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Preface

The drainage of glacier-dammed lakes poses one of the greatest and farreaching glacier-related hazards.
Glacier-dammed lakes have the tendency to drain rapidly once an initial drainage path is established.
A typical example of such a lake is Gornersee, located at the confluence between Gorner- and Grenz-
gletscher, above Zermatt, Valais. During the outburst of a glacier-dammed lake, an enormous amount of
lake water drains into the glacier bed within a short time period. According to thediurnal flow variations
and motion events observed on Alpine glaciers so far, a sudden water input into the bed increases the
sub-glacial water pressure and enhances the basal ice motion through sliding. The ice-flow speed signif-
icantly increases as the basal water pressure approaches the ice overburden pressure and the glacier sole
decouples from the bed. The sub-glacial water input due to the lake drainage is generally much larger
than the input due to melt water. Therefore, ice-flow changes may be caused that are not observable
under the usual hydrological conditions. Furthermore, the ice dynamics near a glacier-dammed lake are
important because the motion of the ice dam may control the water discharge from the lake and may play
a role in the triggering of the lake outburst. Therefore, knowledge of ice-flow dynamics in the vicinity of
a glacier-dammed lake contributes to understanding the triggering mechanisms of an outburst.

To study the impact of the drainage of Gornersee on the dynamics of Gornergletscher, high-frequency
surface ice-flow measurements were carried out simultaneously with hydrological measurements. The
surface ice motion of Gornergletscher was traditionally measured at stakeswith geodetic survey tech-
niques. For the first time theses measurements were complemented with high-resolution ice displace-
ment measurements using a ground-based portable real aperture radarinterferometer. During the lake
drainage, surface ice motion changes were recorded on 20 min time intervalsdownstream a glacier sec-
tion covering 2 km distance from Gornersee. The agreement of this methodwith results from in-situ
marker measurements was satisfactory, indicating that this technique has application potential for future
glaciological research. During the drainage the water level measured in boreholes was consistently high
near flotation level, suggesting that the elevated sub-glacial water pressure enhanced basal ice motion
and sub-glacial cavity formation. An intriguing observation was a reversing ice motion recorded at one
of the surveyed stakes. The cause to the reversal of the ice-flow direction was difficult to explain. This
unexpected observed ice-flow characteristics were the main motivation of this doctoral thesis.

An important contribution of the author is the formulation of a higher-order viscoelastic flow law for
polycrystalline ice allowing stress dependence on strain, strain rate and strain acceleration. With this
constitutive law, creep deformation of ice including the initial elastic, delayed elastic (primary creep)
and stationary (secondary creep) creep regimes can be described. The viscoelastic material description
was considered to describe recoverable transient ice deformation responses on short time scale events
as the lake drainages. With a numerical modeling study the author investigated which load and unload
sequences (mimicking lake level variations) were required to generate the observed reversal of surface
ice motion using the viscoelastic constitutive law. The conclusion was that the observed magnitude of
the reversing displacement could only be reproduced by much larger loads than what could be inferred
from the observed lake level changes. The main conclusion of the authoris that the non-steady creep
response of the ice has a marginal effect on the observed reversal of the ice displacement. Instead, it is
proposed that this abrupt ice-flow direction change might be due to an uplift and lowering of the ice dam
due to blocked sub-glacial water drainage.

Zürich, May 31, 2011 Prof. Dr. Martin Funk
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Abstract

Gornergletscher is a large valley glacier formed by the confluence of two flow tributaries descending
from the heights of the Monte-Rosa massif located in southern Switzerland. Gornergletscher is about
5 km long and up to 400 m thick at the center of flow convergence. Upstream of the confluence, where
the two tributaries actually meet, the ice-marginal lake Gornersee exists. In most cases, Gornersee starts
to fill by melt water retention in spring. Meanwhile, below the adjacent Gornergletscher, an extensive
system of subglacial conduits and channels starts to form and transportmelt water as well. A connection
of the lake water with the basal discharge system eventually allows Gornersee to drain subglacially. This
phenomenon is known to occur at other glaciers as well, but Gornersee provides an ideal study case due to
the recurrence of the drainage every early summer. The filling and drainage of such an ice-dammed lake
does not leave the adjacent glacier unaffected. Due to the drastic amountsof lake water passing through
the subglacial hydrological system in short time, the basal conditions and intermittent water storage are
strongly affected. The basal motion of the ice is very sensitive to such changes in the subglacial proper-
ties, and development of temporal and spatial variations of the ice motions, directly observable at the ice
surface, are the immediate consequences. Vice versa, details on the lake drainage process can be inferred
from the changes of the surface ice flow. In this thesis, temporal and spatial variations of the surface
ice flow of Gornergletscher during several drainages of Gornerseeare reported and analyzed. The ice
flow changes are compared for different lake drainage events, as thediverse character of the drainages
of Gornersee lead to variable impacts on the surface ice displacements and flow velocities of Gorner-
gletscher. In one drainage event, a pronounced impact on the flow of Gornergletscher was apparently
absent. Then, the discharge of lake water from Gornersee to the base of Gornergletscher was essentially
limited by superficial outflow. Nevertheless, changes of the direction of icemovement and flow veloci-
ties solely caused by the pressure imposed on the ice due to the presence ofthe lake are identified in the
course of this work. The application and release of such forces are then conjectured to be responsible
for intriguing retrograde ice displacements observed in the vicinity of Gornersee. However, the glacier
ice is commonly considered a purely viscous material, under which circumstances a reversal of the flow
motion can not occur. A viscoelastic constitutive model of the ice rheology is thus developed. A consti-
tutive equation for the ice in the form of a higher-order Rivlin-Ericksen material is proposed and tested.
Finally, the possibility of recoverable displacements being solely caused by relaxation of the ice defor-
mation is examined in the response of shearing flow subject to time-dependentloading/unloading. The
model can not support the presumptions on the reversing displacements under expected stress conditions
and for reasonable parameters of the viscoelastic ice rheology.
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Zusammenfasssung

Gornergletscher ist ein grosser Talgletscher, geformt vom Zusammenfluss zweier Gletscher am Fusse
des Monta-Rosa Massivs in der südlichen Schweiz. Gornergletscher hat eine Länge von knapp 5 km
und ist bis zu 400 m dick im Zentrum der Konfluenz der Eisflüsse. Oberhalb der Konfluenz, wo die
beiden Gletscher zusammentreffen, existiert der eis-gestaute Gornersee. Üblicherweise f̈ullt sich der
Gornersee im Fr̈uhling durch Schmelzwasser. Zeitgleich dazu entwickelt der Gornergletscher ein sub-
glaziales System aus Abflusskanälen welches auch Schmelzwasser transportiert. Eine Verbindung des
Wassers vom Gornersee zu diesem subglazialen Abflusssystem ermöglicht dessen Entleerung. Dieses
Pḧanomen beobachtet man auch an anderen Gletschern, jedoch zeichnet sich Gornersee speziell zur Un-
tersuchung dieses Vorgangs aus, da die See-Entleerung sich jährlich wiederholt. Die Entstehung und
Entleerung des eis-gestauten Sees hat einen spürbaren Einfluss auf den benachbarten Gletscher. Der
Transport von grossen Mengen des Wasser aus dem See durch dassubglaziale Kanalsystem in kurzer
Zeit beeinflusst die Bedingungen und Zwischenspeicherung von Wasser am Gletscherbett beträchtlich.
Die Bewegung des Gletschereises am Bett reagiert direkt auf die Veränderungen der subglazialen Eigen-
schaften und die Entstehung von zeitlichen und räumlichen Schwankungen der Eisbewegung, erkennbar
an der Gletscheroberfläche, ist die Folge. Andererseits, von den Veränderungen der Eisbewegung kann
auch auf den Entleerungsprozess des Gletschersees rückgeschlossen werden. In dieser Abhandlung wer-
den die r̈aumlichen und zeitlichen Veränderungen der Fliessbewegung vom Gornergletscher während
wiederholter Entleerungen des Gornersees erfasst und untersucht.Die Änderungen der Fliessbewe-
gungen ẅahrend verschiedener Seeausbrüche werden verglichen, da der Einfluss des Seeausbruchs
auf die Bewegung des Gornergletschers sehr differenziert ausgefallen ist. Ẅahrend einer besonderen
Entleerung des Gornersees schien es, dass der Ausbruch des Seeskeinen Einfluss auf die Eisbewegun-
gen hatte. Dies war der Fall, als der Abfluss des Wassers in den Untergrund des Gletschers durch ein
oberfl̈achliches Abfliessen kontrolliert wurde. Trotzdem konnten Veränderungen in der Bewegung und
Geschwindigkeit des Eisfliessens in dieser Arbeit erkannt werden. Eswird festgestellt dass diese Bewe-
gungs̈anderungen durch den Druck, der vom gestauten Seewasser auf das umliegende Eis ausgeübt wird,
verursacht wird. Diese Druckspannungen werden als Ursache vonspeziellen Fliessbewegungen nahe
des Gornersees, welche sich durch eine ausgeprägte Wende der Fliessrichtung auszeichnen, angesehen.
Jedoch wird Gletschereis im̈ublichen Sinne als viskoses Material behandelt. Unter solchem Materi-
alverhalten kann keine umkehrbare Bewegung erzeugt werden. Deshalb wird ein viskoelastisches Ma-
terialgesetz f̈ur Gletschereis entwickelt. Das Gesetz wird formuliert als ein sogenanntes Rivlin-Ericksen
Material ḧoherer Ordnung. Letztlich wird die M̈oglichkeit, dass diese speziellen Fliessbewegungen aus
der Erholung der Deformation des Eises nach einer aufgebrachten Spannung entstehen, behandelt. Das
Modell kann diese Annahme, unter Voraussetzung erwarteter Spannungsbedingungen und Werte der Pa-
rameter der viskoelastischen Rheologie des Eises nicht bekräftigen.
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Notation

Calculus Description

a, α, A, a, A, . . . Indices, scalars, constants
a, ai Tensors of 1st rank (Vectors)
A, Ai j Tensors of 2nd rank (Matrices)
B, Bi jk... Tensors of third rank or higher
I = δi j Identity tensor / Kronecker symbol
εi jk Levi-Cività tensor
tr(A), Aii Trace ofA
det(A) Determinant ofA
A′ Deviatoric part ofA, asA′ = A− 1

3 tr(A)

Symbol Description Units

X = (X,Y,Z) Particle coordinates in the reference configuration m
x = (x,y,z) Position coordinates in the present configuration m
Grad(A), ∂A/∂X Gradient ofA with respect to the reference configuration
grad(A), ∂A/∂x Gradient ofA with respect to the present configuration
t Cauchy stress tensor Pa
η Entropy Pa m3 K-1

ε Internal energy Pa m3 (=̂J)
F, ∂x/∂X Deformation gradient
L = grad(v) Spatial velocity gradient m d-1

D = 1
2

(
L +LT)

Symmetric component ofL m d-1

W = 1
2

(
L −LT)

Skew-symmetric component ofL m d-1

O Orthogonal rotation matrix
A(n) Nth Rivlin-Ericksen tensor
C Right Cauchy-Green deformation tensor
B Left Cauchy-Green deformation tensor
E Finger strain tensor

In the following we define some operator symbols which will be used frequently in the text. For clear
presentation we also denote the equivalent operations in index notation.

The scalar (dot) product of two vectors is

a·b = ai b jδi j = ai bi .

The vector (cross) product of two vectors is

a×b = ai b j εi jk ,



with the Levi-Civit̀a tensor (e.g. Hutter and Jöhnk, 2004)

εi jk :=







1 if (i jk) is a cyclic permutation of (123)
−1 if (i jk) is an anti-cyclic perm. of (123)
0 otherwise.

The tensor product of twoN-dimensional vectors is

a⊗b =








a1b1 a1b2 a1b3 . . .
a2b1 a2b2 . . . . . .

...
...

.. .
...

. . . . . . . . . aN bN








,

for i, j ∈ {1. . .N}.

Multiplication (composition) of two square tensors is

AB = Aik Bkl

The scalar product of two tensors (tensor contraction) is

A ∗B = Ai j Bkl δ jl δik = Ai j Bi j := tr(ABT).



Chapter 1

Introduction

Recent observations of significant retreat and melt of glaciers, degradation of permafrost and accelerated
erosion processes indicate a highly sensitive environment in polar, alpineand sub-alpine areas. The
observed changes are commonly linked to global warming trends, and further drastic changes in glacial
and periglacial environments can be expected. As such, the likeliness of increased melt water production
and increased variability of melt water supply are of due importance (e.g. Schoof, 2010). In glaciated
environments, melt water can be naturally dammed by topographic obstacles orglacier ice, leading
to the formation of lakes. Evidently, changes of thaw conditions, melt water production and surface
topography may evoke increased formation and appearance of such ice/debris-dammed lakes. A flood
wave produced by an outburst of retained lake water has the ability to cause damage on nearby human
activity and civilization. Thus, potentially dangerous lakes need to be assessed. The evaluation and risk
assessment requires understanding of formation, triggering and flooding processes. In most cases of
such a glacier lake outburst flood (GLOF), interaction between the dammed lake water and the blocking
glacier is of major concern, since, ultimately, the outburst is triggered by the timethe lake water can
pass the barrier, i.e., the glacier. The passage may happen superficially,as the lake water over-spoils
ice and debris; or else, a subglacial pathway is established. Certainly, combination of superficial and
subglacial water evacuation is possible. An alpine, temperate glacier has its own distinct subglacial
melt water drainage system, which evolves with seasonal (melt-)water input variation. The system is
pronounced and most efficient during melt season. However, large additional amounts of water routed
into the drainage system in a short time due to a subglacial lake outburst may overcharge the drainage
system. Increase of basal water pressure, dispersion, and storageof water at the glacier bed are expected.
These processes modulate the basal motion of the ice which, in turn enhances surface ice motion (e.g.
Iken and Bindschadler, 1986; Iken et al., 1983; Iken and Truffer,1997). Hence, measurements and
analysis of glacier surface uplift and variation of surface ice motion during GLOFs indirectly ascertain
information on the associated dynamics and contribute significantly to the understanding of subglacial
processes and GLOFs.

The ice-dammed marginal lake, Gornersee, located in the southern Swiss Alps (Fig. 1.1), provided an ex-
cellent opportunity to study the drainage phenomenon (which is also termed jökulhlaup, stemming from
Icelandic). Repeated surveys of the Gornersee jökulhlaup were conducted in 2004-2008, and targeted to
establish knowledge of important aspects of the drainage phenomena. Theresearch project in this thesis
is a complement of three main targets: (i) study of the glacier drainage system and hydraulic properties,
accomplished in the thesis and work of Werder (2009), (ii) investigation of seismic activity within the ice
and association with the subglacial drainage, described in the thesis of Walter (2009), and (iii) measure-
ments and analysis of disturbances of the surface ice motion of Gornergletscher during the Gornersee
drainage. This thesis deals with the latter target and completes the intensive studies on Gornergletscher.
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Figure 1.1: Overview map of Gornergletscher and Gornersee.

1.1 Outbursts of Gornersee: A bulk categorization

The repeated outbursts of Gornersee observed at Gornergletscherdiffered substantially from each other.
Accordingly, their impact on the surface ice flow of Gornergletscher varied and numerous features were
observed. Also, similarities between different impacts were detected and attempts undertaken to expose
interrelations. At this point, the five glacial lake outburst events are categorized into three general types
of drainages. This categorization is optional and not a standard convention, therefore it may not apply
directly to other glacial lake outbursts. The highly variable nature of the lakeoutburst itself and the
almost certain topographic differences of Gornersee to other glacial lakes, prevent such a generalization.
This categorization is used to facilitate reference to key observations in the context of a specific outburst
(type). In Figure 1.2, different lake water level curves as functions of time are drawn schematically.
The glacial lake outbursts on Gornersee are categorized according to the decrease and curvature of such
measured lake water levels following the initial increase (filling).

Type O1 Initially, the lake water level decreases very rapidly. The subsequent evolution is followed
by phases with irregular intensity of lake level decrease. The outburst islikely initiated by the
ice dam surrounding the lake going partially or completely afloat. This provides an escape to
discharge large amounts of water within a short time. The glacial lake outbursts of 2004 and 2007
belong to this category.

Type O2 The O2 drainage is characterized by superficial overspill of the lake water. The lake water
level exceeds the elevation of the ice dam locally, without occurrence of flotation. The spilled lake
water overflows the ice surface. In the case of Gornergletscher, the draining water was conducted
into a nearby moulin, and subsequently evacuated subglacially. If the lake drains by superficial
overflow, the decrease of lake water level is slow and the rate of decrease approximately constant.
A complete drainage by overflow occurred in 2006.

Type O3 For this category, the lake water level decreases progressively, andthe rate of decrease is largest
towards the end of the drainage. The leakage of lake water enlarging a major drainage channel
into the ice, due to energy dissipation causing melt of the ice, is suspected to beresponsible for
progressively increasing outflow. The drainage events of 2005 and 2008 belong to this type.
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Figure 1.2: Glacial lake outbursts are schematically classified with regard to the curvature of lake water
level decrease (O1-O3).

1.2 Objectives

This thesis aims to accomplish the following objectives:

From the repeated field surveys and measurements on Gornergletscher,a sound catalogue of ice dis-
placements and flow velocities is acquired. From the catalogue, key ice flow perturbations and distinct
patterns are identified and interpreted in relation to the drainage phenomenon. Also, the variation of ice
flow disturbances caused by the impact of the subglacially draining lake water is analyzed.

In recent work related to Gornergletscher and the drainage of Gornersee (Sugiyama et al., 2007a), ex-
ceptional ice displacement with a reversing motion component was identified and analyzed. The in-
terpretation of the reversing motion originating from basal processes dueto the lake drainage was not
sufficiently conclusive, neither was the explanation of the motion in terms of purely elastic recovery
of the displacement. Sugiyama et al. (2007a) then hypothesized considering the ice as a viscoelastic
material and analyzing the capability of viscoelastic recovery of the displacement.

Motivated by this hypothesis, a viscoelastic material model applicable to ice is constructed in an attempt
to address the question, whether, or to what extent, ice rheological properties beyond viscous deformation
need to be considered when drastic ice flow variations occur in a short time.However, the model is not
specifically designed for the particular application to Gornergletscher, rather the constitutive model is a
formulation of a very general viscoelastic relation. Therefore, an additional motivation and objective is
that the model may be applicable to other situations.

1.3 Organization

According to the objectives, the thesis is organized in two parts:

Part I: The first part of this thesis compiles the field methods and measurements of the ice motion of
Gornergletscher. A result of this work was the publication of two manuscripts in peer-reviewed
journals. These are embedded as chapters (Chapters 3 and 4).

Chapter 2 deals with surface ice motion measurements and summarizes results in relation to
drainage characteristics and to local versus regional variations of the impacts on the ice flow.

In chapter 3, the observations of changes of ice flow velocities in the periphery of Gornersee
are described, and the influence of the lake water pressure boundarycondition is identified. The
observed flow changes are interpreted with the help of a three-dimensional ice-flow model.
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Chapter 4 presents and discusses large-scale measurements of ice displacements at Gornergletscher
conducted with a novel interferometric radar device. The manuscript highlights these results and
examines the 2008 outburst of Gornersee.

Part II: In this part, the constitutive theory of the viscoelastic model is elucidated (Chapter 5). This
theoretical chapter is primarily formed from a lecture given by K. Hutter specially tailored to
continuum formulations of a viscoelastic ice rheology.

In Chapter 6, the viscoelastic constitutive equation is numerically implemented andsolved for uni-
directional, transient flow. Creep and recovery responses generated by the proposed viscoelastic
constitutive equation are numerically investigated. This chapter also forms a manuscript published
in a peer-reviewed journal.

Chapter 7 uses again the viscoelastic model to test for viscoelastic creep and possible recovery of
elapsed displacement in the situation of Gornergletscher.

A conclusion on the studies and results is presented in chapter 8.



Part I

Investigation of ice flow observations on
Gornergletscher





Chapter 2

Local to regional impact of Gornersee on the
surface ice motion of Gornergletscher

Between 2004-08 an area of about 3 km2 of the ice surface of Gornergletscher, covering the part of
Gornergletscher from the immediate lake shore of Gornersee down to the confluence of Gornergletscher
with additional southern tributaries (Fig. 1.1) was intensely and repeatedly surveyed. The movement of
the surface ice, and the spatial variability of its displacement was tracked withthe help of a dense network
of markers. The markers, aluminum stakes drilled into the ice, were equippedwith either optical (Laser)
or autonomous (GPS) sensors, and marker positions were recorded atsampling intervals in the range of
30 s to 1 h. The marker positions were processed to derive consistent icedisplacement trajectories and
flow velocity estimates. This chapter briefly explains the processing strategies common to all measure-
ments. Thereafter, a comparative summary is given on the typical flow observations characterizing the
drainage classes established in Section 1.1.

2.1 Data acquisition and processing

Thanks to the annual recurring of the Gornersee and the five-year project, it was possible to observe
repeated glacial lake outbursts of Gornersee. Data sets of surface icedisplacements at high temporal
resolution were obtained for each observed Gornersee outburst event during these years. In Table 2.1, the
corner dates of the intervals are indicated, in which ice displacement data is available of each survey year.
The amounts of data acquired are substantial. However, the analysis and presentation of ice displacement
measurements within this thesis is restricted to the existence periods of Gornersee, i.e., the time periods
of the filling and drainage of Gornersee. These intervals constitute approximately a period of 14 to 30
days (mostly June/July) in each year. The setup of the survey, operationand stake marker locations varied
slightly from year to year. For specific survey setups and further descriptions the reader can refer to the
field methods sections 3.2 and 4.2 of the published manuscripts (Chapters 3 and 4). In the following,
details on the acquisition and processing of the data not explicitly described inthe published manuscripts
(Chapts. 3 and 4) are documented.

Year Record Begin Record End
2004 10 June 11 July
2005 12 May 16 September
2006 26 April 12 August
2007 26 April 11 September
2008 24 April 26 June

Table 2.1: Begin and End dates of annual ice displacement measurement records on Gornergletscher.
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“Track” Command Value Unit
MODE short
SITE STATS (σ, noise) (20, 0.01) m
BACK TYPE smooth
BF SET 5 10
OUT SIG LIMIT 0.03 m
INTERVAL 120 sec
CUT OFF 10 deg

Table 2.2: Parameters for kinematic processing of GPS data with “Track”.

2.1.1 Position estimates via automated tachymeter

The majority of the in-situ markers was tracked by help of an automated tachymeter (Leica TCA 1800)
situated on a rock-ledge north of the confluence area (see Fig. 3.1), overlooking Gornergletscher. At the
beginning of the survey the tachymeter was calibrated to the plumb line direction and the markers were
located manually with the tachymeter optics. The tachymeter then electronically determined horizontal
and vertical azimuth, and detected the relative distance to the marker as the phase shift of an electro-
magnetic wave emitted and received, reflected in between at the marker’s prismatic reflector. Once the
set of initial azimuth directions and distances to all markers was measured, thetachymeter operated
autonomously and detected new azimuth and distance values of a marker by helical searching starting
from the orientation of the tachymeter according to the marker’s previous measurement readings. The
tachymeter was in this mode of operation during day and night and automatically sampled new read-
ings for all markers at every hour. New readings could not be detectedat every hour for each marker,
as the measurement was strongly influenced by weather and visibility conditions. The tachymeter also
measured a set of fixed markers (reference markers) at known azimuthand distances during each hourly
measurement cycle. Correction values for horizontal/vertical azimuth and distance measurements for
the markers located on the ice were determined from these referential readings in each measurement cy-
cle. After the survey, the tachymeter readings were converted to Cartesian coordinates. The conversion
requires knowledge of the exact position of the tachymeter, which was determined by GPS using the
precise point positioning (PPP) online processing service provided by Natural Resources Canada (2008).

