise, pL(yy.; | fis, 0L) = N (yﬁ,t ‘ Tres (Uﬁ)z), the
model is tractable in closed form.

o> = z 9ac
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Application 2: differential gene expression A Gaussian process two-sample test

Robustness With Respect to Outliers

» Qutliers in the expression profile
can obscure the regression 0
results. -1

o & = E = YAl
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Application 2: differential gene expression A Gaussian process two-sample test

Robustness With Respect to Outliers

» Qutliers in the expression profile
can obscure the regression

results. )
» A mixture noise-model accounts 1
for outliers. 0
—1
o o
o4 -3
o4l —4
o - — GP
“ —6 —  GP robust
_7—6 ) —2 0 2 4 6
o <& = E z 9ac
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Application 2: differential gene expression A Gaussian process two-sample test

Robustness With Respect to Outliers

» Qutliers in the expression profile
can obscure the regression

results. )
» A mixture noise-model accounts 1
for outliers. 0
-1
o -2
. -3
o4 —4
o - — GP
“ —6 —  GP robust
_7—6 ) —2 0 2 4 6
» Inference in this model is done
using Expectation Propagation.
o = E E z 9ace

O. Stegle & K. Borgwardt GP Applications Tiibingen 27



Application 2: differential gene expression Experimental Results on Arabidopsis

[llustration of the Model Comparison
A Differentially Expressed Gene

» Shared model.

@l e e ot o
o oot o o O Gt

Log expression level

o
o

20 10 0 30 0

Time/h

o F = = DA
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Application 2: differential gene expression Experimental Results on Arabidopsis

[llustration of the Model Comparison

A Differentially Expressed Gene

» Independent model.

5.5 : ‘ : ‘

Log expression level
o« 0 = =~ ot
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o
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Time/h

o F = = DA
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Application 2: differential gene expression Experimental Results on Arabidopsis

[llustration of the Model Comparison

A Differentially Expressed Gene

» Model comparison.

55 ‘ Score = 47.46

Log expression level

Time/h
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Application 2: differential gene expression

Predictive Performance (RECOMBO09)
» Data:

Experimental Results on Arabidopsis

» 30,336 Arabidopsis thaliana gene probes
» Biotic stress: fungus infection

> 24 time points, 4 biological replicates
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Application 2: differential gene expression Experimental Results on Arabidopsis

Predictive Performance (RECOMBO09)

» Data:

» 30,336 Arabidopsis thaliana gene probes
» Biotic stress: fungus infection

> 24 time points, 4 biological replicates

» Evaluation of alternative methods on 2000 randomly chosen
human-labeled probes:
» GP no robust
» GP robust
» F-Test (FT) (MAANOVA package)
» Timecourse (TC) (Tai and Speed)

] 5 =
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Application 2: differential gene expression Experimental Results on Arabidopsis

Predictive rmance (RECOMBO09)

ROC Curves

o
=)

True positive rate
o
(4]

0.4
0.3
0.2 = GP robust (AUC 0.985)
== GP standard (AUC 0.944)
0.1 1 FT (AUC 0.859)
== =TC (AUC 0.869)
0 . . . T .
0 0.2 0.4 0.6 0.8 1

False positive rate

o F = = DA
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Application 2: differential gene expression Detecting Temporal Patterns of Differential Expression

Time-local GPTwoSample

Motivation

Score = 47.46

e o a i A
o ..o »n o o

Log expression level

it
o

g
o

Time/h

o F = = DA
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Time-local GPTwoSample

Motivation

» Differential expression
is not static over time.

» The response
develops over time.

» Different regulators
may be active at
distinct times and
trigger each other.

Application 2: differential gene expression

Log expression level
LW s e
(=] (=] t

Lt
o

g
=)

Detecting Temporal Patterns of Differential Expression

Score = 47.46

30
Time/h

[m] = = =
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Model

Application 2: differential gene expression
Time-local GPTwoSample

Detecting Temporal Patterns of Differential Expression
> The shared and

independent model are

interleaved over time.

O. Stegle & K. Borgwardt
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Application 2: differential gene expression

Detecting Temporal Patterns of Differential Expression

Time-local GPTwoSample
Model

» The shared and
independent model are
interleaved over time.