2.1.2 Position estimates via differential GPS

In each survey, five markers were equipped with GPS receivers instead of prism reflectors. We used
the Leica GPS500 system and Leica 502 or 1200 antennas. A sixth receiver was located close to the
tachymeter station and served as reference station for the relative positioning of the other sites located
on the glacier (see Figures 3.1 and 4.1). The GPS500 system measures code, pseudo-range and phase
signals. The positioning was done based on the L1/L2 carrier phase measurements and phase signals
were processed using integer ambiguity fixing strategies (see e.g. Hofmann-Wellenhof et al., 2001), im-
plemented in commercial and academic software. In 2004 and 2005, the data acquired with the Leica
GPS500 systems was processed with the commercial Leica GeoOffice/SKI-Pro software. The process-
ing strategy was a static mode, and single positions were estimated from 1 hour sessions every 3 hours.
The sampling frequency in one session was 0.033 Hz. The processing ofthe data from these two years
was carried out by S. Sugiyama and A. Bauder. In the years 2006 to 2008, the field setups of the GPS
markers were upgraded with additional solar panel and battery capacity and the receivers were run in
continuous mode at a sampling frequency of 0.033 Hz. Those data sets were processed in kinematic
mode using the software “Track” from GAMIT/GLOBK (Chen, 1998; King, 2004). “Track” also esti-
mates positions based on the L1/L2 phase signals and the fixing of the carrierphase wavelengths biases
to integers, although it uses its own processing strategy and is adapted to determine a kinematic trajectory
from the position estimates by a built-in Kalman filtering procedure. In Table 2.2,the parameters for the



2.2. CONSISTENT DISPLACEMENTS AND VELOCITIES USING KALMANFILTERING 9

processing are documented. Please refer to the “Track” documentation (see http://geoweb.mit.edu/ si-
mon/gtgk/help/track.hlp.htm) for the explanation of the parameters. Here it is merely mentioned that the
estimation of the positions was constrained by the ’a priori’ statistics (SITESTATS parameter). This
parameter sets the internal noise level in “Track”, which allowed to constrain the position trajectories
(King, 2004). The binary executable of “Track” was embedded in a custom script to automate the re-
peated processing of large data sets (30 to 120 d at chunks of 24 h length) as batch jobs. All the data was
archived in standard RINEX format using the TEQC conversion tool (Estey and Meertens, 1999).

2.1.3 Accuracy of the position measurements

The position estimates obtained from the surveys via automated tachymeter or differential GPS have
associated errors which are briefly discussed in this paragraph. The azimuth precision of the tachymeter
(Leica TCA 1800) according to the manufacturer is 3·10-4 degrees, while the distance measurements are
as accurate as 1 mm±1mm/km. The automated tachymeter and the described measurement technique is
based on previous studies on other glaciers. It was shown that the accuracy of the azimuth estimates is
about ten times less the device precision. According to Bassi (1999) and Gudmundsson et al. (2000), the
azimuth errors correspond to±3 cm in horizontal direction (transverse to the line of sight of the device),
and±5 cm in the vertical. In Bucher (2007), the measurements and associated errors were re-analyzed
in more detail and it was shown that the absolute errors are larger; up to±40 cm in the horizontal, and
even larger in the vertical. However, the measurements were sampled at a repeat interval of one hour
providing up to 24 measurements per day, which helps to reduce the errors(see also Sect. 3.2). This
is sufficient to allow detection of displacement changes on a diurnal scale,possibly by a few hours at
maximum.

Concerning the position estimates by GPS, the manufacturer indicates a precision of ±1 cm in the hori-
zontal (not direction-dependent), and about±2 cm in the vertical. For kinematic positioning, the error in
the height estimate is slightly larger, about±4 cm. The positions were sampled at high-resolution, every
2 min (Tab. 2.2). The GPS measurements provide more accurate position estimates than by automated
tachymeter and were also used to check the trajectories and displacements of’conventional’ markers lo-
cated close to a marker equipped with a GPS-receiver. The filtering of (all)the displacement time series
as described in the next section, further reduces the variance of the position estimates and adds to an
increased reliability of the determined ice motion trajectories.

2.2 Consistent displacements and velocities using Kalman filtering

The raw position trajectories from the output of either data set (tachymeter or GPS) were further
processed in a common strategy to obtain consistent displacement trajectoriesand accurate velocity
estimates. First, jumps and dislocations in the trajectories were addressed. From time to time, the
aluminum poles onto which the prisms/receivers were mounted had to be shortened, as the ice surface
decreased due to melt and the poles thus increased in height above the ice surface. Occasionally,
the marker had to be repositioned. Such interventions resulted in jumps occurring in the temporal
evolution of the marker motion. The dislocations were removed in all three Cartesian components
by placing the trajectory following a dislocation onto a continued direction estimated from a linear
regression of the displacement preceding the dislocation, as shown in Figure 2.1. The data interval for
the linear regression was chosen manually. Removal of dislocations and sometimes of outlier points was
documented and archived for each marker.

The obtained displacement trajectories originate from two measurement and processing strategies, i.e.
tachymeter or GPS, thus the data inherits different characteristics and measurement errors. To estimate
optimal (smooth) displacement trajectories and associated flow velocities fromthe available data in an
identical, consistent way, we employed a discrete Kalman filter (Kalman, 1960). The Kalman filter was
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Figure 2.1: Correction of a jump of the marker trajectory in the Cartesian component/time-space.

constructed to simulate the acceleration of the marker motion as a random walk process. The filter
predicts optimal, smooth displacement estimates with exact velocities. Before the actual filter model is
described, the essentials of the Kalman filter based on the notes of Welch andBishop (2006) are briefly
recapitulated.

Consider a certain process which evolves over time and can be describedat an actual timek, called the
current state, by a set ofn variables. The set of variables is the state vectorxk. To describe the underlying
process, the linear difference equation

xk = Mx k−1 +wk−1, (2.2.1)

is used, where then× n matrix M is the evolution model, relating the statexk−1 at the previous time
k−1 to the state at the current time stepk. The vectorwk−1 represents the process noise. Say, we have
measured different variables at stakek; they are collected in the measurement vectorzk. In general,zk

has the lengthm 6= n, but is related to the current state as

zk = Kx k +vk, (2.2.2)

with them×n matrix K , termed forward model, andvk is the measurement noise. We now define ana
priori state estimatexa

k based on information of the process prior to time stepk, and ana posterioristate
estimatexp

k , deduced from a measurementzk. These estimates are related via

xp
k = xa

k +G(zk−Kxa
k), (2.2.3)

with them×n matrix G, known as theKalman gain(Welch and Bishop, 2006). We further define thea
priori anda posteriorierror covariances,Sa andSp as

Sa = E
[

(xk−xa
k)(xk−xa

k)
T
]

, and Sp = E
[

(xk−xp
k)(xk−xp

k)
T
]

. (2.2.4)

It is now possible to selectG in equation (2.2.3) in a form that ana posterioriestimate of the statexp

and covarianceSp can be obtained by the following equations:

G = SaKT
(
KSaKT +R

)−1
, (2.2.5)

xp
k = xa

k +G(zk−Kxa
k), (2.2.6)

Sp = Sa−GKSa, (2.2.7)

whereR is a measurement error covariance matrix. Equations (2.2.5) to (2.2.7) are theDiscrete Kalman
filter measurement update equations(Welch and Bishop, 2006). From thesea posterioriestimates, a new
a priori state can be predicted using theDiscrete Kalman filter time update equations,

xa
k = Mx p

k−1, (2.2.8)

Sa = MSp
k−1MT +S, (2.2.9)
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whereS describes the process noise covariance (i.e., the error of the state model). The discrete Kalman
filter operator is complete with the above pair of equation sets, which forms a predictor-corrector scheme.
A new statexa

k of the process considered is predicted for time stepk with equations (2.2.8) and (2.2.9).
This a priori prediction is then improved (corrected) by incorporating an actual measurement at timek
via equations (2.2.5) to (2.2.7). From the corrected state estimatexp

k a new prediction for the next time
stepk+ 1 is obtained using again the time update equations (2.2.8) and (2.2.9). This recursive scheme
indicates that the prediction of a new state can be given solely from the previousa posterioriestimate,
and the dependence on former states is implicit, there is no explicit operation onall former states when
predicting a new estimate. Due to the design ofG in (2.2.5), the Kalman filter operates in such way that
it minimizes thea posteriorierror covarianceSp. The Kalman filter’s predictor-corrector system can be
started with initiala posterioriguesses, thus, initial values forxp

k−1 andSp
k−1 need to be prescribed.

For the intended Kalman filter, the process to be modeled is the position change of a marker as function of
time. Let us denote byx(t) one of the Cartesian components of the actual marker position (The Kalman
filter is applied to each component independently). The state vectorx has three components: position,
velocity and acceleration as

x = (x, v, a) . (2.2.10)

The random acceleration model gives the motionx and the velocityv as functions of the accelerationa
and timet as

x(a) =
Z t2

t1

Z t ′

t1
adt ′dt = 1

2 a∆t2 and v(a) =
Z

adt = a∆t, (2.2.11)

where∆t = t2− t1 is the current time step. The evolution modelM is constructed from the linearization
around the current state, i.e., the partial derivatives of the Jacobian matrix:

M k =

[
∂xi

∂x j

]

k

=





∂x
∂x

∂x
∂v

∂x
∂a

∂v
∂x

∂v
∂v

∂v
∂a

∂a
∂x

∂a
∂v

∂a
∂a





k

(2.2.12)

Thus, if the time steps are equal, thenM k = const, for allk. In the process model, only relationsx= x(a),
andv = v(a) are defined, whereas the inverse relationsa = x̂(x) or a = v̂(v) are undefined. Evaluating
the Jacobian (2.2.12), we obtain the upper triangular matrix

M k =





1 ∆tk
1
2∆t2

k
0 1 ∆tk

0 0 1



 . (2.2.13)

Since we only measured positions, the measurement vectorz is a scalar (m= 1), hence the forward model
K is simply(1,0,0). The state errorShas the form

S=





sx 0 0
0 sv 0
0 0 sa



 , (2.2.14)

wheresx, sv andsa represent errors in the state model when estimating the position, velocity and acceler-
ation. To obtain exact estimates of positions and velocities, it is important to setsx = sv = 0. By this, the
velocity estimate will correspond to the exact analytic derivative of the estimated position trajectory. The
coefficientsa is used as a tuning coefficient, and it constrains the random acceleration.In general, the
measurement error covariance matrixR is am×m matrix, however, in this case, sincem = 1, it reduces
to a scalar,R. After having definedM , K ,S andR, we can start the filter atk = 0 with initial estimates
for xp

−1 andSP
−1. In xp

−1, initial values for position, velocity and acceleration are needed. A good choice
is to take the first position estimate, some arbitrary velocity and zero acceleration. Since these initial
guesses are not exact, the initial error covarianceSP

0 should be set according to equation (2.2.14) with
non-zero values on the diagonal. The choice is not very crucial, it is solely used to advise the filter about
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Figure 2.2: Kalman filter example on synthetic data.

the non-exactness of the initial guesses. The Kalman filter is then run forward and backward in time and
returns a least-square solution to the problem.

The filter is now illustrated on synthetic data. In Figure 2.2a, a sine functiony(t) = sin(t)+ε is shown on
the time intervalt ∈ [0,4π] with normally distributed noiseε overprinted. The noiseε has standard devi-
ationσ = 1, which is directly assigned the measurement error in the Kalman gain equation (2.2.5), thusR
= 1. Running the filter with a state error matrixS= diag(0, 0, sa = 0.02) and initial valuesxp

−1 = (1, 0, 0)
andSp

−1 = diag(1, 1.1, 0.1), a smooth sinusoidal signal is recovered (Fig. 2.2a, grey solid). The Kalman
filter also returns the first derivativey′, which recovers very well a cosine function (Fig. 2.2b, thin solid),
corresponding to the first derivative of the initial, noise-free sine function. Discrepancies at the begin-
ning (due to forward run) and end of the time interval (due to backward run) emanate from the recursive
nature of the filter: its performance evolves with increasing state estimates andis less accurate on the few
initial state estimates. By this example, the smoothing performance and simultaneous, favorable output
of first derivatives (i.e. velocities) of the smoothed series is nicely demonstrated.

As already mentioned, the filter was applied separately on each Cartesian component time series of a
marker, and the non-zero state error componentsa was used as tuning coefficient to adjust smoothness of
the temporal displacement and velocity trajectories. For almost all applications, the values ofR= 0.05 m
andsa = 0.8 m/d2 were used. Only at a few markers, a value ofsa = 1.5 m/d2 with increased smoothing,
was applied. Note thatsa was not varied between the Cartesian component time series of a single marker.

2.3 Observed key ice motion events at selected locations

In Figure 2.3, surface flow velocities are depicted to convey an impressionof the general flow regime
of Gornergletscher. Flow velocity vectors at different locations depictmean summer surface flow
speeds (taken from April-September). Flow speeds strongly decreasein the downstream direction
on Grenzgletscher tributary, indicating a compressive flow regime. The inflow of Gornergletscher is
slow, which is due to a slowly progressing uncoupling of Gornergletscher, caused by recent shrinkage
and reduced mass flux from upstream areas of Gornergletscher. Theparticular location of Gornersee
right in the confluence apex of the two tributaries Gornergletscher and Grenzgletscher determines the
orientation of ice flow direction with respect to the lake margin. There is considerable variation of flow
speed and direction along the western, ice-marginal boundary of Gornersee due to the converging flow
of the two tributaries. This issue slightly complicates the interpretation of the ice motions and impact
of a subglacial GLOF on Gornergletscher. In Figure 2.4, four reference locations, marked L1-L4, are
indicated. In the following, ice motions characteristic to these locations are displayed and the local
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Figure 2.3: Summer surface flow velocities (April-September) on Gornergletscher.
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Figure 2.4: Locations L1-L4 for discussion of ice displacement trajectories in Figures 2.5-2.8.

impact of different drainages O1-O3 is discussed. Figures 2.5-2.8 depict horizontal ice displacement
trajectories, vertical motion and horizontal velocity of referential markerspivotal to the locations L1-L4
and different outbursts O1-O3. The lake drainages differed in the amount of water stored in the lake and
released afterward, as well as in the time it took to drain the water (subglacially). The figures clearly
illustrate the varying impact of drainage on the considered locations and local ice flow. The time axes
of the coordinate series (vertical motion/horizontal velocity) refer to the days before/after the beginning
of the lake water level decrease. Day zero refers to the time of maximum lake water level immediately
before the start of the decrease. Days prior to the drainage are counted negative, whereas consecutive
days during the drainage are assigned positive numbers. The ice motions displayed refer to equivalent
time intervals encompassing -5 d to +9 d of the time of maximum lake water level in eachdrainage
O1-O3.

The referential marker L1 situated in the vicinity of the northern lake shore (Fig. 2.4) moved approxi-
mately westward prior to day 0 (Fig. 2.5a1). As soon as the lake water level started to decrease, the ice
surface began to rise slightly and horizontal ice motion also increased noticeably (Fig. 2.5b1, c1). At the
same time, the ice rather moved towards NW in the horizontal plane. This NW-directed movement was
terminated and immediately reversed to a SW direction on days 4-5 while, simultaneously, the ice sur-
face lowered again. During these days, horizontal velocities were largest, indicating that the ice returned
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faster from the NW excursion than it turned into it previously during days 0-3. When looking at Fig-
ures 2.5a2-c2, a3-c3, one notes that the NW-excursion and subsequent SW-reversion of the respective ice
motion are less pronounced during the O2 or O3 outbursts. In O2, a tiny NW-excursion of∼2 cm of the
ice movement had already begun on day -1 and then the ice reversed its motionto a SW direction for a
small fraction (∼1 cm) afterward, then proceeded to move in a West direction again. For the O3 drainage,
the depicted L1 marker motion showed a similar motion towards NW, which continuedthroughout the
drainage period. The motion did not obviously reverse at all (Fig. 2.5a3). In any case, ice displacements
at the L1-markers are quite small; nevertheless, noticeable differences inflow speed, vertical uplift and
the level of lateral motion (horizontal) indicate symptomatic features of each drainage.

At referential marker L2, a general movement towards NW at a moderate speed of about 0.08 m/d was
observed during drainage O1. After the beginning of the lake water leveldecrease in O1, the ice mo-
tion deviated from the usual trajectory, increasingly bending towards West (Fig. 2.6a1). This Westward
divergence of the ice motion correlates well with a moderate uplift which reached a maximum of about
10 cm on the late evening of day 3 (Fig. 2.6b1). Then, the direction of the motion of the marker reverted
to ∼N and it appears that the marker resumed moving on a trajectory in line with the direction of ice
motion preceding day 0. Horizontal flow speed increased considerably,and rather abruptly at day 1. The
peak speed, a twofold increase of flow speed magnitude compared to pre-drainage conditions, occurred
at day 3 late, simultaneously to maximum vertical uplift and maximum lateral excursion of horizontal
motion. No such lateral motion, or any other peculiar movement of the L2-marker is apparent during
the O2 drainage (Fig. 2.6). Unfortunately, to make matters worse, the displacement motion record was
corrupted (horizontal and vertical motion) by an oscillatory signal with∼1 d period. This is artificial and
reflects the daily movement of the pillar on which the automated tachymeter was installed. The move-
ment is caused by thermal effects, i.e. diurnal warming and nightly cool-down of the aluminum pillar
construction and was not compensated for due to failure of the automatic plumbline recalibration of the
tachymeter during the respective survey (the signals were recorded in 2006). The erroneous oscillation
becomes more pronounced with increasing distance from the tachymeter (see also markers L3 and L4;
Figs. 2.7 and 2.8).

For the O3 drainage, the horizontal ice motion of referential marker L2 hadalready started to accelerate
two days in advance to day 0, as indicated by the progressively increasing velocity at days -2 to 0(1)
(Fig. 2.6c3). This is in sharp contrast to drainage O1, where the horizontal ice motion began to accelerate
about 1 d after the beginning of the lake water level decrease (Fig. 2.6c1). The differing increase of
horizontal velocity seems to be a feature usable to discriminate between O1 andO3 drainages, provided
the lake water level evolution is known. Flow speed increasing prior to day 0strongly suggests leakage
of lake water and a perturbation of the subglacial drainage system at an early stage, i.e. already before the
direct observation and measurement of decreasing lake water level at the surface. Flow speeds increasing
posterior to day 0 do characterize the abrupt impact of the drainage O1. The motion of marker L2 also
deviates slightly in the West direction during days -1 to 2 (Fig. 2.6a3), whereas a subsequent return of
the trajectory is poorly developed or not recognized. In addition, vertical uplift of the ice is far less
pronounced than in O1 (Fig. 2.6b3 vs. b1). Thus, the amount of lateral diversive horizontal ice motion
correlates with the magnitude of surface uplift (vertical motion).

At reference marker L3, located downstream of the confluence on the flow center line between moraines
M1 and M2 (Fig. 2.4), the flow is directed virtually to the West. At this location, thehorizontal displace-
ment of the L3-marker did not show exceptional motions after day 0 of any drainage O1-O3 (Fig. 2.7).
The trajectories seemed to move steadily in the down-glacier direction. However, substantial impact of
the subglacial perturbation becomes apparent when examining the verticalice motion and horizontal ve-
locities: Large surface uplifts correlating with moderate to large increases of flow velocity were present.
The O1 drainage was characterized by moderate surface uplift of∼25 cm on day 4. The vertical motion
was accompanied by a twofold increase of horizontal flow velocity (Fig. 2.7b1, c1). At marker L3, both
the rising of the ice surface and the horizontal acceleration of flow initiated after the lake water level
started to decrease, i.e. on day 1. The drainage O2 does not seem to affect the ice motion. Unfortunately,
artificial fluctuations due to the malfunctioning tachymeter were also present here, and corrupted the
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Figure 2.5: Horizontal ice displacement trajectory (a), vertical motion (b) and horizontal velocity (c) of
referential marker L1 (Fig. 2.4) during the different drainages O1-O3(Sect. 1.1). The circle in sub-panels
a1-a3 and vertical dashed lines in sub-panels b1-b3/c1-c3 indicate day0, the onset of lake water level
decrease (l.w.d.).

displacement signal, especially in the vertical axis (Fig. 2.7b2).

Uplift of the ice surface was most pronounced in drainage O3 (Fig. 2.7),with amplitude of∼40 cm on
day 2 of the drainage. Also, a simultaneous increase of horizontal flow velocity by a factor 3 occurred
concurrently (Fig. 2.7c3). Also at marker L3 the ice flow had started to accelerate before the lake water
level had notably decreased, which again confirms the subglacial impact of leaking lake water prior to
day 0. Note the contrast of vertical uplift and simultaneous speed-up of flow velocities between drainages
O1 and O3: In drainage O1, both markers L2 and L3 experienced similar increases of flow speed and
significant vertical uplift (Figs. 2.6 and 2.7, b1-c1). In drainage O3, there is considerable variance of



16 CHAPTER 2. LOCAL TO REGIONAL IMPACT OF GORNERSEE ON GORNERGLETSCHER

horizontal displ. (m)

N

 a1

 L2 (O1)

 0.75   0.5  0.25   0  

 0.25

  0.5

 0.75

    1  b1 vertical displ. (m) 

0

0.15

0.3

day before/after l.w.d.

 c1 horiz. velocity (m/d) 

−5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9
0

0.1

0.2

horizontal displ. (m)

N

 a2

 L2 (O2)

 0.75   0.5  0.25   0  

 0.25

  0.5

 0.75

    1  b2 vertical displ. (m) 

0

0.15

0.3

day before/after l.w.d.

 c2 horiz. velocity (m/d) 

−5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9
0

0.1

0.2

horizontal displ. (m)

N

 a3

 L2 (O3)

 0.75   0.5  0.25   0  
  0  

 0.25

  0.5

 0.75

 b3 vertical displ. (m) 

0

0.15

0.3

day before/after l.w.d.

 c3 horiz. velocity (m/d) 

−5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9
0

0.1

0.2

Figure 2.6: Same as Figure 2.5 , but for reference marker L2 (Fig. 2.4).

flow speed increase and vertical uplift between markers L2 and L3; a remarkable increase of flow speed
and uplift is observed at marker L3, whereas a modest speed-up and virtually no uplift occurred to
marker L2. A very similar picture is given by the motion, flow velocity and vertical uplift of marker L4,
which is located off the center flow on moraine M2 (Fig. 2.4). Increase of horizontal flow speed and
concurrent uplift of the ice surface very much resemble the equivalenttime series of the nearby marker
L3 (Fig. 2.8b-c vs. Fig. 2.7b-c). However, there is a major difference inthe horizontal motion between
the L3 and L4 markers. In Figure 2.7a3, marker L3 continually moves towards NW. While moving about
1.2 m towards West, marker L3 also gradually moved about 0.2 m towards North. By contrast, marker L4
(Fig. 2.8a3) moved about 0.75 m principally towards the West. In fact, during that time, marker L4 even
moved fractionally towards South. However, at 0.75 m displacement, there isa rapid displacement offset
towards North, whereafter the marker continues to move in the Northwest direction, only now similarly
to marker L3. These ’side-way’ motions (Sugiyama et al., 2010) strongly resemble the lateral motions
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Figure 2.7: Same as Figure 2.5, but for marker L3 (Fig. 2.4).

of the L2-marker but are even more pronounced, especially in the O3-drainage (Fig. 2.8a3).

The local ice flow changes presented do not illustrate the full spectrum ofspatial and temporal diversity
of the variable impact of the Gornersee subglacial drainage on the ice flowof Gornergletscher. For
example, pronounced side-way, lateral ice motion deflections were also observed in the L3-region at
markers located close to the glacier margin. This issue is however discussedin Sugiyama et al. (2010).
Thus, the figures 2.5-2.8 compiled the motion events observed during different Gornersee drainages
and simultaneously indicated the spatial variability of ice flow changes. Further details on respective
locations and distinct ice motions will be highlighted and discussed in the successive sections.
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Figure 2.8: Same as Figure 2.5, but for marker L4 (Fig. 2.4).

2.3.1 Spatial variability of vertical ice motion

As already noted, large variation of vertical motion were present not onlybetween the different drainages
but also between the various referential markers presented. To illustratethe rather pronounced spatial
differences of vertical motion, a series of the daily surface uplift magnitudes during the drainages O1
and O3 was computed. To calculate the uplifts, the trajectories of vertical motionat a range of markers
were normalized by subtracting a best fit linear trend function. The linear trend function was estimated
from a reduced set of the data points present in the 14 d intervals (±7 d of day 0 of drainage), where
only data-points before (< day -1) and after (> day 4) the periods of major uplifts and flow accelerations
(days -1 to 4) were considered. Then, mean uplifts were computed from the detrended time series of
vertical motion for each of the six days -1 to 4. This procedure is sketchedgraphically in Figure 2.9.

Figure 2.10 shows the spatial distribution of the daily surface uplift magnitudes ui at selected markers
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Figure 2.9: Illustration of the calculation of daily vertical uplift magnitude at a marker location. A
linear trend (red dashed line) is computed from the data present before day -1 and after day 4, and then
subtracted from the vertical displacement (black solid). From the normalized displacement (grey solid),
the mean vertical motion magnitudeui is then computed for each dayi ∈ [−1, . . . ,4].

(according to Figure 2.9) across the area of Gornergletscher. The magnitudes of uplift are drawn in a
map at the marker locations as rectangles or circles, where the type of symbol refers to the drainage O1
or O3, respectively. The size of the symbol indicates the magnitude of vertical uplift (see legends in
Fig. 2.10a).

On day -1, no particular significant vertical uplift occured yet, neither indrainage O1, nor in O3
(Fig. 2.10a). On day 0 of drainage O1, one marker located close to Gornersee indicates some verti-
cal motion. Surprisingly, in drainage O3, two markers located in the main flow region between the two
moraines M1 and M2, about 2 km downstream of Gornersee, indicate moderate vertical uplift already
on day 0 (Fig. 2.10b). The vertical motion drastically increases at the markers on the lower portion of
Gornergletscher during days 1 and 2 of drainage O3, indicating a pronounced uplift of the ice surface
below the confluence. Then, on day 3, the uplift magnitudes on the two markers are again very small,
which suggests an abrupt lowering of the ice surface (Fig. 2.10e). Contrarily, in drainage O1, the markers
on Gornergletscher ice do not show such a localized vertical uplift signal during days 1-3 of the drainage.
Rather, the sizes of all marker symbols (O1: rectangles) seem to increasegradually during days 1-3, and
then decrease again on day 4 (Fig. 2.10f), which suggests uniform elevation and subsequent decrease
of the ice surface of Gornergletscher across a wide area, especially covering the lake vicinity and the
center confluence area. These observations reveal the striking difference between the impact character
of drainages O1 and O3.
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Figure 2.10: Spatial distribution of daily vertical ice surface uplift during drainages O1 and O3 (days -1
to 4). The symbols (rectangles, circles) refer to the drainage (O1 or O3,legend in sub-panel a), and are
drawn at selected marker locations. The magnitude of uplift is indicated by thesize of the symbol (see
sub-panel a).
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2.4 Surface ice flow velocities and strain-rates

To obtain an overall impression of the large-scale impact of each drainage, i.e. over the whole investi-
gated region of Gornergletscher, the sparse marker flow velocities wereinterpolated onto a regular grid
of points in order to obtain area-wide maps of flow velocities. A grid of points defining the discrete
map was regularly distributed within the largest polygon defined by the markerlocations. On this reg-
ular grid, component-wise, horizontal velocity fields were then computed bymultiple linear regression.
The regression is defined as follows: At each grid point, the scalar horizontal velocity componentv is
described by the linear equation

v = b0 +b1x+b2y, (2.4.1)

whereG = (x,y) are the coordinates of the grid point andb = (b0, b1, b2) is a vector of regression
coefficients. Equation (2.4.1) is a planar parametric surface equation of the form f (x, y)− v = 0. An
optimal guess of the coefficientsbi is obtained via multiple linear regression, where a set of equations
like (2.4.1) is solved. In matrix form, this can be written as
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 , (2.4.2)

or else, in shorter notation,
V = X̂b, (2.4.3)

with the matrixX̂ consisting of the column vectors[1 x y], wherex andy areN×1 vectors of the marker
(horizontal) position components and1 is aN×1 identity vector. The scalarN refers to the number of
units of input variables(xi , yi) and the measurement variablevi , wherei ∈ [1, . . .N]. At each grid point
within the polygon, the system ofN equations (2.4.3) is thus formed usingN available marker positions
(input variablesxi ,yi) and respective velocities (dependent variablevi) and solved forb. Note that the
velocities stem from the outputs of the Kalman filtering of the marker trajectories.With b computed,
an optimal velocity estimatev at the grid pointG is obtained by evaluating (2.4.1). In the regression
algorithm, at every grid point we useall available marker position/velocities measurements (N = const).
However, the regression equations are weighted by the inverse fourth power of the distance between
the corresponding marker position and the grid point at which the regression is currently performed. By
this approach, measurements of velocity/marker positions closer to the current grid point are weighted far
stronger than measurements distant from the grid point, yet at every grid point all presently available flow
speed information from the surroundings is taken into account, rather thanjust flow speed information
close-by, as for a simple neighbour interpolation scheme. For grid points very close to a marker position,
the estimated velocityv approaches the measured marker velocity due to the pronounced weighting
routine. Sweeping the weighted regression algorithm across all grid points, a smooth distribution is
obtained for the horizontal velocity componentv. The regression is repeated for the other horizontal
velocity component. Since the markers generally did not measure the positions/velocities at exactly the
same time instances, all position and velocity time series of the markers were to be interpolated onto the
same discrete vector of time steps. Then, the regression algorithm was performed twofold on each time
step, the final result being thus a temporal series of pairs of maps of horizontal flow velocity components.

In Figure 2.11, contour maps of normalized horizontal flow velocity magnitudeare displayed. The veloc-
ities are normalized as(vh−v0)/v0, wherev0 is a reference velocity field, andvh is the mean horizontal
flow velocity of a single day. The reference velocity fieldv0 was computed as the mean horizontal veloc-
ity from the days -7 to -2 and 5-7 of the 14 d interval considered (see Sect. 2.3). From the 14 d interval,
the days not mentioned beforehand are the days most influenced by the drainage of Gornersee, which is
why they were omitted from the computation ofv0. Thus, the normalization byv0 will emphasize the
anomalous flow regime during the main days of the drainage. Each sub-panel in Figure 2.11 shows the
distribution of(vh− v0)/v0 on a selected day particularly characteristic for the respective drainageO1,
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Figure 2.11: Contour maps of normalized horizontal surface flow speed magnitude,vh. Horizontal flow
speeds were normalized as(vh− v0)/v0, wherev0 is a reference velocity (see text). Of each drainage,
mean(vh−v0)/v0 of a particular day of the respective drainage is displayed.

O2, or O3. Positive (negative) contour labels indicate a relative increase (decrease) in velocity. For exam-
ple, a label of 2 indicates the velocityvh, to have a magnitude corresponding to three-fold the reference
velocity,v0.

In drainage O1, after the lake water level started to decrease on day 0, asignificant increase of the
flow speed developed on day 1 (Fig. 2.11, O1). The contour lines are oriented approximately E-W,
i.e., in line with the main flow direction (to the West) below the confluence. The contours originate at
the western tip of Gornersee and cross the entire confluence area downstream. The relative change of
velocity increases towards the northern moraine separating the Gornergletscher tributary. The maximum
speed of the flow anomaly is thus a three-fold increase of flow speed. Theobvious alignment of the
contour of the three-fold increase (label 2) along the northern moraine (Fig. 2.11, O1), suggests that the
flow velocities increased equally across the entire confluence and main flowdirection, but differentially
in the direction perpendicular to the principal flow direction (in North direction). These unusual flow
speeds then decreased again and fully dimished on days 3-4 of drainageO1.

During drainage O2, a particular anomalous horizontal flow field evolving as a consequence to the lake
drainage, was almost absent (Fig. 2.11, O2). A minor impact occurred only right at the tip of Gornersee.
There, the flow velocities decreased slightly on day 1, after the lake had started to drain (on day 0). This
very local disturbance is supposedly correlated with movement of the ice towards a sinkhole formed by
melt and enlargement of a moulin, into which the lake water disappeared (see also Sect. 6.5). During
drainage O3, the ice flow speeds were influenced in another striking manner (Fig. 2.11, O3).
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Figure 2.12: Streamlines (1-3) and transects (4-6) used for display of horizontal strain-rate ˙eh = ėxx+ ėyy

in Figures 2.13 and 2.14. Ticks along streamlines and transects indicate distances in 250 m intervals.
Intersection points are labeled A-G and are also indicated in Figures 2.13 and 2.14.

In drainage O3, the differential increase of flow speeds was already pronounced on day -1, prior to the
superficial decrease of lake water level. This indicates that the lake waterleaking from Gornersee already
impacted the ice flow of Gornergletscher prior to day 0 and the actual decrease of lake water level. In
the area below the confluence, about∼1.5-2 km distant from Gornersee, anomalous surface flow speeds
increased up to a factor 3 on day -1. The contour lines are aligned approximately perpendicular to the
main flow direction and indicate increasing flow speeds in the downstream direction (Fig. 2.11, O3). The
relative increase in flow speed is fairly uniform across the width of Gornergletscher, while the flow speed
deviations increase remarkably in the down-glacier direction. The resultingdownstream gradient of the
accelerated flow is in remarkable contrast to the gradient oriented in the S-Ndirection in drainage O1
(Fig. 2.11, O1).

2.4.1 Horizontal strain-rates along flow lines and transects

When performing the multiple linear regression algorithm described in the previous Section 2.4, hori-
zontal strain-rates can be readily computed as

ėxx =
∂u
∂x

, ėyy =
∂v
∂y

, (2.4.4)

whereu andv are the horizontal velocity components obtained from the regression methodat each grid
point, andx, y are the coordinate axes. The strain-rates ˙exx andėyy were obtained simultaneously dur-
ing the computations of the maps of flow velocities. Due to the rather unspectacular regional impact of
the drainage O2, presentation of horizontal strain-rates was considered not worthwhile, which is why
O2 is disregarded in the following. Only the differential impact of the O1/O3 drainages is further an-
alyzed. In the following we consider the magnitude of the horizontal strain-rate,ėh = ėxx+ ėyy, along
selected streamlines and transects normal to the streamlines, to assess the prevailing deformation regime.
The projection of ˙eh onto these streamlines and cross-sections will tell us where the ice experiences en-
hanced deformations and straining due to the spatial variation of the flow velocity modulations induced
by the lake drainage. Compressive strain-rates are taken positive, whilenegative strain-rates indicate
tensile/extensive conditions. Three representative streamlines, estimated from the mean summer surface
flow velocity distribution, as well as three transects normal to these flow lines,were chosen. The six seg-
ments are depicted in Figure 2.12. Note that streamlines 2 and 3 are not alignedexactly with the medial
moraine M1 of Gornergletscher. Due to the decreasing delivery of ice from the Gornergletscher tributary,
the flow of Grenzgletscher dictates the converging flow; the ice mass delivered by Grenzgletscher slowly
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Figure 2.13: Horizontal strain-rate ˙eh as function of distance on streamlines 1-3 and on transects 4-6
(Fig. 2.12), during days -1 to 4 of the O1 drainage. The dashed line indicates zero strain-rate; positive
strain-rates are compressive, negative strain-rates are tensile. Vertical lines refer to intersection points
traversed along the streamlines/transects.

spreads out into the entire confluence, thereby pushing aside the morainal ice and Gornergletscher, which
is why the surface ice flow regime intersects the medial moraine.

In Figure 2.13, ˙eh as function of the distance along the segments 1-6 is displayed. The results of Fig-
ure 2.13 refer to drainage O1. On streamline 1, horizontal strain-rate ˙eh was compressive and decreased
steadily along the streamline down to intersection point B, on day -1. Below B, ˙eh then became nega-
tive; the deformation field changing to extension. Strain-rates were increasingly extensive downstream
passed intersection point C, to about 1200 m distance. This streamline segment corresponds to the re-
gion of strongest curvature of the ice flow. The switch from a compressive to extensive regime (with
another intermediate compression) in the downstream direction is explained bythe curvature of the flow.
Roughly said, the ice flows down into the confluence from a sloping tributaryand slows down (compres-
sion). Due to the channel curvature, the ice flow rotates (generating extension) and is then forced to flow
into the narrowing channel (intermediate decrease of extension), whereit accelerates again slightly (an-
other extension). Within the first two days of drainage (days 0-2), the deformation became substantially
compressive along the entire length of streamline 1 (Fig. 2.13). On days 3-4, the compression relaxed
again and ˙eh dropped noticeably. The segment of streamline 1 between points B and C, with initial exten-
sive strain-rates ˙eh, experienced drastic compression on day 2 of drainage O1. On streamline2, ėh also
increased significantly on that day (Fig. 2.13, 2). The most pronouncedincrease of ˙eh occurred between
intersection points D and F on this streamline. During days -1 to 4, ˙eh decreased, increased and again
decreased consistently along the segment between points D and F, exceptthat a permanent compression
was present at∼1000 m, which is where the streamline traverses the moraine (Fig. 2.13, 2). Onstream-
line 3, upstream of intersection point G, ˙eh increased considerably on day 2 of the drainage O1 (Fig. 2.13,
3). Thus, the ice experienced strong compression near Gornersee and decreasing compression with in-
creasing distance from it. On transect 4, ˙eh generally decreases with increasing distance and becomes
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Figure 2.14: Same as Figure 2.13, but for drainage O3.

extensive at about 500 m distance, right before traversing intersection point D. On days -1 and 0, ˙eh then
increased again with increasing distance and nearness to Gornersee. The change of ˙eh along transect
4 during the subsequent days 1 and 2 showed two noticeable features: First, ėh decreased considerably
to very tensile strain-rates of about -2×10-4/d near to Gornersee, i.e. at the end of the transect, on day
1. Second, ˙eh increased considerably across the width of the transect on day 2, and the transition from
compressive to extensive strain-rates moved past point D, closer towards Gornersee. On days 3-4, the
profile of ėh relaxed again and the variation of ˙eh along the transect became again similar to the profile
of day -1 (Fig. 2.13, 4). Along transect 5, ˙eh is rather small. The transect actually intersects streamline 1
at point B, which is where the transition of compressive to tensile deformationoccurs (see Fig. 2.13, 1).
On day 2, the ice experienced compressive deformation along the complete transect with an increase of
ėh to 1×10-4/d at intersection point B, while when moving closer to intersection point E, ˙eh increased by
another factor of 3. This maximum compressive strain-rate occurred again in the vicinity of Gornersee
and the moraine between points E and G (Fig. 2.13, 5). On transect 6, ˙eh is tensile along the entire length
of the transect on days -1 to 1. Then, on day 2, an increase of ˙eh to substantially compressive strain-rates
occurred, similar to transect 5. The increase of ˙eh along transect 6 decreases towards point F and is larger
in the proximity of point C, i.e. the intersection with streamline 1.

In drainage O3, the variation of ˙eh along the different streamlines and transects was radically different
(Fig. 2.14). On streamline 1, no major variation of ˙eh was experienced on days -1 to 4 on the streamline
segment down to the lowest intersection point C. However, at downstreampoint C, the ice suddenly
experienced substantial compression on the first days 0 and 1 of drainage O3. This is in sharp contrast
to the drainage O1, where ˙eh was compressive and of similar magnitude along most of streamline 1,
including the portion upstream of C. The compressive strain-rates relaxed again during the following
days 2-4 but remained rather high compared to the tensile ˙eh of day -1 (Fig. 2.14, 1). Along streamline
2, the change of ˙eh indicates a moderate compression nearby Gornersee, at intersection points D and E
(Fig. 2.14, 2). Close to point E, ˙eh increased (days 0-1) and subsequently decreased (days 2-4), while
close to point F, the variation of ˙eh through these days is reversed; the strain-rate first decreased (days 0-
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1) and then increased (days 2-3). On streamline 3, upstream of point G,which is very close to Gornersee,
ėh increased slightly on day 0. Afterwards, a decrease of ˙eh on days 2-3 alternates with an increase of
ėh on day 4 (Fig. 2.14, 3). During drainage O3, the variations of ˙eh along the transects 4-6 were also
considerably smaller than during drainage O1 (Fig. 2.14, 4-6). On transects 4 and 5, the general trend
was an increase of ˙eh during days 0-1, which was then followed by a decrease of ˙eh on days 2-4, in
the vicinity of Gornersee, i.e. passed intersection points D and E, respectively. At distances lower than
∼500 m, i.e. before passing the points D and E of the transects 4 and 5, ˙eh increased further on days
2-4. On the lowermost transect 6, the ice to the left of streamline 1, before the transect traverses point
C, exhibited a moderate compression (Fig. 2.14, 6). None of the streamlines and transects displayed
showed similar striking variations of ˙eh as observed during the drainage O1, except for the lower part of
streamline 1.

2.4.2 Estimated vertical strain-rates compared to observedvertical motion

From the local marker motions L1-L4 (Figs. 2.5- 2.8) and the vertical motions displayed in Figure 2.10,
it was inferred that the surface of Gornergletscher was lifted substantially during either drainage O1 or
O3 (Fig. 2.10). Generally, ice is assumed incompressible (e.g. Schulson and Duval, 2009). Thus, for an
incompressible material, strong horizontal compression of the ice provokesincreased vertical straining,
due to the constraint ˙exx+ ėyy+ ėzz = 0. If one assumes vertical strain-rate to be constant over the ice
depth, it is related to the vertical velocity,w at the ice surface, as

ėzz=
∂w
∂z

, ⇐⇒ w =
Z h

0
ėzzδz= ėzzh+C (2.4.5)

whereh is the ice thickness, andC is an integration constant, which, ifh = 0, can be immediately
identified with a vertical velocity ath = 0, i.e., at the base of the glacier. We assume that the vertical
velocity at the base of the glacier is zero (C = 0). That means that no separation (C > 0) or melt of the
basal ice (C < 0) occurs (this latter case is not considered). However, we now test whether assumingC =
0 is reasonable by the following procedure: The velocity ˙ezzh=−ėhh gives an estimate of the fraction of
the vertical velocity which is due to vertical thickening/thinning of the ice compensating the horizontal
deformations due to incompressibility. Ifw is the measured vertical velocity, and we havew ≈ −ėhh,
we may suppose the measured vertical velocity to be essentially caused by vertical deformation of the
ice. This would indicate thatC → 0. On the other hand, ifw is rather different from−ėhh, the vertical
motion is influenced by other processes than solely vertical deformation. This possibly includes uplift of
the whole ice column due to separation from the base, which would suggestC > 0. In Figure 2.15 this
hypothesis is tested at the intersection points A-G (Fig. 2.12), for the two drainages O1 and O3.

The plots display the daily mean of measuredw at the surface (and interpolated to the intersection points
by the regression method described in Sect. 2.4) as open circles at days -1 to 4 of the drainages O1 and
O3, respectively. Open grey circles indicate positive vertical velocity (i.e. surface uplift), whereas black
open circles refer to negative measured vertical velocityw. The filled circles represent the quantity ˙ehh
and are inversely color-referenced; i.e. a black filled circle corresponds toėhh< 0, and grey filled circles
indicateėhh > 0. To compute ˙ehh at the points A-G, the ice thicknessh at A-G was required, which
was estimated from available digital elevation models (DEMs) of the glacier surface and bed (e.g. Riesen
et al., 2006).

If the open circles are balanced by filled circles of opposite color and equivalent area, the result is
w− ėhh≈ 0. If the discrepancy between respective open and filled circles is large, one hasw− ėhh 6= 0.
The former case (i.e. open circle has a counterpart of opposite color and similar area) suggests that the
measured vertical velocity can be sufficiently explained by vertical straining compensating the horizontal
deformations (C = 0 in equation (2.4.5) is reasonable). The latter state (i.e. open and filled circles differ
greatly) indicates that the measured vertical velocity can not be explained solely by vertical straining of
the ice (C > 0 in equation (2.4.5) presumably). In that case, other processes are supposedly responsible
for the observed vertical ice motion rather than vertical straining of the ice.
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Figure 2.15: Comparison of measured vertical velocity (open circles) to ˙ehh (closed circles), which is
vertical ice velocity expected due to vertical ice deformation, at intersectionpoints A-G (Fig. 2.12). Open
circles represent measured vertical velocityw, wherew < 0 is grey andw > 0 is black. Closed circles,
i..e vertical velocity ˙ehh based on ice thickening/thinning due to horizontal deformation is inversely
color-referenced; ˙ehh < 0 is black,ėhh > 0 is grey.

The filled and open circles at days -1 to 2 of drainage 01 appear larger than those during the same
days of drainage O3 (Fig. 2.15a, b). This correlates well to the significant vertical motions observed
during drainage O1 and already described so far. Due to the strong differences in horizontal velocities,
considerable vertical straining compensating the horizontal deformations ispresent, which is indicated
by the abundance and considerable sizes of the filled circles in Figure 2.15a. However, the velocities due
to vertical straining only partially match the measured vertical velocities. Largest discrepancies between
vertical velocityw and that due to the vertical straining, ˙ehh, occurred at intersection point E during days
-1 to 1 and at all points A-G on day 2. There, the open circles are hardly balanced by filled circles.
This suggests the vertical uplift may be caused by basal separation of theice. Vertical straining of the
ice in reaction to the strong horizontal compressions is obviously not sufficient to explain the vertical
velocities, though at other points, i.e. C, D and F, vertical ice deformation matches well the measured
ice velocities. In the case of drainage O3 (Fig. 2.15b), the sizes of the circles are considerably smaller,
indicating smaller vertical velocities and also smaller possible vertical ice deformation. The absence of
considerable discrepancies allows one to suspect that vertical motions due to basal separation or the like
would not play a great role. The balancing of open/filled circles is coherent across most days of the
drainage.
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2.5 Discussion

The preceding sections reviewed both the localized impact of the differentsubglacial drainages of
Gornersee and the regional, large-scale changes of ice motion and flow velocities induced by the
drainages. Immediately, one realizes that only the drainages O1 and O3 seriously disturbed the mo-
tion of Gornergletscher on both local and regional scales. In drainageO2 the lake water nonetheless
travelled down Gornergletscher almost completely subglacially; only the lake water was not directly
evaded subglacially from the lake basin, but routed to the subglacial environment by a superficial by-
pass (i.e. the overspill into a nearby moulin). This process did not lead to a sudden or progressively
increasing discharge of lake water, but to a rather constant rate of lakewater discharge. If there is no
sudden or progressively increasing transfer of water to the subglacial drainage system of the glacier, no
considerable impact can be expected. This is confirmed by the absence ofany significant alteration of the
surface ice motion of Gornergletscher. It appears that neither the time series of the horizontal flow mo-
tion, velocity and vertical motion of the referential markers L1-L4 (local scale), nor the maps of regional
velocity variations indicated any significant impact of the drainage O2. During drainages O1 and O3,
where lake water discharged directly to the subglacial environment of Gornergletscher, the subglacial
drainage system of Gornergletscher was almost certainly overstressed. When the basal system is forced
to accommodate the additional water, subglacial conditions (i.e. water storage, detention periods of lake
water, basal water pressure, basal lubrication) are strongly modulated. These are properties which gov-
ern the basal motion of Gornergletscher and indirectly the flow motion observed at the ice surface. The
documented ice flow perturbations showed exceptional variations which reflect the different characters
of the lake drainages and their impact on the subglacial environment. In drainage O1, flow velocities,
strain-rates and surface elevation increased considerably across most of the area of Gornergletscher. Ver-
tical uplift increased first close to Gornersee and then at subsequentlater time at increasing distance
from the lake. Similarly, largest changes of strain-rates occurred in the central confluence or at close
distance to Gornersee. The comparison of vertical velocities to vertical icedeformation compensating
the horizontal ice deformations indicated that the vertical motions are only partially attributed to the ice
deformation. Some considerable vertical motion of the ice may be due to lake water penetrating the basal
environment and separating the ice from the sole. In drainage O1, the origin of the basal perturbation
was at Gornersee, and the range of influence enlarged in the down-glacier direction as more and more
water entered the drainage system and was presumably dispersed along the base of Gornergletscher. It
is recognized that drainage O3 was associated with striking changes of flow velocities, vertical surface
uplift and horizontal strain-rates only on the part of Gornergletscher below the confluence area. The
flow variations in the vicinity of Gornersee were almost negligible, or, at least considerably less pro-
nounced than during O1. It is somewhat intriguing that no, or negligible, vertical motion was observed
in the confluence and periphery of Gornersee during O3. Furthermore, the minor vertical motions can be
sufficiently explained by vertical ice deformation. It suggests that any intrusion of water to the glacier
bed was minor or completely absent. In the O3 case, the water presumably crossed the confluence area
without interrupting the local subglacial conditions severely. How this was achieved is not fully clear.
The water may have travelled en-glacially, or possibly in a very localized channel. The impact of the
O3 drainage effectively occurred at rather large distance from Gornersee, and only slowly propagated
upstream, towards Gornersee.