» Indicator variables z;,
switch between both
models.

O. Stegle & K. Borgwardt
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Model

Application 2: differential gene expression
Time-local GPTwoSample

» The shared and

Detecting Temporal Patterns of Differential Expression

independent model are
interleaved over time.
| 4

Indicator variables z;,

switch between both
models.

Inference is done using

Gibbs sampling (later).

O. Stegle & K. Borgwardt

GP Applications

replicates r: 1..R
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Detecting Temporal Patterns of Differential Expression

Application 2: differential gene expression

Time-local GPTwoSample

Example Results

CATMA3A53880: 50.1201

T T AL L L

Expression level
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n

30 40 50

10 20
Time/h

The example from before
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Application 2: differential gene expression

Time-local GPTwoSample

Example Results

CATMA2A27795: 15.2291

CATMA3A53880: 50.1201

T T AL L L

— 45 —
¢ 35
K ]
4.0 c
S S
H 73.0)
035 <
S S
& &2s

3.0

25 2.0]

2, 1.

10 20 30 20 5 10 20 30 20 50
Time/h Time/h

The example from before Periodic differential expression
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Application 2: differential gene expression

Detecting Temporal Patterns of Differential Expression

Smooth Time-local GPTwoSample

» Transitions between
non-differential and
differential expression
can occur at unobserved
time points and are
smooth.

O. Stegle & K. Borgwardt

GP Applications




Application 2: differential gene expression Detecting Temporal Patterns of Differential Expression

Smooth Time-local GPTwoSample

» Transitions between
non-differential and
differential expression
can occur at unobserved
time points and are
smooth.

» Extending the time-local
model with a GP prior as
gating network on the
switch variables.

» Inference using Gibbs
sampling.

replicates r: 1..R
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Gibbs Sampling

Application 2: differential gene expression

Smooth Time-local GPTwoSample

Detecting Temporal Patterns of Differential Expression

» Gibbs sampling exploits tractable
conditional distributions.




Application 2: differential gene expression

Detecting Temporal Patterns of Differential Expression

Smooth Time-local GPTwoSample
Gibbs Sampling

» Gibbs sampling exploits tractable
conditional distributions.

» Individual indicators z;, are resampled e N o_@ :
in turn AN Y
o [ T :
. N () e
P (=1, = 5|2\, T, Y,65,6:,00) Nl vk Y
GG -

~P (Y|zti — 5,2\t T, e.,es)

x P (2, = 5|2\, 6c) b 2 — b

replicates r: 1..R
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Application 2: differential gene expression

Smooth Time-local GPTwoSample
Gibbs Sampling

Detecting Temporal Patterns of Differential Expression

» Gibbs sampling exploits tractable
conditional distributions.

» Individual indicators z;, are resampled
in turn

P (21, = 5|2\, T, Y, 05,6, 6c)
~ P (Y |2, =s,2\,T,8,06s)

X P(zti :s|z\ti,0(;).

> Data likelihood from GP experts




Application 2: differential gene expression

Smooth Time-local GPTwoSample
Gibbs Sampling

Detecting Temporal Patterns of Differential Expression

» Gibbs sampling exploits tractable
conditional distributions.

» Individual indicators z;, are resampled
in turn

P (2, = 52\, T, Y, 65,6,,6c)

~ P(Y|z, =s,2\%,T,0,05)

X_.

> Data likelihood from GP experts

gl e e i Ty i skl

O. Stegle & K. Borgwardt
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Application 2: differential gene expression Detecting Temporal Patterns of Differential Expression

Smooth Time-local GPTwoSample

Example Results

'ﬁ' 'ﬂ' Score: 44.58
=05 =05
= =
5 5
6
e e
3 35
o 4 c
E=l S
a 2
4 gl
o Q
32 3
=3 23
3 ST 3
St
0 2
10 20 30 10 50 10 20 30 10 50
Time/hr Time/hr
Early differential expression Transient differential expression
o =] = = = DA
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Application 2: differential gene expression Detecting Temporal Patterns of Differential Expression

Detecting Transition Points in Arabidopsis Microarray Time Series

Start/Stop Times

» Studying the temporal
distribution of differential
expression across genes.