Chapter 3

Ice flow changes during the drainage of Gornersee

This chapter is published in a slightly modified form as:
Riesen, P., Sugiyama, S., and Funk, M. (2010). The influence of the presence and drainage of an ice-
marginal lake on the ice flow of Gornergletscher, Switzerland. J. Glaciol., 56(196):278-286.

Abstract Gornergletscher, Switzerland, is located adjacent to the marginal Gornersee that periodically
drains. We measured ice flow velocities of the glacier during two drainage events of the lake, in 2004 and
2006. The common feature of these two events was that during both, Gornersee filled to its maximum
level and then overflowed. The events differed in that in 2004 Gornersee rapidly drained via a sudden
subglacial connection, whereas in 2006, the lake water continued to overflow and slowly discharged into
a nearby moulin. We analyzed the changes in ice flow velocities in the vicinity of Gornersee during the
two drainage events, using a three-dimensional ice flow model which is able to(i) simulate locally vari-
able enhanced basal motion of the ice, and (ii) account for the load and release of water pressure exerted
on the ice covered by the lake. We demonstrate that the key features of the observed flow changes can be
reproduced adequately in the numerical model by considering these two effects as the main mechanisms.
We interpret the 2006 flow changes to be dominated by the release of lake water pressure acting on the
ice during the lake drainage. The 2004 ice flow changes can be explainedby enhanced basal motion, and
the impact of the lake water pressure provides certain clues to some observations insufficiently explained
by enhanced basal motion.

3.1 Introduction

A glacier-dammed marginal lake fills until the water reaches a certain thresholdat which the lake water
connects to the subglacial drainage system, allowing it to drain. The drainage is of unstable nature (Nye,
1976) and may lead to potentially hazardous flooding in the glacier outlet stream. The phenomenon,
termedjökulhlaup(e.g. Bj̈ornsson, 1992), drives large amounts of water into the basal environment of
the adjacent glacier within a short time, causing a strong perturbation of subglacial water flow. Increased
water pressure and temporary water storage at the glacier bed locally enhance basal motion, which is re-
flected in increased surface flow speeds (e.g. Iken, 1981; Sugiyama and Gudmundsson, 2004). Anderson
et al. (2005) emphasized the coherence between the speed-up of Kennicott Glacier and the drainage of
Hidden Creek Lake (HCL), whereas Walder et al. (2005, 2006) discussed the response of the ice dam in
the vicinity of HCL to its filling and drainage.

Gornergletscher, Switzerland, is a valley glacier located in the southern Swiss Alps. At the place where
it meets Grenzgletscher, an even larger tributary, it dams the ice-marginal lake, Gornersee (Fig. 3.1).
Gornersee originates from melt water retention during spring and usually drains in early summer. The
bottom of Gornersee is essentially ice, except for along the eastern lake border, where the lake floor is
formed by a steep slope of morainal debris plunging westward into the lake. We observed five drainage
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Figure 3.1: (a) Map of Gornersee (grey) and Gornergletscher with contour lines of ice surface elevation
(solid, 50 m intervals), glacier margin (thick solid), location of the tachymeter and nearby GPS reference
station (triangle TS), boreholesbh430andbh6 (squares) and ice flow measurement locations (crosses).
The dotted box indicates the geographic coverage of Figures 3.4-3.7. (b) Zoom panel of the box in
Fig. 3.1a (Ice dam) indicating the measurement locations in the ice dam area. For identification, welabel
an individual marker with an integer composed of the respective survey year (first digit: 4 or 6) and an
individual number (2nd digit). A ’g’ in front of the integer indicates a GPS-equipped marker.

events of Gornersee in past years (2004-2008). Results on the impactof individual Gornersee jökulhlaups
on the ice flow and hydrology of Gornergletscher have been published inHuss et al. (2007) and Sugiyama
et al. (2007a, 2008). The results from passive seismic surveys are described in Walter et al. (2008), and
Werder et al. (2009) and Werder and Funk (2009) give details on extensive dye tracing experiments
performed during the observed Gornersee drainage events.

In this paper, we further examine the interaction between draining lake and damming glacier using field
measurements and numerical modeling. We measured ice flow velocities of Gornergletscher in the vicin-
ity and down-glacier of the Gornersee marginal lake during the 2004 and 2006 drainage events and stud-
ied the observed changes in flow speed and direction during these distinctevents. To reproduce and
interpret the observed flow changes we used a full Stokes three-dimensional numerical ice flow model,
which is able to treat local variations in basal motion as well as the effect of the lake water pressure
acting on the ice. To detect and corroborate the mechanisms responsible for the observed flow changes,
we carried out different flow simulations with adjustments in the model boundary conditions.

3.2 Field methods

We measured the ice flow of Gornergletscher by surveying the displacements of eight poles (markers)
installed in the ice. Five markers (41-45 in 2004, 61-65 in 2006) were located in the vicinity of Gornersee
(henceforthice dam, Fig. 3.1b). These markers were equipped with optical survey prisms. Every hour,
an automated tachymeter estimated distance and both horizontal and vertical angles from the prisms’
reflectance patterns. This tachymeter was situated on the rock ledge at the northern margin of the glacier
(Fig. 3.1a, TS). We fixed multiple reference prisms onto rock outcrops along the glacier margin to carry
out an atmospheric correction for the angle and distance readings. The relative azimuth and distance
data were then converted to absolute coordinate positions. For the optical survey, the position errors are
dependent on the tachymeter orientation (Table 3.1). The error is larger inthe down-glacier (east-west)
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Orientation: East-West North-South
SD 35 2
SEN=50 4.9 0.3
SEN=150 2.8 0.2
SEN=300 2.0 0.1

Table 3.1: Absolute position errors (in cm) for the optical ice flow measurements (tachymeter) with stan-
dard deviation (SD) and standard error from the mean (SE= SD/

√
N for N = {50, 150, 300} repeated

measurements)

direction than in the cross-glacier (north-south) direction, due to increased influence of vertical tilt errors
of the tachymeter device in this axis. The absolute position error of 35 cm in thedown-glacier direction
is large but diminishes for repeated measurements. Within 3-4 days, whenN=50 position estimates are
acquired, it decreases to about 5 cm. For our studies,N is in the range of 50− 350, hence the error
becomes even smaller. Also, the ice displacement at the key markers 41-42 (61-62) is approximately
aligned with the axis of minor errors. Three markers (46-48 in 2004, 66-68 in 2006) were also installed
about 1 to 2.5 km down-glacier of Gornersee (Fig. 3.1a). These stakesmoved down-glacier, i.e., prin-
cipally west, and differential GPS receivers (Leica500) at those marker locations were used in order to
overcome the low accuracy of the tachymeter in the down-glacier direction. The GPS reference station
was installed close to the tachymeter. We recorded 1 h sessions of L1+L2 phase signals every 3 hours at
1/30 Hz sampling rate. We processed the GPS data in static differential mode relative to the reference
station, using commercial software provided by Leica. The error of the position estimates using GPS is
±1 cm in the horizontal, and independent of orientation.

Note that the data of an individual marker was acquired by either GPS or tachymeter and is not the
result of a combined survey. However, we compared trajectories of poles installed side by side and
surveyed by either GPS or tachymeter. These data sets were generally coherent, inspiring confidence in
the trajectories obtained by means of the optical survey. The two-component horizontal flow velocity
v = (v1,v2) of an individual stake was computed in a least-squares sense from fitting the linear equations
x1 = v1 t andx2 = v2 t, with x1(t), andx2(t) beingN×1 vectors of the horizontal componenents of the
positions, andt = [t1, . . . , tN] being aN×1 vector of time steps during the time interval∆t = tN − t1, in
which the position coordinates were measured. Thus, the velocitiesv1 andv2 correspond to the slopes of
linear fits to the stake’s horizontal displacement components in the interval∆t.

In addition to the geodetic measurement, we also measured basal water pressure in boreholes drilled to
the glacier bed using a hot water drilling system. In each borehole, a vibrating wire pressure sensor
(Geokon Model 4500) connected to a logger at the glacier surface wasoperated at a sampling interval
of 10 min. We show data from boreholebh430which was used in 2004, and from boreholebh6used in
2006, their respective locations are depicted in Figure 3.1. Also, the lake water level was recorded using
a Keller PAA-36W pressure transducer with 10 min sampling interval.

3.3 Numerical model

We solve the balance equations for incompressible, isothermal steady Stokes flow as

−div(t)+∇p = ρg, (3.3.1)

div(v) = 0, (3.3.2)

whereρ=900 kg m-3 is the density of ice,g is the gravitational acceleration andt is now the deviatoric
stress tensor with tr(t) = 0. The fields to solve for are velocityv and pressurep. The constitutive relation
adopted for the stress is a power law of the form

t = υ(D)D ⇐⇒ υ(D) = A− 1
n
(

1
2 tr(DD)

) 1−n
2n , (3.3.3)
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whereD = 1
2(grad(v) + grad(v)T) is the strain-rate tensor,n is the power law exponent andA is the

constant rate factor. The problem (3.3.1)-(3.3.3) was solved by adapting the variable viscosityυ(D)
through a Newton-Raphson iteration scheme until convergence of the velocities was achieved, starting
from an initially uniform viscosity distribution or previously determined solution.A penalty method was
used for the incompressibility constraint. The model is implemented in the commercialFinite Elements
software MSC.Marc (Marc, 2005) and has been used and validated in previous studies (Gudmundsson,
1994, 1999; Raymond and Gudmundsson, 2005; Helbing, 2005). In allcomputations we usedn = 3 and
A = 75 (MPa)-3 a-1 (Gudmundsson, 1999).

From a digital elevation model (DEM), acquired in September 2004 using airborne photogrammetry,
and radio echo sounding (RES) measurements of the bed topography (see Sugiyama et al., 2008), we
generated a mesh representing the Gornergletscher geometry. The modeldomain includes the confluence
area and the lower tongue of Gornergletscher. The domain does not cover the entire glacier system with
the Grenzgletscher and Gornergletscher tributaries due to a lack of bed geometry information upstream
of the confluence. On the two-dimensional transverse sections where themodel boundary traverses the
Grenzgletscher and Gornergletscher tributaries, we prescribed fixedflow velocities as inflow boundary
conditions at the element nodes. These flow velocities were derived fromtwo-dimensional cross-section
flow fields, separately computed on identical geometries as the inflow faces using the implementation of
two-dimensional glacier flow in a cross-section of Sugiyama et al. (2007b)with equivalent parameters
n andA. The two-dimensional flow fields at the inflow boundaries were tuned so that the computed
surface flow speed profiles matched nearby available measurements of annual surface flow velocities.
Note that the model of Sugiyama et al. (2007b) was solved using a finite differences grid. The nodal
velocities input to the finite element model were interpolated from the separatelycomputed flow fields,
then translated to the three-dimensional model faces, aligned to the mean slopeof the glacier surface at
the transverse section, and oriented in the main flow direction. The slopes were determined from the
DEM.

In the vertical, the mesh consisted of six layers of elements (3330 total) of decreasing thickness towards
the bottom. A Dirichlet conditionv = 0 was applied at the bottom nodes of the sixth element layer and
at all marginal nodes. The glacier bed is represented by the plane consisting of the upper faces of the
sixth layer elements. Note that this sixth layer of elements has no physical meaning otherwise, but we
will refer to it as ’bed layer’ from now on. We applied a parametrization of basal motion by utilizing
deformation of the bed layer elements. In that way, the basal velocityub at the glacier bed, i.e., at an
upper face of an element of the bed layer, corresponded to

ub =
d
υ

τb, (3.3.4)

whered is the element thickness,υ is the element viscosity (can also be regarded as a drag coefficient)
andτb is the basal shear stress. We used a Newtonian rheology withυ = const for the bed layer elements
and substitutedC = d/υ into Equation (3.3.4), thus the linear relation for the basal boundary condition
was incorporated as

ub = Cτb ⇐⇒ τb =
1
C

ub. (3.3.5)

Since we only solved for velocities and computed stresses separately, we controlled the simulation of
the influence of the lake drainage directly through enhancement or reduction of basal velocities. Thus,
we increased or decreasedC in subsets of the bed layer elements to locally soften or harden the bed
layer rheology, as the bed layer elements viscosityυ is inversely proportional toC. The thickness of
the bed layer (elements) is small compared to the overburden ice thickness, but a moderate thickness
was needed when large deformations of the elements occurred. We used auniform thickness ofd=10 m,
which is about 3% of the maximum ice thickness in the central confluence. Another description of this
parametrization of basal motion can be found in Vieli et al. (2000). The glacier surface was treated as
a free surface witht ·n = 0, wheren is the surface normal. On the upper element faces within the lake
domain, we described distributed pressure loads in order to simulate the effect of the lake water pressure
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Figure 3.2: (a) Measured lake water level (dashed) and water level in the boreholebh6 (solid) during
the drainage of Gornersee in 2006. The drainage event is subdividedinto the three intervals I− III as
indicated by the shaded bars and vertical lines (thin solid). (b) Vector plotof horizontal flow velocities
observed in the ice dam during the three intervals I− III. (c) Vector plot of horizontal flow speeds
observed down-glacier of the ice dam during the three intervals I− III.

acting on the ice surface covered by the lake water. The load normal to an element face was calculated as
the pressurepf = ρw g(hl −hf), whereρw=103 kg m-3 is the density of water andhf is the mean elevation
of the upper element face f, andhl is the lake water level elevation.

3.4 Results (I): Observations

We observed perturbations of the ice flow within the ice dam of Gornergletscher during both lake
drainage events (in 2006 and 2004; Figs 3.2 and 3.3, respectively). Each drainage event was analyzed
in a discrete sequence of three successive time intervals: before (I), during (II) and towards the end (III)
of the drainage. Figures 3.2a and 3.3a show the evolution of lake water level, and borehole water level
as measured during the drainages of Gornersee. Vector plots of the flowvelocities measured during the
three intervals are shown in Figures 3.2b and 3.3b (ice dam), and in Figures3.2c and 3.3c (down-glacier).
Note that in the following we consider the unexpected drainage event first,and discuss the drainage of
2006 before the event of 2004.
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2006 drainage event

On July 5 2006, the lake reached a volume of about 4×106 m3 and had a water level that corresponded to
overflow of the ice dam at the westernmost corner of Gornersee. The overflowing water discharged into
a small moulin located close to boreholebh6 (Fig. 3.1). The superficial lake outflow filled the moulin
and balanced the filling of the lake and the lake water level did not increase further until July 7, when
it started to decrease. Between the lake and the drainage moulin, the lake water carved a gorge, 5 to
10 m wide, 100 m long and 30 m deep into the ice by the time the lake was fully drained. During the
drainage period of more than 20 days, the rate of decrease of the lake water level was approximately
constant. We consistently observed the water draining into the moulin shaft, sowe assume that the
lake drained completely via overflow into the moulin. It appears that no other significant subglacial
connection existed. The borehole water level inbh6shows diurnal fluctuations with an amplitude greater
than 80 m and with peak magnitude increasing from June 25 to July 5. The period of high water level
without fluctuations between July 5 and 7 coincided with constant lake water level height, then the
borehole water level dropped suddenly on July 7. This is consistent with the beginning of the lake water
level decrease and initiation of the drainage of Gornersee.

From the interval I to II (denoted as I→ II) we observed a clockwise rotation of the flow vector and a
slight increase in speed at the markers 61 and 62. In II→ III the rotation of the flow direction continued
and flow speed increased again noticeably. Note that at marker 61 the rotation of flow direction proceeds
gradually during I→ II → III, whereas at marker 62 the incremental rotation in II→ III is more pro-
nounced. For the intervals II− III, the measured flow velocities at 63-65 are insignificantly larger than
in I. Down-glacier of the ice dam, markers g67 and g68 did not show any significant changes in flow
direction. Marker g66 showed a counter-clockwise rotation in I→ II and a slight increase in speed in
II → III (Fig. 3.2c).

2004 drainage event

In 2004, the drainage began in a way similar to the 2006 event, i.e., following theoverflow of the ice dam
on July 1 (Sugiyama et al., 2007a). However, the superficial outflow ceased shortly afterward and by early
morning of July 3 the lake water level decreased noticeably. Within five days(July 2 to 7), most of the
lake water drained. We suspect that the lake water invaded the subglacialenvironment of Gornergletscher
at the southwestern lake border (East of markers 41-42, Fig. 3.1b). Located close tobh6, two excavated
en-glacial channels were observed during inspection of the lake floor after the drainage (Sugiyama et al.,
2008). Unfortunately, in the evening of July 5, ice blocks broke the cableto the pressure transducer
that was recording the lake water level, which resulted in the data stoppage (Fig. 3.3a). The borehole
bh430 in the central confluence indicates a clear perturbation of the subglacial conditions starting on
July 2, when the amplitude of diurnal water level variations of about 150 m (interval I) abruptly changed
to 25 m variations in the interval II. The water level remained at a consistentlyhigh level during most
of the intervals II and III; meanwhile the lake water level went down. Then, the borehole water level
abruptly dropped below 200 m on July 7, apparently marking the termination ofthe drainage. The
diurnal oscillations in basal water level recovered again from July 9 onwards.

Figure 3.3b shows the measured flow velocities on the ice dam during the lake drainage of 2004. Note
that markers 41 and 42 were located further away from Gornersee thanmarkers 61 and 62 (2006). In
I → II, the ice flow speed increased considerably and the flow direction rotated counter-clockwise (down-
glacier) at 41 and 42. In the same interval, the flow speeds strongly increased at the markers g44 and 45
(Fig. 3.3b). In II→ III, the sense of rotation of the ice flow direction reversed towards Gornersee at all
markers 41 to 45. At markers 43-45, the rotation was so large in that the ice changed to flow directly
towards Gornersee. At the markers 42, 43 and g44, flow speeds werehighest in interval III, whereas
at 41 and 45 flow speeds decreased again after the maximum in II. Down-glacier of the ice dam the
measured flow velocities increased by 20-70% during the interval II at allthree locations g46, g47 and
48 (Fig. 3.3c). At markers g46 and g47, the increase in flow velocities wasaccompanied by a deflection
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Figure 3.3: (a) Measured lake water level (dashed) and water level in the boreholebh6 (solid) during
the drainage of Gornersee in 2004. The drainage event is subdividedinto the three intervals I− III as
indicated by the shaded bars and vertical lines (thin solid). (b) Vector plotof horizontal flow velocities
observed in the ice dam during the three intervals I− III. (c) Vector plot of horizontal flow speeds
observed down-glacier of the ice dam during the three intervals I− III.

of the ice flow direction towards the north and subsequent return during interval III. In III, the flow speed
decreased to a magnitude as in interval I at all three markers.

3.5 Results (II): Modeling

We conducted preliminary tests in order to clarify the model sensitivity to the applied boundary condi-
tions and to estimate the errors due to numerical discretization. We varied the prescribed inflow boundary
velocity distributions by both magnitude and orientation and affirmed that the computed flow regimes of
Gornergletscher would not be compromised by those boundary conditions. We then constructed an
additional mesh with higher vertical resolution (6105 elements, 11 layers) and verified the results of sur-
face flow velocities. The model used is low-resolution but produces admissible horizontal surface flow
regimes with requested minimal computation times. We performed many model runs (>2000) to sys-
tematically investigate how the free manipulation ofC at different local patches of the bed layer affects
the ice flow regime. Since the basal boundary condition (3.3.5) is linear, the variation inC operates on
the magnitude of velocities, and changes in direction of the flow are caused mainly by influences of the
geometry of Gornergletscher. Thus, although many degrees of freedom are introduced through the free
manipulation ofC in every cell of the bed layer, the low complexity of the basal condition ensured that
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the model behaviour delivered reproducible results,1

Initial flow conditions

For the subsequent simulations, an adequate flow field of Gornergletscher was required as initial con-
figuration. To obtain the initial flow conditions, we optimized the computed flow solution based on all
available surface flow speed observations for the period April to September 2006. The optimization was
achieved by manually adjustingC in local subsets of basal elements. VaryingC amounts to alteration of
the model boundary conditions and produces systematic changes of the orientation and magnitude of the
residual error vectors of the mismatch between observed and modeled flowvelocities. The fitness of the
distribution ofC and the computed flow field is best estimated in terms of systematic errors and we seek
a representative flow field where the length of the sum of normalized errorvectors is minimal. The sum
of normalized error vectors (SNE) is computed as

R =
1
N

N

∑
i=1

vm
i −vc

i

vm
i

, (3.5.1)

wherevm
i is the measured horizontal flow velocity,vc

i is the computed equivalent, andvm
i is the magnitude

of the measured flow speed at theith stake location of a total ofN stakes. For a random distribution of
error vectorsRi , the lengthR= |R| approaches zero whenN → ∞ (Gudmundsson, 1999).

The initial flow field solution is given in Figure 3.4a, together with the settings ofC of the bed layer
elements in Figure 3.4b. For this flow field,R is 0.003. For comparison purposes,R is 0.112 for a
distribution with uniformC=11.5 (MPa)-1a-1m. The computed flow field is in good agreement with the
observed one. The major discrepancies actually occur in the ice dam areaon the side of Grenzgletscher
tributary. Gudmundsson (1999) calculated flow fields for the confluenceof Unteraargletscher and ob-
tained similar residual discrepancies between modeled and observed flow regime in the confluence area,
though the error vectors point towards the junction and not down-glacier. His model systematically over-
estimated the down-glacier component of the flow, whereas in our model it is underestimated. Although
Gudmundsson’s model did not incorporate basal motion, our results did not change when we excluded
basal motion (C = 0 ≡ 10−8). However, the residual differences are not obstructive to the intended
simulations. We provide additional remarks on those discrepancies in the discussion section.2

3.5.1 Modeling of the ice flow changes

Based on the initial flow field, we reproduced the flow velocities observed during the three intervals I to
III of the two drainage events by considering the following two scenarios:

Scenario 1: The distribution ofC presented in Fig. 3.4b remained unchanged. We applied a load of lake
water pressure corresponding to the highest lake water level reachedin the interval I, then reduced
the lake water load in the drainage intervals II and III according to the decrease in lake water level
measured during each period.

Scenario 2: The initial situation of interval I remained the same as in scenario 1, except that the lake
water pressure was not considered at all. Flow field solutions for the two subsequent intervals II
and III were obtained by readjustingC locally.

1 There are no explicit arguments for the selection of the spatially varyingC in the bed layer, asC is a free tuning parameter.
However, because no non-linearity is considered in relation (3.3.5) ofthe bed layer, other influences than enhancement of the
flow speeds are minimized. Distributions ofC in the subsequent computations are justified if they can be reasonably related to
the lake drainages and observed flow measurements, otherwise they might be considered as arbitrary modifications.

2 The initial distribution ofC is somewhat arbitrary. The discrepanices of observed to modeled flowvelocities can only
be compensated for by adjustement ofC as it is the only tuning parameter. However, if the distribution ofC would be totally
irregular and random, it would not be justified. The distribution in Fig. 3.4 ismore or less smooth. In most parts,C = 10-
20 (MPa)-1a-1m was set. Along the south-western border of Gornersee,C was modified to a higher degree, which is discussed
in Sect. 3.6.
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Figure 3.4: (a) Comparison of measured (black) and optimum calculated (grey) summer (2006) horizon-
tal flow velocities at a set ofN=30 stakes. The model domain outline is indicated by a dashed line. (b)
View from above of the bed layer elements and the spatial settings of the constantC used for the flow
field computation in (a). The black dots correspond to the velocity measurement markers as in (a), and
the outline of Gornersee is indicated.

Note that in both scenarios, the computed flow changes result from the sequence of snapshots of flow
regimes which conform to different prescribed boundary conditions oflake water pressure or various
C-values. In the following we discuss the plausibility of the applied changes in the boundary conditions.

Scenarios 1 and 2 for the drainage in 2006

In Scenario 1, when the lake water load is released, at markers 61 and 62and, to a lesser extent, at
marker 63, the ice flow direction rotates towards Gornersee during I→ II → III (Fig. 3.5a). Meanwhile,
flow velocity magnitudes increase some fractional 2-5% at markers 62 and 63. When comparing the
computed flow velocities according to scenario 1 (Fig. 3.5a) to those of the observations (Fig. 3.2b), we
find agreement on the clockwise flow azimuth rotation for markers 61 and 62.However, in the model,
the increase of the flow velocities at markers 61 and 62 in I→ II → III is much less pronounced.

In the results of Scenario 2, the enhanced flow speeds at markers 61 and 62 in III can be better captured
when changing theC-distribution of the bed layer elements in the vicinity of Gornersee. The changes
applied toC are depicted in Figure 3.5c and 3.5d, where the grey scale refers to the factor by which the
value ofC was increased or decreased relative to the initial configuration of Figure3.4b. The increase
of C (from 0 to 1 (MPa)-1a-1m) in the lake area for interval II (Fig. 3.5c) and the increase ofC by a
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Figure 3.5: (a) Computed flow velocities from Scenario 1 for the 2006 lake drainage. The velocity of
interval I includes the full lake water pressure, which is removed in two steps of -6 m and -18 m in the
intervals II and III, respectively. (b) Computed flow velocities from Scenario 2 for the lake drainage in
2006. (c, d) Relative changes applied to the initialC-configuration (Fig. 3.4b) to reproduce the velocities
of intervals II and III from Scenario 2 given in b. The changes are expressed in the factor of increase or
decrease ofC. The colors referenced to ’+1’ and ‘+5’ indicate thatC was set from zero (∼ 10−8) to 1 or
5.

factor of 1.6 along the southwestern border of Gornersee and by 2.0 in the central confluence (Fig. 3.5d)
gradually enhance the flow velocities at markers 61 and 62 and match the observed speed increase during
the sequence I→ II → III. However, a change of flow direction, i.e., the rotation (clockwise) towards
Gornersee, could hardly be introduced. We reducedC to half its value in the broad area down-glacier
of the confluence area (Fig. 3.5c, d). The lowering ofC relaxes the longitudinal coupling between the
ice flow below the confluence and the ice dam area and decreases the down-glacier component of the ice
flow in the ice dam area, hence the slight up-glacier rotation noticeable in I→ II → III. The decrease
of C below the confluence results in lower velocities at markers g68 and g67 (intervals II, III), which
is inconsistent with the observations (Fig. 3.5b* vs. 3.2c). It was not possible to obtain a distribution
of C where the modeled flow velocities were fully consistent in both the ice dam areaand down-glacier
of the confluence because the rotation of flow directions in the ice dam areais less influenced by local
enhancement/lowering ofC. It was possible to modify the flow directions via use of the aforementioned
(non-local) longitudinal coupling effect but this is barely supported by the observations.

Scenarios 1 and 2 for the drainage in 2004

The results from the model scenarios 1 and 2 corresponding to the drainage event of 2004 are given in
Figure 3.6. In Scenario 1 where we considered only the release of lake water pressure acting on the
ice surface, the impact is minor, also at markers 41 and 42 (Fig. 3.6a). Thisis because the locations of
markers 41 and 42 were about 100 m to the west of their equivalents 61 and 62 in 2006. At this distance
from the lake, the influence of the lake water pressure becomes small. The changes in flow speed and
direction observed in I→ II → III (Fig. 3.3b) cannot be reproduced in Scenario 1. The markers are
situated beyond the noticeable influence of the lake water pressure. This indicates that counter-clockwise
excursion of the flow direction from I to II, observed at the markers 41 to45, does not relate to the
influence of the lake water pressure.

In Scenario 2 (Fig. 3.6b, b*) we captured the dominant speed increase of I → II in the modeled flow
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Figure 3.6: (a) Computed flow velocities from Scenario 1 for the 2004 lake drainage. The velocity of
interval I includes the full lake water pressure, which is removed in two steps of -14 m and -10 m in the
intervals II and III, respectively. (b) Computed flow velocities from Scenario 2 for the lake drainage in
2004. (c, d) Relative changes applied to the initialC-configuration (Fig. 3.4b) to reproduce the velocities
of intervals II and III from Scenario 2 given in b. The changes are expressed in the factor of increase or
decrease of the multiplierC. The color referenced to ’+4’ indicates that the multiplierC was set from
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velocities, as featured at markers 41, 42, g44, 45 and g46 to 48. The changes applied toC for I → II
are given in Figure 3.6c. On the southwestern border of Gornersee,C was increased by a factor 1.2
and down-glacier of the ice dam by 2.5 to 3.5. The area of enhanced basal motion thus incorporates the
southwestern border of Gornersee and extends northwest into the central confluence and northern part of
Gornergletscher and then down-glacier to the lower tongue. Though we have only shown three marker
locations situated along the center flowline, other measurements confirm that the observed speed-up of
I → II (Fig. 3.3c) takes place across the whole width of the lower tongue.

In interval III we restoredC to its initial setting in the area down-glacier of the ice dam (Fig. 3.6d).
Note that this would result in flow speeds at markers 41 and 42 similar to interval I (Fig. 3.6b, b*). To be
consistent with the observations of interval III, we must retain enhancedflow velocities while the ice flow
direction rotates up-glacier (clockwise) at those markers. This was achieved by further enhancement of
C in the lake vicinity and along the inflow tributaries of Grenzgletscher and Gornergletscher (Fig. 3.6d).

3.6 Discussion

Mismatch of initial flow field in the ice dam area

In the computation of the initial flow field configuration, the largest discrepancies between modeled
and measured flow velocities occurred in the ice dam area. Everywhere else the agreement between
measured and observed velocities was good. We observed that the orientation of flow velocities in the
ice dam area was significantly better matched when (i) increasingC considerably in the lower reaches
of Gornergletscher, and/or (ii) increasing the vertical resolution of the model. The effect of (i) was an
intensified longitudinal coupling between the ice dam area and the lower tongue, so the ice was pulled
down-glacier. We know that on Gornergletscher the ice viscosity and thusthe flow regime are influenced
by a massive core of cold ice which is advected down-glacier along the center flowline of Grenzgletscher
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(Eisen et al., 2009). This was not considered in our model, but we speculate that cold rigid ice along
the glacier central flow produces a drag on the ice dam area. An increased vertical resolution (11-layer
mesh) further reduced the mismatch between measured and computed flow velocities in the dam area but
was not considered due to inferior computational efficiency.

Scenario modeling

We considered two mechanisms by which the drainage of an ice-marginal lakeaffects the ice flow of
the adjacent glacier: the load and release of lake water pressure arisingfrom the filling and drainage,
and enhanced basal motion caused by the subglacial drainage. We observed the simultaneous change in
flow directions and increase of flow velocities at markers 61 and 62 duringthe lake drainage 2006. In
the modeling of those flow changes, when considering only the effect of decreasing lake water pressure,
we were not able to capture the observed speed increase; not even when modifying theC-distribution
and thus influencing basal conditions, the observed rotation of the ice flowcould be reproduced. In Fig-
ure 3.7, we display a third scenario for 2006, in which the release of lake water pressure is combined
with adjustments ofC. In this case, we were not required to modifyC below the confluence to reproduce
the observed up-glacier clockwise rotation, as this event is now attributed tothe impact of the lake water
pressure. Besides the two initial days of the drainage, neither the borehole water level measurements in
bh6 and in other boreholes (e.g. Werder and Funk, 2009), nor the monotonicflow velocities observed
below the ice dam (Fig. 3.2c) indicate the spreading of a pronounced subglacial perturbation. The sub-
glacial conditions were likely affected close to the region where the moulin shaft reached the glacier bed,
which we estimate to be somewhere betweenbh6 and marker g66 (Fig. 3.1). In the combined scenario,
the essential changes ofC do correspond to that location, so we assume that enhanced basal motion only
played a role local to the ice dam area in the case of the 2006 lake drainage.We showed that the rotation
of the ice flow due to decreasing lake water pressure yields the correct changes in flow direction and is
a controlling mechanism affecting the ice flow in the ice dam area. For the Gornersee drainage in 2006,
the observed flow changes found in I→ II → III are thus caused by the release of the lake water pressure
acting on the ice and locally enhanced basal motion. Due to the slow, superficial drainage of 2006 and
the absence of a pronounced subglacial perturbation, the effect of the release of lake water pressure could
be identified.

In interval II of 2004, the borehole water level inbh430was high and then decreased monotonically
between July 5 to 7, dropping sharply on July 7. Also, in the ice dam the basal water pressure was
high before July 6 (Sugiyama et al., 2008, Fig. 7). In interval II, the lakewater presumably overcharged
the subglacial drainage system of Gornergletscher and is certainly responsible for disturbed subglacial
conditions, inducing broadly enhanced basal motion. For I→ II, the observations of strongly increased
flow velocities in both the ice dam area and the lower tongue can be corroborated with the plausible
modeling results (Fig. 3.6b-c). We assume that the lake water influenced the ice flow during the drainage
of 2004 in a similar manner as in 2006 as the maximum lake water level was similar at the two drainage
events. Nevertheless, the results indicate that the markers 41 and 42 wereless influenced by the lake water
due to the increased distance from Gornersee and also because the impact of enhanced basal motion was
overwhelming. The reversal in flow direction with an almost complete switch in flow direction from
west to (south-)east was observed in II→ III (Fig. 3.3b), i.e., at g44 and 45. This feature is absent in
the model results. Also, we do not think the further enhancements applied toC in Figure 3.6d provide a
plausible interpretation for II→ III. In the current model, we could not find an appropriate configuration
of the constantC to reproduce these changes. The linear relation in the basal boundary condition may
be insufficient. Errors in the bed topography may also play a role. Referring to the same part of the
ice dam and the drainage in 2004, Sugiyama et al. (2007a) mentioned that changes in longitudinal stress
can produce the reversal of the ice motion, but changes in basal conditions (basal motion and separation,
sediment deformation) did not provide a sufficient explanation. Sugiyama et al. also mention that the
reverse motion correlates with the increase or decrease in lake discharge, which is closely connected
to the lake water level. We conjecture that the flow change II→ III with the unexplained observations
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at markers 43-45 may be influenced by further implications due to the effectof lake water pressure not
captured in the current model. When the lake fills to its maximum possible size as in both 2006 and 2004,
the lake water pressure can perturb the ice flow at a distance of up to 300 mfrom Gornersee. The lake
emptied significantly faster in 2004 than in 2006. In 2004, the lake drained in less than five days, whereas
in 2006, the drainage took place over 20 days. The rate of decrease ofthe lake water level, the change
of stress conditions in the ice dam and fracturing of the ice further influence the ice in the lake vicinity.
It may be worthwhile to analyze the ice flow as part of a transient study considering a time-dependent,
possibly elastic response of the ice to explain the presence (absence) ofthe reversal in flow direction at
markers 43-45 (63-65) in 2004 (2006) with variable loading/unloading test cases.

3.7 Conclusion

We studied ice flow changes on Gornergletscher during two drainage events of Gornersee in 2004 and
2006. We used a three-dimensional numerical flow model and produced scenarios of ice flow changes
through adjusting the boundary conditions of spatially non-uniform basalmotion and loading/unloading
of lake water on the ice covered by the lake.

For each drainage event, we compared the results of the numerical experiments to our observations and
identified the major mechanism generating the flow observations. The slow lakedrainage of 2006 had
a minor, local impact on the basal conditions and the ice flow changes were dominated by the release
of the lake water load. In 2004, the draining lake water rapidly entered the subglacial environment and
perturbed the basal conditions, locally enhancing basal motion of Gornergletscher.

The lake water pressure acting on the ice surface of the adjacent ice damhas not, until now, been con-
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sidered as having a relevant influence on the ice flow during a glacial lakedrainage event so far. We
demonstrated that changes in lake water pressure load do have a notable and varying effect on the ice
flow. The lake water pressure also affects the local stress conditions in the ice dam. Further experiments
investigating the response of the ice dam to variable time-dependent loads and enhanced constitutive
properties of the ice (i.e., elasticity, damage) may provide further information on the role of the ice dam.



Chapter 4

Surface ice motion of Gornergletscher measured
with an interferometric radar

This chapter is published in a slightly modified form as:
Riesen, P., Strozzi, T., Bauder, A., Wiesmann, A., and Funk, M. (2011). Short-term surface ice mo-
tion variations measured with a ground-based portable real aperture radar interferometer. J. Glaciol.,
57(201):53-60.

Abstract We report measurements using a portable real aperture radar (Gamma Portable Radar Interfer-
ometer, GPRI) for interferometric imaging of the surface ice motion on Gornergletscher, Switzerland,
during the drainage of the adjacent ice-marginal lake Gornersee. The GPRI tracked the surface ice mo-
tion in line of sight over an area of∼3 km2 down-glacier of Gornersee almost continuously during the
drainage event. The displacement maps derived from the acquired interferograms capture the spatial
distribution of the surface ice motion. Due to fast acquisition times of the microwave images, the GPRI
was able to record sub-daily variations of the ice displacements, most likely caused by the impact of the
Gornersee drainage on the ice motion of Gornergletscher. In-situ point measurements of the ice displace-
ment agree reasonably well with the results obtained by the GPRI and highlight the use of the GPRI for
high-resolution measurements of glacier surface ice motion.

4.1 Introduction

Variations in surface ice motion within hours to a day have been observed onnumerous glaciers (e.g.
Iken, 1977; Sugiyama and Gudmundsson, 2004). To analyze such behaviour, an important aspect is to
obtain accurate information on the surface ice motion. Traditional standard geodetic methods such as
differential GPS or optical laser measurements (i.e. an automated tachymeter)are state of the art in field
glaciology and have been applied in numerous studies. With these methods, detailed temporal informa-
tion on the ice displacement at local observation points on the glacier can be obtained. To analyze the
ice-flow regime of a glacier one usually requires a network of observationpoints equipped with opti-
cal mirrors or GPS receivers. The setup and maintenance of such a flowsurvey network can become
costly if the target glacier is large and possibly difficult to access. For 20 years, space-borne interfero-
metric synthetic aperture radar (InSAR) imaging has been successfully used to observe surface elevation
(i.e. generation of digital elevation models) and the flow of ice streams and ice sheets in remote areas
such as Antarctica and Greenland (e.g. Fahnestock et al., 1993; Joughin et al., 1995, 1996, 1998; Mohr
et al., 1998; Bamber et al., 2000). In those studies, differential repeat-pass interferometry techniques (D-
InSAR) were mainly used (Bamler and Hartl, 1998). Nowadays, space-borne SAR imagery can resolve
cells as low as a few m in azimuth and ground range directions. Notably, the investigation period is re-
stricted to the time the satellite passes and revisits the target on appropriate orbits, which limits temporal
resolution to one or several particular days (ESA, 2007).
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Figure 4.1: (a) Geographic position of the field site with overview of the tongue of Gornergletscher
with 50 m surface elevation contours and Gornersee (dark grey). (b)Detailed map of the study area
on Gornergletscher with 50 m surface elevation contours, debris covered moraines M1 and M2 (grey),
local ice displacement measurement points (circles), site of GPS reference and tachymeter (triangle TS),
boreholes bh1 and bh2 for water level measurements (squares), GPRIlocation (dot), scan-sector (dot-
dashed), and location of an excavated subglacial drainage channel (cross). The arrows at markers 814,
815, 828 and 837 indicate annual ice flow velocities.

Here we apply a novel ground-based and portable real aperture radar device (Werner et al., 2008) for
interferometric imaging of the surface ice motion of an Alpine glacier. The Gamma Portable Radar
Interferometer (GPRI) is able to acquire phase signal images of the observation area at a repeat interval
as low as 20 min. We employed the GPRI on Gornergletscher, Switzerland (Fig. 4.1a) in order to monitor
sub-daily to daily variations of the surface ice motion of Gornergletscher. These variations in surface ice
motion were triggered by the subglacial drainage of the adjacent marginal, ice-dammed lake Gornersee.
We present ice displacement maps derived from the GPRI interferogramsand analyze the performance of
the radar device for remote sensing of surface ice motions of a glacier on spatial and temporal scales lower
than in conventional D-InSAR applications. We compare the radar displacements against local in-situ
ice displacement measurements. To complete the study, a brief discussion of the observed displacements
in relation to the drainage phenomena is given.

4.2 Field Methods

Gornergletscher is located in southern Switzerland and is the name-giving tributary to the ablation tongue
formed by the confluence of Gornergletscher and Grenzgletscher (Fig. 4.1). Gornergletscher features
two distinct moraines (M1 and M2 in Fig. 4.1b) of which the medial moraine M1 is severely displaced
to the northern margin of Gornergletscher due to the thinning and decreased mass delivery from Gorner-
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Operating frequency 17.2 GHz
Wavelength 0.0176 m
Acquisition time < 20 min
Operational range 0.1 - 6 km
Antenna fan-beam 0.4× 60◦

Transmit bandwidth 200 MHz
Range resolution 0.75 m
Azimuth length 2.06 m
Azimuth resolution 14 m at 2 km
Precision 2 mm along look di-

rection

Table 4.1: Key characteristics of the Gamma Portable Radar Interferometer (GPRI)

gletscher tributary. At the junction of the two tributaries, about 5 km upstream of the terminus, the
ice-marginal lake, Gornersee is located (Fig. 4.1b). The yearly subglacial drainage of Gornersee by the
adjacent Gornergletscher was investigated extensively during the years 2004 to 2008 (Huss et al., 2007;
Sugiyama et al., 2007a, 2008; Walter et al., 2008; Werder et al., 2009; Werder and Funk, 2009; Riesen
et al., 2010).

4.2.1 Surface ice motion measurements

We installed the GPRI during the drainage of Gornersee in June 2008 and surveyed the surface ice motion
of Gornergletscher across an area of about 3 km2 of the glacier surface downstream of Gornersee. As
the radar was in operation, we carried out in-situ ice displacement measurements at 13 marker positions
located approximately within the target survey area.

The GPRI was constructed by Gamma Remote Sensing (GRS). It operates at17.2 GHz, which is higher
than the space-borne SAR operating frequency of 1 to 10 GHz. Detailed characteristics of the GPRI
are summarized in Table 4.2.1. The GPRI is designed as a portable system, the device is mounted
on a tripod and is promptly installed in remote areas, provided power supply can be ensured. The
GPRI acquires a microwave image of the target area of 90◦azimuth range in about 20 min. The device
carries a secondary receiver antenna at slightly different look direction than the primary antenna. The
simultaneous acquisition of pairs of microwave images permits generation of a DEM of the surveyed
topography alongside the displacement measurements.

The analysis of the GPRI microwave images follows differential interferometry processing techniques
(e.g. Bamler and Hartl, 1998; ESA, 2007), which includes phase-unwrapping, filtering, conversion of the
phase-difference signal to scalar displacements, and geolocalization. All these tasks were carried out by
GRS. Multiple subsequent images can be integrated into an interferogram aslong as the images remain
sufficiently coherent. In this way, GRS produced displacement maps based on 5 h interferograms.

In space-borne InSAR imaging the device is located high above the target. Thus, the vector of the line
of sight direction (LOSD) is dominated by the elevation difference between satellite and ground, and
is assumed to be the same for all resolution cells (interferogram pixels) of theinterferogram, since the
lateral extent (azimuthal and ground range) is much smaller. For ground-based interferometry using the
GPRI, this does not apply, since the elevation difference between deviceand target area may be similar
or smaller than the operational range. Thus, for the ground-based GPRI survey, each resolution cell is
assigned an individual LOSD vector on which the phase signal is determined.

We intended to monitor the spatial variations of the ice motion at the ice dam (the confluence area in the
vicinity of Gornersee). The radar was targeted at the principal area ata distance of 0 to 1200 m from
Gornersee, laterally confined by the two moraines, M1 and M2 (Fig. 4.1b).In the same area the in-situ
ice displacement measurements were carried out. Figure 4.1b shows the locations of 13 markers set up
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for the local ice motion measurements; for orientation purposes the mean annual ice flow directions are
indicated in the primary target area at stakes 837 and 828.

The markers used for the in-situ ice-displacement measurements were ice-anchored aluminum poles
equipped with optical mirrors. From the mirror reflectance pattern of each marker, the tachymeter au-
tomatically determined azimuth and relative distance at a sampling interval of 1 h. The readings were
corrected for atmospheric refraction by using fixed reference markers installed at known positions along
the glacier margin, thus covering different distances and azimuth directions. From the angular records
and the known position of the tachymeter, the positions of the markers and the resulting displacement
trajectories were calculated. The accuracy of the positions estimates is about ±5 cm. A detailed account
of the survey technique and associated error estimates is given by Gudmundsson et al. (2000) and Riesen
et al. (2010).

In order to compare the in-situ measured displacements to the displacements observed by the radar, we
chose nine reference markers (823, 824, 828, 833-835, 837-838, 853) at which we additionally installed
corner reflectors. This enabled identification of the marker locations in the radar interferograms, as the
steel panel reflectors are highly reflective.

Three markers, viz. 824, 834 and 837 (Fig. 4.1b), were equipped with GPS receivers (Leica GPS500)
instead of optical mirrors. Simultaneously, a fixed GPS reference site, located close to the tachymeter,
was operated. We performed a differential GPS analysis and processed the data in kinematic mode with
a sampling interval of 2 min using the software, “Track” (Chen, 1998; King, 2004). The accuracies
of the positions estimated by kinematic GPS are on the same order as those estimatedoptically by the
tachymeter (Riesen et al., 2010). The exact positions of the tachymeter, theGPS reference station and the
GPRI were determined with GPS precise point positioning (PPP) (Natural Resources Canada, 2008). In
this way, a consistent frame of reference for all position estimates was provided, minimizing translation
errors.