35
» Considered were the top 6000 25

. . 320
differentially expressed genes. oL I

800

0 5 10 15 20 25 30 35 40 45 50
Time/hr

Distribution of differential start/stop time

] 5 =
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Application 2: differential gene expression Detecting Temporal Patterns of Differential Expression

Detecting Transition Points in Arabidopsis Microarray Time Series

Start/Stop Times

» Studying the temporal
distribution of differential
expression across genes.

35
» Considered were the top 6000 22
. . 320
differentially expressed genes. ° I
0.5
» Differential expression appears 50
. . 700
to occur in two waves with start =%
. 8400
times at 20h an 25h after S
. . 100
mfectlon. 0 5 10 15 2 2 30 3 40 45 50

Time/hr

Distribution of differential start/stop time
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Application 2: differential gene expression Detecting Temporal Patterns of Differential Expression

Detecting Transition Points in Arabidopsis Microarray Time Series
Start/Stop Times

» Studying the temporal
distribution of differential
expression across genes.

35
» Considered were the top 6000 22
. . 32.0
differentially expressed genes. ° I
0.5
» Differential expression appears 500
. . 700
to occur in two waves with start =%
. 8 400
times at 20h an 25h after S0
. . 100
mfectlon. 0 5 10 15 2 . zs/h 30 3 40 45 50
> Only very few genes stop Distribution of differential start/stop time

differential behavior within the
measured time interval.

[m] = = =
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Application 2: differential gene expression Detecting Temporal Patterns of Differential Expression

Detecting Transition Points in Arabidopsis Microarray Time Series

Start Times for Gene Categories

800 [ All genes

» This distribution can be 100 L
. 14 Inases
broke down into gene

categories.

50 F|__Transcription factors

TFs: WRKY Family

10 15 20

30 35
Time/hr

Distribution of differential start time
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Application 2: differential gene expression Detecting Temporal Patterns of Differential Expression

Detecting Transition Points in Arabidopsis Microarray Time Series

Start Times for Gene Categories

800 [ All genes

5400
» This distribution can be 100
. 14 [ Kinases
broke down into gene
categories.
» WRKY Famlly Of 50 F|__Transcription factors
transcription factors is 3

known to be involved in
stress response.

TFs: WRKY Family

10 15 20 30 35
Time/hr

Distribution of differential start time
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Application 3: Modeling transcriptional regulation using Gaussian
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SIPETRERE o RS e e e e > Socesses
Motivation
publication by Neil D. Lawrence et al.

» This part of the course is inspired and based on results of a

Modelling transcriptional regulation using Gaussian processes

ftp://ftp.dcs.shef.ac.uk/home/neil/gpsim.pdf.

] 5 =
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» Microarray technologies allow to
measure mRNA levels.

» The functional proteins and their @ @

concentration levels remain unobserved. I ! I I
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MPPILALiVil J. IVIUUEITE tTdalistiipiviial TepuUiativun valik

aciaiall
ocesses

» Microarray technologies allow to

measure mRNA levels. @ @
» The functional proteins and their

concentration levels remain unobserved.

» Motivation: Infer the hidden protein @ @ @ @

concentrations?

D

O. Stegle & K. Borgwardt Tiibingen 41

GP Applications



MPPILALiVIl 9. TVIUUEITg LTaliotiiptiviial TEeUidiivil Usilip Kdauaatall
ocesses

A single gene model

» The change in gene expression abundance y; for a gene 7 is
approximately described by a differential equation model of the form

Wilt) _ i+ 5:5(4) - Dl

f(t) regulatory transcription factor.

B; basal transcription rate.

S; sensitivity of the gene to the transcription factor.
D; decay rate of the mRNA.

vV vyVvYyy

] 5 =
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MPPILALiVIl 9. TVIUUEITg LTaliotiiptiviial TEeUidiivil Usilip Kdauaatall
e = = = ocesses

A single gene model

» The change in gene expression abundance y; for a gene 7 is
approximately described by a differential equation model of the form

dy;(t)
dt

= Bi + Sif(t) — Diyi(t)

f(t) regulatory transcription factor.