In addition, an ultrasonic ranger device was operated at the location of marker 837, continuously measur-
ing surface ablation during the lake drainage/radar survey time. Each day, we also recorded the local ice
melt at each of the marker locations. The ice surface motion measurements were supplemented by mea-
surements of subglacial water pressure in boreholes, which were drilledto the glacier bed and equipped
with pressure sensors.

4.3 Results

4.3.1 Drainage of Gornersee

Gornersee filled continuously until 20 June when, at 7am (CEST), a decrease of lake water level was
noticed. Indeed, the lake water level started to decrease around midnightof 20 June (Fig. 4.2). Gornersee
drained more and more rapidly and emptied in less than 4 d. After the lake was fully drained we inspected
the lake basin and detected a large channel (>15 m diameter) at the southwestern lake shore plunging
into the ice of Grenzgletscher in the southwest direction (Fig. 4.1, cross).The level of the channel roof
was∼5 to 10 m lower than the surface elevation of the surrounding ice dam.

Before 14 June, the water level in the boreholes, bh1 and bh2 synchronously fluctuated diurnally with
comparable amplitude (Fig. 4.2). On 15 June, the water level in borehole bh1dropped almost 100 m,
continued to oscillate diurnally, and then rose again sharply on 17 June, remaining at high level until 23
June. In borehole bh2, the diurnal oscillations were interrupted on 15 June and the water level increased
slowly until 23 June without significant fluctuations. From 23 June onwards, the water level started to
fluctuate again diurnally, with large amplitude variation in borehole bh1, and small amplitude variation
in bh2.

These observations suggest the subglacial drainage system was undergoing some change already before
the decrease of lake water level was observed on 20 June. Presumably, the disruption of the diurnal
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Figure 4.2: Evolution of lake water level (thick solid curve) of Gornerseeand water level (w.l.) in
boreholes bh1 (dashed curve) and bh2 (thin solid curve). The interval between the two vertical lines
(solid grey) marks the duration of the lake drainage.

borehole water level fluctuations on 15 June and the successive increase of the water levels were caused
by lake water subglacially leaking from Gornersee prior to the superficialdecrease of lake water level on
20 June. We suppose, the leakage developed into a subglacial channel,which accomplished the complete
drainage of Gornersee within 4 d (20 to 24 June). Most likely, the aforementioned excavated channel was
the opening of this major drainage channel.

4.3.2 Surface ice displacements

The GPRI was in operation between 21 June, 8pm and 25 June, 12am. Dueto failure caused by current
peaks in the power supply, the device did not operate between June 23, 9am, and June 24, 6pm. From
55 h of operation time we obtained 44 h of useful data, which correspondsto 133 20 min interferograms.
As main product, GRS produced several 5 h interferograms from these data.

In Figure 4.3, the displacement maps derived from six 5 h interferograms are presented. The correspond-
ing acquisition time information is given in Table 4.2.

In the map of Figure 4.3a, the displacement pattern resembles a typical map of glacier flow velocities, i.e.
the largest displacements are located up-most on Grenzgletscher. The displacement magnitude decreases
along the moraine M2 (in the along-flow direction) and towards the margins (in the cross-flow direction).
Generally, the ice moves towards the GPRI (positive displacements). But down-glacier of the confluence
area where the LOSD becomes aligned normal to the principal direction of theice motion (now to
the west), the GPRI did not detect any motion. In Figure 4.3c, i.e. on the evening of 20 June, the
situation changed significantly. Below the confluence, strong negative displacements were recorded
between the two moraines, M1 and M2. Along the LOSD in the cross-flow direction, a transition of
negative to positive displacements occurs across the moraine M2. This displacement anomaly is also
present in Figure 4.3d and then starts to diminish in Figure 4.3e. In the confluence/ice dam area, i.e. the

Map Start Time (CEST) End Time (CEST)
a 21 June 10:29 pm 22 June 03:49 am
b 22 June 12:27 pm 22 June 05.37 pm
c 22 June 08:01 pm 23 June 00:52 am
d 22 June 10:51 pm 23 June 03:43 am
e 23 June 03:19 pm 23 June 07:41 am
f 25 June 03:00 am 25 June 08:11 am

Table 4.2: Acquisition time periods for the 5 h interferograms underlying the displacement maps of
Figures 4.3a-f
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Figure 4.3: (a-f) Displacement maps derived from six 5 h interferograms. Negative displacement is away
from the radar on the line of sight direction (LOSD) whilst positive displacement is towards the radar on
the LOSD. Dashed white curves indicate the side margins of the moraines, M1 and M2. Date and start
times are indicated

primary target area, the observed displacements were small and varied marginally. We expected to record
larger displacements in the ice dam area according to other drainage eventsfrom the previous years,
2004 and 2007 (e.g. Sugiyama et al., 2007a), in which the surface ice motionregime was perturbed
more conspicuously. In summary, we observed two clear signals: minor displacements and changes
in the confluence and lake vicinity area, and striking displacement variationsdown-glacier below the
confluence area.

Comparison to in-situ measured displacements

In the following, we refer to the displacements measured by the radar asobserveddisplacements, whereas
the displacements obtained from in-situ markers are referred to asmeasureddisplacements. The corner
reflectors attached to the nine reference markers already mentioned wereeasily identified in the inter-
ferograms due to the high reflectivity of the steel panels. The flow velocitiesof Gornergletscher in the
target area are below 1 m d-1, thus, none of the markers was displaced more than 0.7 m in any direc-
tion while any interferogram was integrated. Thus, for localization of the corner reflector positions in
the radar interferogram, the locations of the markers were treated as constant. Therefore, each marker
location corresponded to the interferogram pixel in which the reflection from the corner reflector was
identified. During a 5 h interferogram interval, five positions of a marker were usually measured by the
tachymeter, whereas at a marker equipped with a GPS receiver, 150 datapoints were acquired during the
same time span. From the array ofj = 1...N measured positions at a marker, denoted as vectorx = x j

i ,
we determined the actual measured 3D displacement vector during the interferogram (IF) time,∆tIF as

dm = v∆tIF , (4.3.1)
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wherev is the velocity vector, of which the components,vi were estimated as least-square fits of linear
polynomials,x j

i = vi t
j
i to the data points,x in each of the spatial componentsi ∈ [1,2,3].

For each marker, we computed the LOSD unit vectore∗ as the normalized difference between the position
of the GPRI and the average of the measured positions. Projectingdm ontoe∗ yields the scalar component
of dm in the direction of the line of sight as

d∗m = dm ·e∗, (4.3.2)

which can be directly compared to the observed displacements of the GPRI. However, it was not guar-
anteed that at every marker all points (N=5; or N=150 for GPS markers) were available, as sometimes
data points were missing due to malfunction or low visibility. Because the in-situ measurements were
sometimes sparse at several marker locations, we decided to compute the displacement vector at a marker
from the acquired positions within the interferogram time enlarged by additional ±3 h of buffering time.
In this way, a few more data points, acquired before and after the 5 h interferogram interval, were incor-
porated, increasingN slightly. Due to the uncertainties of the individual marker position estimates, the
estimate of a displacement vector from these very sparse data points might not be representative. Using
an enlarged time interval with more data points and fitting the velocity vector using equation (4.3.1) to
the data improves the estimate, provided the time interval is not enlarged too much. This is the reason
why we fitted a velocity vector to the data and then scaled the velocity by the interferogram time∆tIF ,
to estimatedm in equation (4.3.1). We tried different lengths of additional buffer time and found that the
agreement between d∗

m and the observed displacement from the GPRI (denoted henceforth by d∗) is best
when using±3 h of buffer time (section “Error Analysis”).

Ablation correction

Changes of the ice surface motion of Gornergletscher in June are a combination of ice displacement and
surface melt. From the diurnal melt signal of the ultrasonic ranger and the local melt measurements at
each marker we constructed simple melt functions to estimate the melt component during an interfero-
gram. The (negative) melt component could then be added todm of each marker if desired.

Verification and Error Analysis

In the following, we compare the scalar projections, d∗
m of the marker displacements against the dis-

placements extracted from the GPRI maps (= distribution of d∗) by quantifying the discrepancies,
∆d = |d∗m−d∗| in detail. In Figure 4.4, we depict the mean of∆d from the six available displacement
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Ablation filtered unfiltered Error
correction Interferogram Interferogram estimates (cm)

× σ̄=0.16, ē=0.54
× × σ̄=0.26, ē=0.62

× σ̄=0.31, ē=0.65
× × σ̄=0.33, ē=1.12

Table 4.3: Mean standard deviations,σ̄ and mean absolute errors, ¯e = ∆d of the differences between
’observed’ displacement (as measured by the GPRI in line of sight direction, LOSD) and the ’measured’
displacement (as measured at the in-situ marker positions and projected ontoLOSD). The values refer to
the results when different data combinations as indicated by the crosses are used.

Marker d∗m (cm) ē (cm) ēr (%) α (◦)
853 4.52 0.64 14.2 17.2
823 1.43 0.30 21.2 36.5
838 2.94 0.64 21.8 6.4
828 1.79 0.41 22.7 16.2
837 2.17 0.55 25.3 2.2
835 1.88 0.51 27.0 15.4
834 1.68 0.52 31.1 6.7
824 1.24 0.86 69.2 37.8
833 0.10 0.46 467.2 21.5

Table 4.4: Mean values of observed absolute displacements,|d∗m|, mean absolute errors, ¯e = ∆d and
mean relative error, ¯er from the six interferograms, relative to the ’measured’ displacement projected onto
LOSD, at each marker. The horizontal angle,α betweene∗ and the mean horizontal marker displacement
direction is also indicated

maps at each marker, with± 1 standard deviation,σ, the markers being sorted in increasing distance from
the GPRI. The error magnitude increases slightly with increasing distance from the GPRI, but this trend
is not significant. We compared the measured d∗

m with the observed, d∗ displacement in several different
combinations, i.e., (1) marker displacements extracted from the filtered (smoothed) interferograms, (2)
additionally correcting the displacements for ablation, (3) extracting the observed displacements from the
unfiltered (raw) interferograms, and (4) again including a correction for the ablation. The error estimates
from these ’processing strategies’ are shown in Table 4.3.

We notice that lowest standard deviations and smallest mean errors are achieved when settling with the
default product, i.e., the filtered interferograms and not incorporating anablation correction. The agree-
ment between observed and measured displacements is acceptable, despitethe considerable variance.
The mean of the absolute displacements,|d∗m| at a marker ranges between 1 and 5 cm and that of the
differences,∆d is between 0.5 and 1 cm, which corresponds to relative errors between 16 % and 30 %
(Table 4.4). The mean relative error of the differences at all stakes excluding 833 is 29 %. The best
agreement between measured and observed displacement was obtained at marker 853 (Table 4.4), which
is located up-most on Grenzgletscher (Fig. 4.1b), where flow velocities are highest and thus displace-
ments are largest.

In Table 4.4 we also indicated the angle of incidence,α between the horizontal LOSD and the mean
displacement vectors for each stake. There is no clear correlation indicating that displacements are better
measured when LOSD and flow directions are aligned. The alignment therefore plays a minor role.
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Figure 4.5: Cumulative observed (d∗, black solid, circles) and measured (d∗
m, grey crosses) displacements

in LOSD during four days (21-24 June) at nine (reference) markers.

Cumulative displacements

The GPRI was operated almost continuously. We hence extracted the scalar displacements at the marker
locations from the chain of 133 interferograms and plotted in Figures 4.5 and4.6 the resulting cumulative
displacements together with the marker displacement projected onto the LOSD. Note that in Figure 4.6,
the observed displacements were extracted from the interferograms at thepixels closest to the marker
positions. Cumulative observed and measured displacements are in good agreement. The observed
displacements are offset by 1 d on 23 June due to the interruption of the GPRI operation on 23-24 June.
On 22 June, displacements decrease significantly at markers 813 and 814, while at markers 815 and 816
the displacements increase slightly (Fig. 4.6). This event is well captured byboth GPRI and traditional
marker measurements. It is the same signal as the displacement anomaly below the confluence, present
in the displacement maps of Figures 4.3c, d and the change of displacement has a magnitude of about
10 cm within 0.5 d. This perturbation can be clearly captured by the GPRI.

4.4 Discussion

We have seen that observed and measured displacements show disparitiesup to 30%. The markers were
located in the confluence region of Gornergletscher, which is the region where glacier flow is slowest
and thus small displacements were recorded both by the GPRI and at the marker locations. However,
the agreement is better in regions of Gornergletscher were larger displacements were measured (i.e., at
markers 853 and 813-816, although at 813-816 displacements could notbe directly compared). We had
been aware of the slow flow in the confluence, but expected more significant disturbances of the sur-
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in LOSD during four days (21-24 June) at the four markers 814-816 outside the GPRI scan sector. The
observed displacements are extracted from the interferogram pixels nearest to the marker locations.

face ice motion in the confluence and lake vicinity area (i.e. pronounced surface uplift as during the
drainage event of 2004; Sugiyama et al., 2008). Small displacements occur because of the slow flow
of Gornergletscher and the unspectacular influence of the lake drainage on the ice flow within the ice
dam/confluence area of Gornergletscher. During 5 to 8 h, the surface ice motion within the target area
of Gornergletscher is a few cm at most. Thus, the actual measured displacements are on the order of
the accuracy of the position estimation of the tachymeter and GPS for such a short time period. This
explains why standard deviations are large and why the best agreement was observed where the largest
displacement was measured.
The melt rates were on the order of 5 cm d-1. In fact, the large surface melt lowered the coherence of
successive interferograms computed with more than 2 h integration-time interval during daytime (af-
ternoon). Thus, the 5 h interferograms and displacement maps presentedin Figure 4.3 were primarily
obtained during evening and night time (except for the interferogram of Fig. 4.3b), when the melt was
essentially absent and the inclusion of an ablation correction did not provide data enhancement. There-
fore, we did not include any ablation correction when computing the displacements in LOSD from the
measured displacements at the markers for comparison with the 5 h GPRI displacements. On the other
hand, for the computation of cumulative displacements as those shown in Figures 4.5 and 4.6 successive
interferograms with time intervals of 20 min were computed, with good coherencealso during daytime.
Below the confluence, the impact of the lake drainage was much more pronounced and resulted in dis-
placements of the ice surface on the order of about 10 cm within a few hours. The GPRI measurements
in that area could not directly be compared with the in-situ ice-displacement measurements as the GPRI
scan sector did not overlap the markers 813-816. Nonetheless, the agreement between cumulative dis-
placements in LOSD extracted from the closest interferogram pixel to the measured marker displacement
projected onto the LOSD is indeed satisfactory. The GPRI was clearly able tocapture this perturbation
both temporally and in spatial dimensions. The resulting displacement maps of Figure 4.3a-f provide
detailed information on the spatial distribution of the displacement changes below the confluence, filling
the gap of information in the area between the markers 823, 824 and 813-816.
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Figure 4.7: Displacements (displ.) along (1) the mean ice flow direction, (2) thecross-flow direction,
and in (3) the vertical direction, at the markers 813-816. The dashed vertical lines labeled a-f correspond
to the start times of the interferograms given in Figures 4.3.

4.4.1 Influence of Gornersee drainage on the surface ice motion

It is known that disturbances of the glacier’s subglacial environment byincreased water input affects
the basal motion of the glacier ice, which contributes substantially to the surface ice motion (e.g. Iken
and Bindschadler, 1986; Iken, 1981; Sugiyama and Gudmundsson, 2004). The observed and measured
changes in surface ice motion on Gornergletscher are thus most likely linkedto changes in basal water
pressure and temporary water storage in the subglacial drainage system,as induced by the drainage of
Gornersee. It drained before the lake water level approached the level of flotation of the ice dam into
one major subglacial channel. The impact of the lake drainage on the flow ofGornergletscher in the
confluence/ice dam area was minor; only a slight increase of displacementwas determined, but surface
uplifts or damaging of the lake border was not detected. This may indicate thatthe water traveled through
the confluence area entirely en-glacially and only reached the glacier beddown-glacier of the confluence
area, which is where the lake drainage had a very pronounced effect.

It is intriguing that the GPRI detected opposite displacements across Gornergletscher in the area below
the confluence. To elucidate the observation of the GPRI, we refer to the displacements measured at the
profile of markers 813-816 across Gornergletscher (Fig. 4.1b). In Figure 4.7 we plotted the along-flow
(1), cross-flow (2) and vertical (3) components of the displacement trajectories of the markers 813-816.
The along-flow direction of each marker refers to the mean flow direction ateach marker. From 20
to 23 June, all markers moved slightly faster down-glacier (Fig. 4.7a). During the same time, markers
815 and 816 showed an excessive cross-flow excursive motion (towards south) of the order of 10 cm,
while markers 813 and 814 seemed to move slightly in the opposite direction (towards north) (Fig. 4.7b).
However, 815 and 816 do not move much in the vertical direction, whilst 813and 814 show an uplift of
almost 30 cm from 18-22 June (Fig. 4.7c). In the evening of 22 June, thevertical uplift of markers 813
and 814 drops significantly and the ice motion at markers 815 and 816 reverses to the opposite cross-flow
direction (towards north), resuming its initial trajectory. This moment of opposite ice surface motion was
recorded by the GPRI and is visible in the displacement maps recorded on 22June (Fig. 4.3c-d). The
anomalous signal recorded by the GPRI corresponds to the combined signal of surface down-drop (away
from the GPRI, resulting in negative displacements) and cross-flow motion (towards the GPRI, resulting



54 CHAPTER 4. SURFACE ICE MOTION MEASURED WITH AN INTERFEROMETRIC RADAR

in positive displacements) in the radar look direction across the lower tongueof Gornergletscher; the
moraine M2 is separating these two motion events. The origin of this anomalous icemotion is not clear.
It is treated in detail in the recent article by Sugiyama et al. (2010).

4.5 Conclusions

We measured the surface ice motion of Gornergletscher during the drainage of the adjacent Gornersee
using a real aperture radar interferometer (GPRI). The lake drainageinduced local variations in the ice
surface motion of Gornergletscher. We could successfully detect the icedisplacement variations with the
GPRI. The agreement with local in-situ ice displacement measurements is satisfactory and shows that the
GPRI produces reliable results. It can be well used for measuring ice displacement variations over a large
area and over short time scales of a day to a few hours. In the Gornergletscher confluence area, the ice
motion anomaly traveled at lowest velocities. There, the velocities were on the order of 0.1 m d-1. This is
about the lower limit of velocity at which an ice motion event can be tracked with an acceptable error of
∼10%. Our study showed the approximate lower resolution limit of the GPRI. Nevertheless, the range of
application is wide. Definitely, perturbations of the ice motion which produce displacements and travel
at speeds higher than 0.1 m d-1 can be tracked by the GPRI with high accuracy on the sub-daily scale. An
upper limit of travel speed is given by the range/azimuth resolution, i.e, whichis about 50 m d-1. This
(theoretical) upper limit is influenced by the loss of coherence due to ablationand should be assessed by
further field measurements.
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Chapter 5

A thermomechanical solid viscoelastic model for
transient creep of ice

This chapter compiles the results of a lecture held by K. Hutter specifically covering the constitutive
theory of viscoelastic models of polycrystalline ice in glaciology.

5.1 Introduction

A continuum thermodynamic formulation of the material behavior of poly-crystalline glacier ice is pro-
posed, in which the material exhibits elastic properties as well as viscous effects that account for primary
and secondary creep. The intention is to provide a formulation for describing flow processes in glaciers
which show significant changes on time scales of a few hours to a week. Surface flow measurements in
the immediate vicinity and down-glacier of the ice-dammed lake Gornersee, Switzerland, have shown
rapid changes and relatively fast return to ’normality’ during the subglacial outburst of the lake water.

Interpretation of these measurements (see Sugiyama et al., 2007a, 2008) suggest that enhanced basal
motion, caused by the excess water supply to the subglacial environment cannot fully explain the ob-
servations. It was therefore suggested that elastic effects may as well be responsible for the relatively
rapid response of the ice. However, elasticity alone may equally be insufficient to explain the mentioned
flow changes. Because the typical time scale of the observations is from a few hours to several days,
our conjecture has been here to suspect that primary creep may play a significant role in explaining the
observations. Many experiments (e.g. Glen, 1952, 1955; Steinemann, 1958; Mellor and Smith, 1967;
Mellor and Testa, 1969) show primary creep to be effective in conductedcreep tests, for approximate
durations of a few hours to a few days, which is of a similar order of the lakeoutburst duration.

There exist models in the literature attempting to describe ice as a non-linear viscous fluid. Morland
and Spring (1981) have proposed a rheological equation that relates stress, stress rates, strain rates and
strain accelerations, and demonstrate for uni-axial compression that theirproposed constitutive relations
are capable to reproduce primary, secondary and tertiary creep of isotropic ice. Morland (1979) has
already shown that by omitting stress rates in such a stress-deformation relation, the reproduction of
constant strain-rate experiments is not possible and tertiary creep may be lost. This has been made
explicit by McTigue et al. (1985) for an incompressible second grade fluid, which reduces to Newtonian
behavior when second order effects are ignored. This was the reason for Man and Sun (1987) to propose
two alternative second grade fluid models, which reduce to a non-Newtonian Glen-type flow law when
ignoring second grade effects. Their descriptions of constitutive relations for a modified second order
fluid is our starting point. However, because Man and Sun only look at creep and dismiss elastic effects
in their proposed constitutive relations, we add to their basic constitutive postulate for stress, the elastic
strain contribution and also thermal effects. We add a temperature dependence which was formerly
ignored by Man and Sun. So,

t = t̂(E, A(1), A(2), T, grad(T)),
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where,t, E, A(1), A(2), T, grad(T) are stress, strain, strain rate, strain acceleration, temperature and tem-
perature gradient, is the constitutive class, on which the thermodynamic formulation is based. We pro-
pose the most simple relation for the stress tensor on strain and shall reducethis dependence to a linear
Hookean behavior of a density-preserving material with vanishing (bulk)compressibility. Moreover, the
above constitutive class will be restricted by ad-hoc assumptions which makethe mathematical proof of
the thermodynamic behavior performed by Man and Sun (1987) applicable tothis case. This is achieved
by postulating thatt does not depend on grad(T) and the heat flux does not depend onE andA(1,2).
Further, an interaction dependence of the thermodynamic potential onE andA(1,2) is ignored. These
simplifications are conjectured to be permissible; they make the mathematical analysis almost trivial and
still preserve the essential properties, namely (i) inclusion of elasticity effects, which, paired with the
viscous effects, allow for relaxation phenomena, and (ii) use of the second grade fluid concept to ac-
count for primary and secondary creep effects in the context of an extended Glen flow law. This assigns
the transient response observed in the measured flow velocities to two effects, each of which can be
separately studied by putting the parameters of the other effect to zero or keeping both present.

In the ensuing analysis we provide first a brief account on the kinematics,dynamics and constitutive
behaviour of a classical continuum. This material can be found in any text on Continuum Mechanics
(e.g. Hutter and J̈ohnk, 2004). Then, we present the thermodynamic analysis for the Thermoelastic
Modified Second Order Isotropic Material, which is a special form of a second grade fluid that is a slight
generalization of the second order fluid proposed by Sun (1987).

5.2 Theoretical Background

5.2.1 Basis of Formulation and Prerequisites

Deformation

To describe motion, deformation and strain as viewed in the methods of continuum mechanics, we recall
some prerequisites which will be used in further sections when constructinga constitutive relation for
describing the material behaviour of ice. We will work in three-dimensional real Euclidian space with
standard basisei , whereei with i ∈ {1,2,3} are unit vectors in three dimensions of a rectangular Cartesian
coordinate system in an inertial frame. Within this system, the vectorX = Xi ei refers to the position
of a material particle inside a bodyB0 with initial configuration at timeτ = t0, called thereference
configuration1. If the bodyB0 and its particles have changed their configuration through time and
reached thepresent configurationwith new body shapeBt at timeτ = t, then the material particleX
has attained the new positionx = xiei . In general we haveX = Xαeα andx = xiei , respectively, where
the basiseα with α ∈ {1,2,3} may be distinct from the basisei . For simplicity, we often use the same
Cartesian basisei in describing both the reference and present configurations. The motion of a particle
from its reference to the present configuration is identified by the functionχ(X, t). Thus,x = χ(X, t)
is the coordinate triple of the particle position in the present configuration, whereasX = χ(X, t0) is the
identity mapping of the particle position in terms of its coordinates in the referenceconfiguration. This
concept states two different views of the material particle.
The particle velocityv and accelerationa can be either calculated as

v = v̂(X, t) = χ̇(X, t), (5.2.1)

a = â(X, t) = χ̈(X, t), (5.2.2)

1We employ the Einstein summation convention according to which summation over doubly repeated indices is understood
(eg.δii = δ11+δ22+δ33 for i = [1,2,3])
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or

v = v̂
(
χ−1(X, t)

)
= v(x(t), t), (5.2.3)

a = â
(
χ−1(X, t)

)
=

∂v
∂t

+
∂v
∂x

∂x
∂t

=
∂v
∂t

+gradv ·v. (5.2.4)

Direct dependence of the motion functionχ on X as in (5.2.1) and (5.2.2), is referred to as material
(Lagrange) formulation. Moreover, we have used the superimposed dot to designate the time derivative
holding the particleX fixed. We shall also use the equivalent notation of the material derivative(̇) as
∂()
∂t + v j · () , j , wherev=̂v j is the velocity. In what follows we shall employ the same symbol to denote
the functional dependence of a physical variable upon different independent variables, e.g.v = v(X, t) =
v(x, t). This notation is only permissible if, in each instance, the set of independentvariables is clearly
defined. In the Lagrange notation a material particle is identified by its positionX in the reference
configuration. The spatial (Euler) description, given in (5.2.3) and (5.2.4), refers to the present position
x of a particle. The velocity (5.2.3) is therefore determined from the actual variables(x, t). In the spatial
formulation, the variablex of a material particleX is a function of timet, asx = χ(X, t) = x(t) and we
use the chain rule of differentiation to calculate the acceleration in (5.2.4).
A measure to describe the changes in shape, length and volume, undergone by the particles of the material
bodyB during their motion, is described by thedeformation gradient

F =
∂χ(X, t)

∂X
= Gradχ(X, t) = Gradx. (5.2.5)

Note that we use Grad (grad) when differentiation is with respect toX (x). This also holds for Div (div)
or Curl (curl). The transformations of an incremental line element dX into dx and of a particleX into x
are thus given by

dx = F(X, t)dX, and x =
Z t

t0
F(X, t)dt, (5.2.6)

where the integration is along the particle trajectory andt0 is the time in the initial reference configuration.
Similar expressions for the transformations of a surface element dA, or volume element dV exist and read

da = JF−TdA, (5.2.7)

dv = JdV, (5.2.8)

whereJ := detF andF−T =
(
F−1

)T
, (see e.g. Hutter and Jöhnk, 2004, Chap.1). It is important to note

that we must demand the motion functionχ to be continuously differentiable forF being invertible and
detF > 0.
Thespatial velocity gradientL is defined as

L =
∂v
∂x

= gradv. (5.2.9)

The deformation gradientF by definition is a spatial derivative with respect to the position in the refer-
ence configuration, whereas the spatial velocity gradientL refers to the present configurationx, and is a
gradient quantity in the spatial formulation. Nevertheless,L andF can be related as follows

L =
∂v
∂x

=
∂2x

∂t ∂X
∂X
∂x

=
∂F
∂t

F−1 = ḞF−1. (5.2.10)

Thus, the right-hand side of (5.2.10) gives us a measure ofL in the material description.
Further,L can be decomposed into two tensors as

L = D+W, (5.2.11)

with

D = 1
2(L +LT), (5.2.12)

W = 1
2(L −LT). (5.2.13)



60 CHAPTER 5. THEORY OF A THERMO-VISCOELASTIC CONSTITUTIVEMODEL FOR ICE

D is symmetric (D = DT), and is a rate measure of pure stretch or shortening (stretching tensor). The
tensorW is skew-symmetric (W = −WT, vorticity tensor), and quantifies the rate of rotation. This
becomes clear if we look at a motion where we move from the reference configuration to the present
configuration by a simplerigid body rotation. Thus, we may write this motion asx = Q(t)X, where
Q(t) is an orthogonal matrix (Q−1 = QT). We show that

F =
∂x
∂X

= Q, (5.2.14)

L = ḞF−1 = Q̇QT, (5.2.15)

D = 1
2(Q̇QT +QQ̇T) = 0, (5.2.16)

W = 1
2(Q̇QT −QQ̇T) = Q̇QT, (5.2.17)

using (5.2.6), (5.2.10), and the identityQ̇QT = −QQ̇T. True strain measures must not include propor-
tions of rigid body rotations. Other expressions in terms of the deformation gradientF exist, for which
the rate of rotation is eliminated for any general rigid body motion.
The mentioned properties ofF allow its unique polar decomposition, from which such measures can be
derived (see e.g. Hutter and Jöhnk, 2004). They are

C = FTF, (5.2.18)

theright Cauchy-Greendeformation tensor, and

B = FFT, (5.2.19)

the left Cauchy-Greendeformation tensor. For these, the identity matrixI emerges under a general rigid
body motionx = Q(t)(X −Xm)−c(t), whereQ(t) is any orthogonal tensor,Xm is a rotation center and
c(t) is a translation vector. The right Cauchy-Green deformation tensor (5.2.18) is in material formula-
tion; consequently, the left Cauchy-Green deformation tensor (5.2.19) refers to the spatial description.
We can construct a strain measure by

E = 1
2(B− I) = 1

2(FFT − I), (5.2.20)

which is known as thespatial strain tensor, or Finger strain tensor.

Relative Deformation

Relative deformation describes the deformation of a material particle betweenthe present configuration
at timet and an earlier past configuration at timeτ < t. Consequently, the motion from the reference
position att0 to the position atτ is not considered. Only the recentrelative motionχ t,τ of the material
particle between the present timet and the past timeτ is preserved. We write therelative deformation
gradientas

Ft,τ = F(τ)F−1(t), or (Ft,τ)i j = Fi α(τ)F−1
α j (t), (5.2.21)

which measures the deformation of a material particle between the timest andτ. The relative deforma-
tion gradient is a composition of the deformation gradient describing the epoch t0 → τ, and the inverse
material deformation gradientF for t → t0. Note that the relative deformation gradient now corresponds
to a spatial formulation and the relative motion and respective relative deformation are described back-
wards into the past. The total time derivative of the relative quantities are, hence, defined for timesτ
between the past and the present configuration. We can formulate an important relation of the spatial
velocity gradientL , which is defined at the present timet. With the help of (5.2.10) and by evaluating
the relative deformation gradientFt,τ at τ = t, the spatial gradient becomes

L =
∂Ft,τ

∂τ

∣
∣
∣
∣
τ=t

F−1
t,τ

∣
∣
τ=t = Ḟt,τ

∣
∣
τ=t I = Ḟt, t . (5.2.22)
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F must be evaluated at timet after differentiation with respect toτ, henceḞt, t , whereas the second term in

(5.2.22) reduces to the identity matrix, because, ifτ = t, thenFt, t =
[
F(t)F−1(t)

]−1
= I−1 = I , according

to (5.2.21).
Similarly, the relative right Cauchy-Green deformation tensor is formed, and its time derivative, evaluated
at timeτ = t is thefirst Rivlin-Ericksen tensor

A(1)(t) =
∂Ct,τ

∂τ

∣
∣
∣
∣
τ=t

= Ċt,τ
∣
∣
τ=t = Ċt,t . (5.2.23)

The nth time derivative∂nCt,τ/∂τn|τ=t defines the Rivlin-Ericksen tensor of ordern. Those may also be
constructed by the recurrence relation as stated by Truesdell and Noll (2004)

A(n+1) = Ȧ(n) +LTA(n) +A(n)|L , (5.2.24)

thus, by using (5.2.12) and the fact thatA(0) = I ,

A(1) = L +LT = 2D, (5.2.25)

A(2) = 2(Ḋ+LTD+DL), (5.2.26)

are the first and the second Rivlin-Ericksen tensors.

Balance laws

A body composed of material particles and subjected to motion must fulfill the fundamental balance laws
of mass, momentum and energy. In continuum theories of fluid dynamics, these laws are commonly
expressed in the spatial (Euler) formulation as

ρ̇+ρdiv(v) = 0 (mass), (5.2.27)

ρv̇ = div(t)+ρf (momentum), (5.2.28)

ρε̇ = −div(q)+ t ∗D+ρ r (energy). (5.2.29)

In (5.2.27),ρ is the specific density of the body or material particle andv is the velocity vector. Mass
balance states that the change in density of the considered material body must balance any material flux
into the body. The momentum balance (5.2.28) states that the time rate of change of momentum, here
expressed as mass per unit volume multiplied by the acceleration, must equal the sum of external body
forceρf and other contact forces, described by the applied stresst. Further, asε is the specific internal
energy, the rate of change per unit volume ofε is balanced by the energy flux due to heat conductionq,
the work performed by applied forces (t ∗D), and the external sourceρ r of energy (e.g. radiation). The
balance law of angular momentum is not written down explicitly, as it is commonly satisfied by requiring
the Cauchy stress tensor to be symmetric,t = tT. The energy balance (5.2.29) corresponds to the first law
of thermodynamics. There exists yet a further balance law for theentropyof a material, the second law
of thermodynamics. All these laws must be fulfilled to describe a valid physicalprocess. However, we
will return to the restrictions of the entropy balance at a later stage. The principles and quantities which
we have briefly recalled in this section will be used when we set up the constitutive relations for the ice.
For a more detailed account and background we point to e.g. Hutter and Jöhnk (2004).

5.2.2 Form of Constitutive Relation for Isotropic Materials

The balance laws of mass, linear momentum and energy form five evolution equations involving more
than five physical field quantities. To reduce the number of unknowns to thecorrect number and de-
termine the field equations which form deterministic evolution equations, some fieldvariables must be
determined as functionals of others. Such relations are constitutive relations and the dependent variables
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in these relations are called constitutive variables. In a general sense, we can express the relations for the
constitutive quantities of the Cauchy stresst, heat fluxq and internal energyε in the form

C = Ĉ(Sc), (5.2.30)

whereC either stands fort, q, or ε, andSc expresses a set of independent state variables. If the setSc is
given byF,T andG = Grad(T), and we leave out explicitly listingX, we have

C = Ĉ(F,T,G), (5.2.31)

which defines a very simplified form of constitutive relations for a so-calledsimple material. In (5.2.31),
it is understood thatC is evaluated for a particle at timet in its present configuration. Likewise, the
independent state variables of the constitutive functionĈ(·) are evaluated for the same particle also at
present timet. In a more general simple material, the variablesSc could depend on all times prior to
time t. However, we shall not consider this generality, but later will allow dependence on the history
over a vanishingly small past time through current derivatives of the statevariables. Moreover, in a
simple material, the constitutive quantities inSc are only dependent on the immediate neighborhood
of a considered particleX, expressed by their gradientsF = Grad(x) andG = Grad(T). The relation
of the form (5.2.31) is the basis for many material descriptions and is alreadya very much simplified
description of the material behaviour. The full derivation of this conceptgoes back to Coleman and Noll
(1960).

Material symmetry

The above representation (5.2.31) describes isotropic or anisotropic material behaviour. To obtain a con-
stitutive relation for isotropic materials, additional restrictions need to be imposed. A material may pos-
sess certain symmetries which must be reflected by the constitutive relations. If, for example, thesame
deformation (on the macroscopic scale) in the present configuration wouldresult from having deformed
a material body either out of the reference configurationκ, or out of another reference configurationκ̂
relative toκ, then the transformation which relatesκ to κ̂ is a symmetry transformation of the considered
material body. Configuration̂κ is said to be symmetric toκ. Other such configurationŝκi may also exist;
all symmetric transformationŝκi define a mathematical group of symmetry transformations which then
reflects the material symmetry properties. To express this in terms of the constitutive relations, we write
(5.2.31) in either configurationκ, κ̂ as

Ĉκ(Fκ,Tκ,Gκ), and Ĉκ̂(Fκ̂,T κ̂,Gκ̂), (5.2.32)

in which the reference configurationsκ andκ̂ and the corresponding values ofF, T andG in the respec-
tive configuration have been made explicit by the superscripts(·)κ and(·)κ̂, respectively.

Correct constitutive relations respecting a given material symmetry must thensatisfy the condition

Ĉκ(Fκ,Tκ,Gκ) = Ĉκ̂(Fκ̂,T κ̂,Gκ̂), (5.2.33)

whereFκ̂, T κ̂, Gκ̂ in configurationκ̂ can be expressed as those in configurationκ, viz.,

Fκ̂ = FκP−1, T κ̂ = Tκ, Gκ̂ = GκP−1, (5.2.34)

andP stands for the invertible transformation

P =
∂Xκ̂

∂Xκ . (5.2.35)

Note that the scalar quantity of temperatureT does not depend on the configuration, whereas the gradient
quantitiesFκ, κ̂ andGκ, κ̂ do. We may drop the superscript notation in the argument list of (5.2.33), as
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by (5.2.33) and (5.2.34) we automatically stated the formal equality of the two configurations. The
symmetry condition then takes the form

Ĉ(F,T,G) = Ĉ(FP,T,GP). (5.2.36)

The material is said to beisotropic, when its constitutive relations fulfill the symmetry condition (5.2.36)
for all possibleP, which belong to the group of full orthogonal transformations, so (5.2.36) becomes

C = Ĉ(F,T,G) = Ĉ(FQ,T,GQ), (5.2.37)

whereQ is any general orthogonal transformation. It can easily be verified thatfor an isotropic material
C must have the dependencies

C = Ĉ( f (B), T,GF−1), (5.2.38)

whereB = FFT, andGF−1 = grad(T). Indeed, withFQ from (5.2.37) we have

B = (FQ)(FQ)T = FQQTFT = FFT, (5.2.39)

GF−1 = GQQ−1F−1 = GF−1, (5.2.40)

which are both invariant under the full orthogonal group. The quantityf (B) is any convenient Eulerian
strain measure.

Rate type materials

In the constitutive relations of the form (5.2.31), there is no dependence on the history of the state
variablesF, T, andG, but dependence on the immediate past can be incorporated by including truncated
Taylor series of the state variables at timet. Then the functionalC becomes

C = Ĉ(F, Ḟ, . . .
NF
F ,T, Ṫ, . . .

NT

T ,G,Ġ, . . .
NG

G), (5.2.41)

and the material which is described by such a constitutive relation is said to be of rate type NF, NT , and
NG in the variablesF, T andG. From the above constitutive form (5.2.41), different material classes
arise:

Thermoelastic material: If NF = NT = NG = 0, the resulting constitutive relations fort, q andε read

ε = ε̂(F,T,G), q = q̂(F,T,G), t = t̂(F,T,G). (5.2.42)

Materials which pertain to the above constitutive relations are classified asthermoelastic materials.

Viscous thermoelastic material: If NF = 1 andNT = NG = 0, we get

ε = ε̂(F, Ḟ,T,G), q = q̂(F, Ḟ,T,G), t = t̂(F, Ḟ,T,G), (5.2.43)

which are the basic constitutive relations describing aviscous thermoelastic or thermo-viscoelastic
material. Thermo-viscoelastic materials are of rate type 1 with respect to the deformation gradient.

Fluid or solid

The above constitutive relations do not yet tell us whether the material dealtwith is a fluid or a solid; they
describe a general isotropic material. However, if we explicitly want to express the constitutive relations
for an isotropic fluid body, we use the fact that an isotropic fluid has higher degrees of symmetry than
a solid material, e.g. consider an experiment were a glass of water has beenstirred and the water in it
has come to rest again. We will not be able to distinguish between the water in theglass before and
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after it has been stirred. However, the motion the water has undergone bythe stirring operation is much
more general than an orthogonal transformation. Isotropic fluids possess the largest group of symmetry
transformations possible, which includes all uni-modular (volume-preserving) transformations. If we
consider the symmetry condition (5.2.36) for an isotropic viscous thermoelasticmaterial and chooseQ
to be an uni-modular transformation, e.g.Q = (detF)

1
3 F−1, then

C = Ĉ
(
FQ, ḞQ,T,GQ

)

= Ĉ
(
F(detF)

1
3 F−1, Ḟ(detF)

1
3 F−1), T, G(detF)

1
3 F−1). (5.2.44)

The right-hand side of (5.2.44) can be exploited in more detail if we rewrite thematerial temperature
gradientG as

G =
∂T(X, t)

∂X
=

∂T(x, t)
∂x

∂x
∂X

= grad(T)F = gF. (5.2.45)

We useḞ = LF from (5.2.10) and substitute (5.2.45) into (5.2.44), which yields

C = Ĉ
(
F,LF ,T,gF

)

= Ĉ
(
F(detF)

1
3 F−1,LF(detF)

1
3 F−1,T,gF(detF)

1
3 F−1)

= Ĉ
(
(detF)

1
3 ,L (detF)

1
3 ,T,g(detF)

1
3
)

= ˆ̂C
(
detF,L ,T,g

)
. (5.2.46)

The constitutive relations for a viscous thermoelastic fluid thus depend onF only through det(F). Ac-
cording to (5.2.8), we may useρ = (det(F))ρ0, whereρ0 corresponds to the known density in the ref-
erence configuration. We can always compute the actual densityρ which is proportional to det(F), thus
we may substitute the spatial material densityρ for the dependency on det(F). The constitutive relations
for a viscous thermoelastic fluid are consequently equally of the form

ε = ε̂(ρ,L ,T,g), q = q̂(ρ,L ,T,g), t = t̂(ρ,L ,T,g). (5.2.47)

Note that we thereby have changed the independent constitutive variables to Eulerian quantities.

Density preserving materials

So far we have considered fluid or solid isotropic bodies, and, based upon their symmetry properties,
formulated the corresponding general forms of constitutive relations. Wemust note that those formu-
lations apply to materials which are compressible, in the sense that their densityρ may vary through
time and motion and is an unknown independent field variable on which the constitutive relations rely.
For a density-preserving material this can not be the appropriate description, as we would loose an
independent field for constant densityρ. To accommodate for this, the stress tensor is split into two
components ast = t0 + tE, wheret0 is a diagonal tensor of the formt0 = −pI . In a figurative sense, the
pressurep is a uniform stress component in all three dimensions, accounting for the constraint condition
divv = vi, i = tr(L) = 0, which arises due to the reduction of the mass balance forρ = const. The pres-
surep does not perform any work on deformations, satisfying the constraint tr(L) = 0. Therefore, the
constitutive relation for a density-preserving material is only formulated forthe extra-stress tensortE.
As a basic field, the densityρ is replaced by the unknown pressurep.

The matter of objectivity

It is demanded that the constitutive relations formally do not differ when onechanges the frame of
observation. Hence, the functional forms in (5.2.37) can only depend onquantities which transform in an
objective manner, where frame-dependent terms vanish and do not influence the transformed variables.
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For an Euclidian transformationx∗ = O(t)x+b(t), the rotation matrixO(t) is orthogonal andb(t) is a
translation vector. Objectivity is warranted if the dependent variables andalso the constitutive quantities
transform according to the rules

λ∗ = λ, (5.2.48)

b∗ = Ob, (5.2.49)

T∗ = OTOT, (5.2.50)

Here,λ∗, b∗ andT∗ are dependent constitutive variables referred to the frame(·)∗, whilst λ, b andT are
those referred to the frame(·). Moreover, (5.2.48) is an objective transformation for a scalar quantity,
(5.2.49) indicates the objective vector transformation, and (5.2.50) is an objective tensor transformation2.

The symmetry condition (5.2.37) and the above transformation rules for objectivity can be combined to
yield general restrictions, which the constitutive functions describing an isotropic material must satisfy.
Let µ, υ and S be a scalar-valued, vector-valued and tensor-valued physical quantity, for which the
constitutive functions are of the form

λ = λ̂(µ, υ, S), b = b̂(µ, υ, S), T = T̂(µ, υ, S). (5.2.51)

The combined conditions of isotropy and objectivity then read

λ̂(µ, Qυ,QSQT) = λ̂(µ, υ, S) (5.2.52)

b̂(µ, Qυ, QSQT) = Qb̂(µ, υ, S) (5.2.53)

T̂(µ, Qυ, QSQT) = QT̂(µ, υ, S)QT, (5.2.54)

and must hold for the group of all orthogonal transformationsQ. Constitutive relations obeying these
relations then possess a form admissible for isotropic bodies that need no further reductions for solids but
may need further reduction for fluids. According to the above requirements, general complex isotropic
polynomial expressions in terms ofυ andS have been derived for the representations of constitutive
isotropic functionsb andT, in which the polynomial coefficients depend on invariant quantities ofυ and
S. Reduced forms of these functions have the form (see Hutter and Jöhnk, 2004)

T = aI +bS+cS2 +dυ⊗υ+e(Sυ⊗υ+υ⊗Sυ)

+ f (S2 υ⊗υ+υ⊗S2 υ), (5.2.55)

b = αυ+βSυ+ γS2υ, (5.2.56)

in which T andS have been assumed symmetric. The coefficientsa, b,c,d ,e, f ,α ,β ,γ are functions
of the setS of scalars invariants

S =
{

IS, IIS, III S,υ ·υ, υ ·Sυ, υ ·S2 υ, µ
}

,

where IS = tr(S), II s = 1
2tr(S2), III S = det(S) .

(5.2.57)

In applications, a dependence ofT on υ, and ofb onS is often ignored. In those circumstances, (5.2.55)
and (5.2.56) reduce to

T = aI +bS+cS2, (5.2.58)

b = αυ. (5.2.59)

The coefficientsa, b, c in (5.2.58) and (5.2.59) are now functions of the new setS
′ = {IS, IIS, III S, µ},

andα depends onµ andυ · υ. Note that either setS or S
′ is different again for a density-preserving

material, as the third invariant IIIS = 1, due to the constraint tr(S) = 0 in such case.

2The adjective ’objective’ means that the transformations (5.2.48) - (5.2.50) hold under the application of Euclidian trans-
formations
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5.2.3 Glen’s flow law for ice

Classically, ice flow behaviour is described by the Glen flow law, motivated bylaboratory experiments by
Glen (1955) and Steinemann (1958). Nye (1953) formulated the flow law for three-dimensional stress
states. It describes the constitutive relation of an incompressible isotropic fluid where the extra stress
tensor depends only on the strain rate tensorD and temperatureT according to

tE = t̂E(D,T). (5.2.60)

The constitutive function for Glen’s flow law is a simplified form of (5.2.58), inwhich the stress and
stretching tensors are collinear to one another. Due to the incompressibility, the first term in (5.2.58)
vanishes since ID = 0 and it may be written as

D = α(II tE , T)tE, or tE = β(IID,T)D. (5.2.61)

where the form (5.2.61)1 is commonly adopted in glaciology. The dependency of the coefficientα on
temperatureT and the second invariant IItE of the extra stress tensor is multiplicatively split

D = α1(II tE)α2(T) tE. (5.2.62)

Soα2(T) is identified as the temperature-dependentrate factor A(T) andα1(II tE) is mostly assumed as
a power law function with exponentn, thus in

D = A(T)(II tE)
n−1

2 tE, (5.2.63)

we recognize the classical flow law of Glen (Nye, 1953; Glen, 1955; Steinemann, 1958).