B; basal transcription rate.

S; sensitivity of the gene to the transcription factor.
D; decay rate of the mRNA.

> Goal: infer the unobserved activation f(t) from mRNA measurements
of multiple target genes.

vV vyVvYyy

[m] = = =
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SIPETRERE o RS e e e e > Socesses
Derivative observations
» The key to solving this problem are derivative observations.
» Given knowledge about the derivative of a function f we would like to
infer its function values:
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MPPILALiVIl 9. TVIUUEITg LTaliotiiptiviial TEeUidiivil Usilip Kdauaatall
e = = = ocesses

Derivative observations

» The key to solving this problem are derivative observations.
» Given knowledge about the derivative of a function f we would like to
infer its function values:
of(t
2y = 20
ot
» We wish to find the joint probability of function values and function
derivatives
0
cov(dy;, y;) = 7,-cov(yi, y;)
ot;
2
cov(dy;,dy;) = ———cov(y;, y;
» Using these covariance functions we can combine function

observations and derivatives as training data in GP regression.
[m] = = =
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Derivative observations

Squared exponential kernel

MPPILALiVIl 9. TVIUUEITg LTaliotiiptiviial TEeUidiivil Usilip Kdauaatall

» For the squared exponential kernel we obtain:

(t;—t;)2

cov(yi, y;) = k(ti, tj) = A2e 05—
t; —t,;

COV(dyi’ yj) = —cov(y;, y])M

12
1
cov(dy;, dy;) = cov(yi, y;)

1

2
— ;)
] 5 =
O. Stegle & K. Borgwardt GP Applications
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MPPILALiVIl 9. TVIUUEITg LTaliotiiptiviial TEeUidiivil Usilip Kdauaatall
. = ° = processes

Derivative observations

Example

]

o
o
o

dependent variable, y(x)
b

dependent variable, y(x)
b

dependent variable, y(x)
b

(From E. Solak et al.

Derivative observations in Gaussian Process models of dynamic systems)

=] = = DAy
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MPPILALiVIl 9. TVIUUEITg LTaliotiiptiviial TEeUidiivil Usilip Kdauaatall
e = = = ocesses

Back to the ODE model for gene regulation

dyi(t)
dt = B; +5; f( ) zyz( )

» An explicit solution of the ODE system can be derived (standard ODE
techniques)

B: t
i(t) = = + ke Pit 4 S Pit xp(D;u)d
w(t) =+ ke P+ 5672 [ ) explDaagda
B;
yi(t)ZEJrLi[f](t)

> Realizing that L; is a linear operator (like taking the derivative), we
can again evaluate the covariance between f(t) and L;[f](t).

] 5 =
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MPPILALiVil J. IVIUUEITE tTdalistiipiviial TepuUiativun valik

Inference results

ocesses
ODE model for gene regulation

~ o 5 10 ) 5 10
(a) )
Figure 1: Predicted protein concentration for p53 using a linear response model: (a) squared exponential
pnm on £ (b) MLP prior on f. Solid line is mean prediction, dashed lines are 95% credibility intervals. The
P of B et al. was pointwise and is shown as crosses.
(From N. D. Lawrence et al

Modelling transcriptional regulation using Gaussian processes)

] 5 =
O. Stegle & K. Borgwardt GP Applications

DA
Tiibingen

47



QOutline

Summary

[m] = = =
O. Stegle & K. Borgwardt GP Applications
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Summary
Summary
modeling tasks.
» Prior on heart rate

» The design and choice of covariance functions allows for flexible
» Derivative observations, ODE systems

» Model comparison using Gaussian processes
» Testing for differential gene expression.

] 5 =
O. Stegle & K. Borgwardt GP Applications

Tiibingen

D



	lecture4_frontpage
	lecture4.pdf
	Outline
	Application1: modelling physiological time series
	Overview
	Gaussian process prior for heart rate
	Results

	Outline
	Application 2: differential gene expression
	Overview
	A Gaussian process two-sample test
	Experimental Results on Arabidopsis
	Detecting Temporal Patterns of Differential Expression

	Application 3: Modeling transcriptional regulation using Gaussian processes
	Summary