Regularization of Glen’s flow law

Due to the power law behaviour, there is a singularity in the flow law of Glen, asfor very low stresses,
the term(II tE)(n−1)/2 may become zero. To avoid infinite stiff ice at low stresses, (5.2.63) can be slightly
modified by adding a constantk as

D = A(T)(II tE +k)
n−1

2 tE, (5.2.64)

wherek is called theregularization parameterand (5.2.64) is the regularized Glen’s flow law (Hutter,
1983). Thus, for low stress regimes, the ice rheology reduces to a linear(Newtonian) stress-strain relation
with a slope≈ k

n−1
2 . Newtonian behaviour of ice at low stresses is also what Mellor and Smith (1967)

have observed.

5.3 Ice as a Thermoelastic Modified Second Order Isotropic Material

5.3.1 The Modified Second Order Fluid

We begin the analysis with the constitutive relation of the form

C = Ĉ(ρ, D, Ḋ, T, g), (5.3.1)

which corresponds to a fluid of rate type 2 with respect toD. Indeed,D is a strain rate anḋD is a strain
acceleration. To fulfill the objectivity requirement,L andL̇ have been replaced by their symmetric parts
D and Ḋ, as the former do not transform in a objective manner. However,Ḋ is not objective, so the
frame indifferent equivalents are given by the Rivlin-Ericksen tensors already introduced in (5.2.25).
Considering an isotropic fluid, equation (5.3.1) then becomes

C = Ĉ(A(1), A(2), T, g), (5.3.2)
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and describes a Rivlin-Ericksen fluid of degree 2. The constitutive relations for themodified second-order
fluids (MSOF) proposed by Man and Sun (1987) are of the form (5.3.2). They are slightly modified
representations of the general Rivlin-Ericksen fluid class derived byRivlin and Ericksen (1955). The
stress-strain relation models proposed by Man and Sun (1987) are

tI = −pI +π
m
2 µA(1) +α1A(2) +α2A2

(1), (I), (5.3.3)

tII = −pI +π
m
2
[
µA(1) +α1A(2) +α2A2

(1)

]
, (II ), (5.3.4)

where
π = 1

2trA2
(1), (5.3.5)

and the parametersµ, α1, α2 are constants for isothermal ice. The isotropic component−pI may be
interpreted as the constraint pressure for the density-preserving case tr(A(1)) = 0 (as Man and Sun have
considered). Otherwise, ifA(1) is not deviatoric, it corresponds to the isotropic stress component similar
to aI in (5.2.58). Note, that for (5.3.3) and (5.3.4), the isotropic constitutive functions are functions of
two symmetric (Rivlin-Ericksen) tensors and therefore have slightly different representation forms than
(5.2.58). Man and Sun (1987) have called(I) in (5.3.3), themodified second order fluid with power
law viscosity, and(II ) in (5.3.4), thepower law fluid of grade 2. However, we will henceforth rather
speak of themodified second order fluid model(MSOFM) and thereby not (yet) differ between these two
models. The important property of the MSOFM is, that forα1 = α2 = 0 andm= (1−n)/n, it reduces
to a Glen-like power law flow model with exponentn, as (5.2.63). Including a temperature-dependency
of the parameterµ = µ(T) would make it correspond to the inverse rate factorA(T). The MSOFM of
Man and Sun (1987) has been proposed as an improvement of Glen’s flow law. It is able to describe
general secondary creep of glacier flow, e.g. shearing flow and its corresponding velocity profiles can be
reproduced adequately. Moreover, it incorporates primary creep. All this has been shown in detail by
Sun (1987), and he confirmed the compatibility of the MSOFM with the second lawof thermodynamics.
We will not state all the derivations in detail for the MSOFM; by use of theentropy principle(Section
5.3.3), only a partial exploration of the thermodynamic restrictions will be carried out for the constitutive
relations describing athermoelastic modified second order isotropic body. We will demonstrate that the
restrictions and conformity of the MSOFM of Man and Sun hold equally for a thermoelastic modified
second order isotropic body under certain assumptions.

5.3.2 The Thermoelastic Modified Second Order Isotropic Material

It is difficult to say whether at timescales of flow perturbations of hours to afew days, glacier ice behaves
as a solid or fluid-like viscous or viscoelastic isotropic material. In the past, therole of primary creep
and/or elastic effects on glacier flow and observed flow anomalies on a scale of hours to a few days has
not been investigated. To explore this in detail, we adopt the approach of the MSOFM, in which the ice
is treated as a second order viscous fluid, able to reproduce both primaryand secondary creep effects
with good agreement on the experiments conducted and discussed by Sun (1987). However, we also
want to account for elastic properties of the ice by assuming it to behave asan isotropic elastic solid. We
therefore extend the constitutive form of the MSOFM by an explicit dependence on the spatial Finger
strain tensor and postulate

C = Ĉ(E, A(1), A(2), T, g), (5.3.6)

whereC stands for the constitutive quantities of stresst, heat fluxq, specific energyε and entropyη. We
call the corresponding material athermoelastic modified second order isotropic material(TMSOIM).

5.3.3 Thermodynamic Restrictions

The balance laws (5.2.27) to (5.2.29), upon substitution of appropriate constitutive functions for the
quantities oft, η, ε andq, form a set offield equations. However, we are lacking a balance law for the
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entropyη, which must be equally fulfilled in order that the field equations describe a validthermody-
namic process and may be integrable to solve for the unknowns: motionx, temperatureT and density
ρ, respectively pressurep when the material is density-preserving. We use theentropy principleto in-
vestigate the implications of the second law of thermodynamics. For this, we use the entropy balance
in the form of the Clausius-Duhem inequality. Considering the set of constitutive quantitiest, ε, η, q,
which, for the thermoelastic modified second order isotropic material, are given as the relations (5.3.6),
the Clausius-Duhem inequality is given as

ρ ˙̂η+div

(
q̂
T

)

− ρr
T

≥ 0, (5.3.7)

whereη̂ is the specific entropy,̂q/T is the entropy flux, and r/T is the entropy supply. We combine the
energy balance (5.2.29) and the Clausius-Duhem inequality (5.3.7) to eliminateits source terms,r, and
also replacêt ∗D by 1

2 t̂ ∗A(1). Thus, the inequality now reads

ρ(T ˙̂η− ˙̂ε)+ 1
2 t̂ ∗A(1)−

q̂ ·g
T

≥ 0. (5.3.8)

Using the chain rule of differentiation on̂̇η, ˙̂ε and collecting respective derivatives, transforms (5.3.8)
into

ρ
{(

T
∂η̂
∂E

− ∂ε̂
∂E

)

∗ Ė+

(

T
∂η̂

∂A(1)
− ∂ε̂

∂A(1)

)

∗ Ȧ(1) +

(

T
∂η̂

∂A(2)
− ∂ε̂

∂A(2)

)

∗ Ȧ(2)

+

(

T
∂η̂
∂T

− ∂ε̂
∂T

)

Ṫ +

(

T
∂η̂
∂g

− ∂ε̂
∂g

)

· ġ
}

+ 1
2 t̂ ∗A(1)−

q̂ ·g
T

≥ 0. (5.3.9)

In this imbalance, the termṡT, Ȧ(2) andġ appear linearly, whilsṫA(1) can be expressed in terms ofA(1),
A(2) andL by (5.2.24). The time derivative of the Finger strain tensor can be evaluated as

Ė = 1
2

(
FFT −1)

)·

= 1
2

(
LFFT +FFTLT

)

= 1
2

(
L(2E+1)+(2E+1)LT

)

= LE +ELT + 1
2(L +LT)

= LE +ELT + 1
2A(1), (5.3.10)

and shows an explicit dependence onA(1). Here, we have usedL = ḞF−1 from (5.2.10). As the linear
variablesṪ, Ȧ(2) andġ in (5.3.9) may take any value, the prefix terms must vanish to satisfy the inequality
(5.3.9), implying3

T
∂η̂

∂A(2)
− ∂ε̂

∂A(2)
≡ 0, (5.3.11)

T
∂η̂
∂T

− ∂ε̂
∂T

≡ 0, (5.3.12)

T
∂η̂
∂g

− ∂ε̂
∂g

≡ 0. (5.3.13)

3 This inference requires better justification as follows: Inequality (5.3.9)must be obeyed in order to satisfy the field equa-
tions, which are the balances of mass, momentum and energy when the constitutive relations are substituted in the respective
terms. Because for the exploitation of the Clausius-Duhem inequality in the approach of Truesdell and Noll (2004), the balance
laws of linear momentum and energy have external source terms (f and r), which can be arbitrarily assigned, these laws do
not form constraints of this exploitation. Therefore, only the balance of mass remains as a possible constraint; however,E
is an independent constitutive variable which is temporally updated by (5.3.10), so mass balance is automatically obeyed via

ρ0 = Jρ = (detB)1/2ρ.
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These are satisfied as identities. We now cross-differentiate (5.3.11) and(5.3.12) as follows:

∂
∂T

{

T
∂η̂

∂A(2)
− ∂ε̂

∂A(2)

}

=
∂η̂

∂A(2)
+T

∂2η̂
∂T∂A(2)

− ∂2ε̂
∂T∂A(2)

≡ 0, (5.3.14)

∂
∂A(2)

{

T
∂η̂
∂T

− ∂ε̂
∂T

}

= T
∂2η̂

∂A(2)∂T
− ∂2ε̂

∂A(2)∂T
≡ 0. (5.3.15)

Subtracting these expressions from each other and using the fact that mixed derivatives of functions are
independent of the order of differentiation, yields∂η̂/∂A(2) ≡ 0 and consequently,∂ε̂/∂A(2) ≡ 0. In an
analogous way, we deduce

∂
∂T

{

T
∂η̂
∂g

− ∂ε̂
∂g

}

=
∂η̂
∂g

+T
∂2η̂

∂T∂g
− ∂2ε̂

∂T∂g
≡ 0, (5.3.16)

∂
∂g

{

T
∂η̂
∂T

− ∂ε̂
∂T

}

= T
∂2η̂

∂g∂T
− ∂2ε̂

∂g∂T
≡ 0, (5.3.17)

or, ∂η̂/∂g≡ 0 and∂ε̂/∂g≡ 0. Therefore,η andε can not depend onA(2) andg, implying

η = η̂(E, A(1), T), ε = ε̂(E, A(1), T), (5.3.18)

with the remaining constraint

T
∂η̂
∂T

=
∂ε̂
∂T

. (5.3.19)

We now return to (5.3.8) and introduce the Helmholtz free energyψ = ε− Tη as a thermodynamic
potential for the entropyη, replacingT ˙̂η− ˙̂ε by −( ˙̂ψ + Ṫη̂). The Clausius-Duhem inequality in terms
of the Helmholtz free energy takes the form

−ρ( ˙̂ψ+ Ṫη̂)+ 1
2 t̂ ∗A(1)−

q̂ ·g
T

≥ 0. (5.3.20)

Again we use the chain rule of differentiation forψ̂(·) and observe that, in view of (5.3.18), it does not
depend onA(2), so that

−ρ
{(

∂ψ̂
∂E

∗ Ė+
∂ψ̂

∂A(1)
∗ Ȧ(1) +

∂ψ̂
∂T

Ṫ +
∂ψ̂
∂g

· ġ+ Ṫη̂
)}

+ 1
2 t̂ ∗A(1)−

q̂ ·g
T

≥ 0. (5.3.21)

In rearranged order, incorporating the term1
2 t̂ ∗A(1) into the bracketed expression, (5.3.21) reads

−ρ
{(

∂ψ̂
∂T

+ η̂
︸ ︷︷ ︸

=O, ( ∂ψ̂
∂T =−η̂)

)

Ṫ +
∂ψ̂
∂E

∗ Ė+
∂ψ̂

∂A(1)
∗ Ȧ(1) +

∂ψ̂
∂g

︸︷︷︸

=O

· ġ− 1
2ρ

t̂ ∗A(1)

}

− q̂ ·g
T

≥ 0. (5.3.22)

This inequality is linear inṪ and ġ, which both may take any values; therefore the associated factors
must necessarily vanish which we have indicated by the braces. The entropy production thus reduces to

Γ := −ρ
(

∂ψ̂
∂E

∗
[
LE +ELT + 1

2A(1)

]
+

∂ψ
∂A(1)

∗ Ȧ(1)−
1
2ρ

t̂ ∗A(1)

)

− q̂ ·g
T

≥ 0, (5.3.23)

where forĖ the expression (5.3.10) was substituted. The remaining conditions are

ψ = ψ̂(E, A(1), T), and η = −∂ψ
∂T

. (5.3.24)

Consider next a situation ofthermostatic equilibrium, characterized as atime-independent process with
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uniform distributions of temperature and velocity. For such a process, the time derivative,Ȧ(1) of A(1),
and the spatial gradients of the temperature,g and velocityL are equal to zero. Likewise, in a state of
thermostatic equilibrium,Γ also vanishes, viz.,

Γ|E := Γ(L = 0, Ȧ(1) = 0, g = 0, T = const) = 0, (5.3.25)

whereΓ|E indicates evaluation ofΓ at thermostatic equilibrium. Consequently, the thermostatic equilib-
rium makesΓ a minimum with value zero:

Γ|E = Γ|min = 0. (5.3.26)

On the other hand, the extrema of a function may be found where its first derivatives with respect to the
independent variables are equal to zero. We may immediately see that this function isΓ(A(1), Ȧ(1), g),
thus we request

∂Γ
∂A(1)

∣
∣
∣
∣
E=min

=
∂Γ

∂Ȧ(1)

∣
∣
∣
∣
E=min

=
∂Γ
∂g

∣
∣
∣
∣
E=min

= 0, (5.3.27)

as necessary conditions for the stationarity ofΓ. In view of (5.3.23), equation (5.3.27) has the conse-
quence

∂ψ
∂A(1)

∣
∣
∣
∣
E=min

= 0, and q|E=min = 0. (5.3.28)

There remains the term

−ρ
(

∂ψ
∂E

∗
[
LE +ELT + 1

2A(1)

]
− 1

2ρ
t̂ ∗A(1)

)

, (5.3.29)

and the condition
∂Γ

∂A(1)

∣
∣
∣
∣
E=min

= 0, (5.3.30)

which must be evaluated. To do so, we write the term in parentheses of equation (5.3.29) in index form,

∂ψ
∂Ei j

(LikEk j +EikL jk + 1
2Li j +

1
2L ji )− 1

2ρ ti j (Li j +L ji ), (5.3.31)

and differentiate with respect toL , which is equivalent to condition (5.3.30), thus

∂
∂Luv

(
∂ψ

∂Ei j

(
LikEk j +EikL jk + 1

2Li j +
1
2L ji

)
− 1

2ρ
(
ti j Li j + ti j L ji

)
)

=
∂ψ

∂Ei j

(

δiuδvkEk j +Eikδ juδkv+ 1
2δiuδv j +

1
2δ juδiv

)

− 1
2ρ

ti j
(
δiuδv j +δ juδiv

)

=
∂ψ

∂Ei j

(
δiuEv j +Eivδ ju + 1

2(δiuδv j +δ juδiv)
)
− 1

2ρ
ti j (δiuδv j +δ juδiv)

=
∂ψ

∂Eu j
Ev j +

∂ψ
∂Eui

Eiv + 1
2

(
∂ψ

∂Euv
+

∂ψ
∂Evu

)

− 1
ρ

tuv = 0,

⇒ 2
∂ψ
∂E

E+
∂ψ
∂E

− 1
ρ

t = 0. (5.3.32)

Solving (5.3.32) fort, we can determine the stress in thermostatic equilibrium by the expression

t|E = ρ
(

2
∂ψ
∂E

E+
∂ψ
∂E

)

. (5.3.33)

Interestingly, this expression contains a term which is explicitly nonlinear inE.
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In thermostatic equilibrium, the heat fluxq|E vanishes as seen in (5.3.28)2, and the equilibrium stress is
derived solely from the Helmholtz free energy; and it is a function of the spatial strain tensor, tempera-
ture and density according to (5.3.33). To determine how the stress in non-equilibrium is related to its
variables, we separate the Cauchy stress tensor additively as

t = tE + tD, (5.3.34)

wheretE is the stresst|E as evaluated for values ofE, T andρ in the non-equilibrium process (this is the
frozen elastic contribution) andtD describes the dissipative stress component necessarily of zero value at
equilibrium, thustD|E = 0.

We retrieve the thermodynamic conditions for the dissipative stress by re-substituting (5.3.34) into
(5.3.23), which yields

−ρ
{

∂ψ
∂E

∗
[
LE +ELT + 1

2

(
L +LT)]

− 1
2ρ

(
tE + tD

)
∗A(1) +

∂ψ
∂A(1)

∗ Ȧ(1)

}

− q ·g
T

≥ 0. (5.3.35)

We evaluate the above expression using (5.3.33) as

−ρ
{

∂ψ
∂E

∗
[
LE +ELT + 1

2

(
L +LT

)]

− 1
2ρ

([

2ρ
∂ψ
∂E

E+ρ
∂ψ
∂E

]

+ tD

)

∗
(
L +LT)

+
∂ψ

∂A(1)
∗ Ȧ(1)

}

− q ·g
T

≥ 0
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{
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2

∂ψ
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2

∂ψ
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∗LT

−
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E∗LT + 1
2

∂ψ
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2

∂ψ
∂E

∗LT
]

+
1
2ρ

tD ∗A(1)

)

+
∂ψ

∂A(1)
∗ Ȧ(1)

}

− q ·g
T

≥ 0

= −ρ
{

− 1
2ρ

tD ∗A(1) +
∂ψ

∂A(1)
∗ Ȧ(1)

}

− q ·g
T

≥ 0, (5.3.36)

obtaining the residual inequality condition for the non-equilibrium stresstD

1
2tD ∗A(1)−ρ

∂ψ
∂A(1)

∗ Ȧ(1)−
q ·g
T

≥ 0. (5.3.37)

Formally, this imbalance represents the same thermodynamic inequality, which holds for the MSOFM
by Sun (1987). However, in our case, the material is not a density-preserving fluid without tempera-
ture dependence as Man and Sun (1987) have considered. Nonetheless, we may recover the equivalent
exploitation of (5.3.37) explicitly worked out by Sun (1987) by introducing the following assumptions:

Postulates:

We assume that

(1) the dissipative stresstD neither depends on the temperature gradientg, nor on the spatial strain
tensorE.

(2) the heat flux vectorq be not a function ofE, A(1) andA(2): q = q̂(T, ‖g‖).

(3) the functional dependence of the Helmholtz free energy can be additively decomposed as

ψ = ψ̂(E, A(1), T) = ψ̂1(E, T)+ ψ̂2(A(1), T). (5.3.38)
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(4) the componentψ2 of the Helmholtz free energy is a convex function of its argumentA(1).

With postulates (1) and (2), inequality (5.3.37) is equivalent to the imbalances

q ·g≤ 0, (5.3.39)

1
2tD ∗A(1)−ρ

∂ψ̂2

∂A(1)
∗ Ȧ(1) ≥ 0. (5.3.40)

Furthermore, postulate (3) and equation (5.3.33) imply

t|E = ρ
(

2
∂ψ̂1

∂E
E+

∂ψ̂1

∂E

)

. (5.3.41)

If q = −κ(T,‖g‖)g, the imbalance (5.3.39) implies

κ(T,0) = κ|E ≥ 0. (5.3.42)

Alternatively, (5.3.41) allows, via the postulation of a functional relation forψ̂1(E, T), evaluation of
the equilibrium stress tensor4. The significant inequality is (5.3.40), which, together with postulate (4),
is mathematically analogous to a corresponding inequality of Man and Sun for their modified second
order fluid model. Sun (1987) formulated the complete exploitation of the thermodynamic compatibility
for the MSOFM, following the work of Dunn and Fosdick (1974) who performed the thermodynamic
exploitation for general second order fluids.
Since the above postulate establishes mathematically the identical prerequisites for the TMSOIM as that
of Sun (1987) for the MSOFM, there is no need to repeat the analysis here as well. We restrict ourselves
to present the essential inferences listed in the framed box on page 73.

4Note however that the entropy is determined by bothψ̂1 andψ̂2, if ψ̂2 depends on temperature.
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• The Helmholtz free energyψ2 is a convex function ofA(1); therefore, possible forms forψ2 and
correspondingly the entropyη satisfy

(I), ψ̂2(T, A(1)) = ψ̂2(T, 0)+α1(T)
|A(1)|2

4ρ
,

(II ), ψ̂2(T, A(1)) = ψ̂2(T, 0)+α1(T)
|A(1)|2+m

21+ m
2 (2+m)ρ

,

η̂ = −
∂ψ̂(T, A(1))

∂T
= − ∂

∂T

(
ψ̂1(E, T)+ ψ̂2(T, A(1))

)
.

(5.3.43)

• The coefficientsµ(T),α1(T) andα2(T) satisfy the conditions

µ(T) ≥ 0, α1(T) ≥ 0, α1(T)+α2(T) = 0, (5.3.44)

for general,unrestricted motions. Slow creep in the neighborhood of thermostatic equilibriumrequires
the sum|α1(T)+α2(T)| to be small as

(I) |α1(T)+α2(T)| ≤
(

1
2

)m
2
√

6
µ(T)

|A(1)|1−m,

(II ) |α1(T)+α2(T)| ≤
√

6
µ(T)

|A(1)|
.

(5.3.45)

• The residual inequality reads as

1
2tD ∗A(1)−ρ

∂ψ2

∂A(1)
∗ Ȧ(1)−

q ·g
T

≥ 0, (5.3.46)

and ifq is not allowed to be a function ofE, A(1) andA(2), the Fourier law of heat conduction applies
in the form

q = −κ(T, ‖g‖)g, κ ≥ κ|E = 0. (5.3.47)
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5.3.4 Constitutive Function for the Thermo-Viscoelastic Modified Second Order
Isotropic Material (TMSOIM)

We now gather the explicit expressions on the stress-strain relationship for the constitutive function of
the TMSOIM. To describe the elastic stress contribution, we consider a polynomial expansion for the
Helmholtz free energy partψ1 as

ψ1(Ei j ,T
′) = ψ10+ψi j

11Ei j +
1
2ψi jkl

12 Ei j Ekl +ψ13T ′ +ψi j
14T

′Ei j +
1
2ψ15T ′2, (5.3.48)

in which ψi j
11, ψi j

14 andψi jkl
12 are the constant isotropic coefficients

ψi j
11 = ψ11δi j , ψi j

14 = ψ14δi j , ψi jkl
12 = ψ(1)

12 δi j δkl +ψ(2)
12 (δikδ jl +δil δ jk), (5.3.49)

so that

ψ1 = ψ10+ψ11Eii +
1
2

(

ψ(1)
12 Eii Ekk+2ψ(2)

12 Ek j Ek j

)

+ψ13T ′ +ψ14T ′Eii +
1
2ψ15T ′2. (5.3.50)

In these relations,T ′ = T −T0, is the temperature deviation from a uniform constant reference tempera-
tureT0. The coefficient functionsψ10, ...,ψ15 are treated as constants. The elastic stress is now obtained
from (5.3.41) and (5.3.50) by evaluating

∂ψ1

∂Epq
=

(
ψ11+ψ14T

′)δpq+ψ(1)
12 Ekkδpq+2ψ(2)

12 Epq. (5.3.51)

This yields in view of (5.3.41)

(t|E)i j = ρ
{(

ψ11+ψ14T ′ +ψ(1)
12 Ekk

)

δip +2ψ(2)
12 Eip

}{
2Ep j +δp j

}
. (5.3.52)

We then rewrite (5.3.52) as

(t|E)i j = ρ
{

2
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12 Ekk

)

Ei j +4ψ(2)
12 Eip Ep j
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,

and withψ(1)
12 := 1

ρ
(
K− 2

3G
)

andψ(2)
12 := 1

ρ G, the above expression becomes
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,

and if we substituteBi j = (2Ei j +δi j ),

(t|E)i j = ρ
(
ψ11+ψ14T ′) Bi j

︸ ︷︷ ︸

pre- and thermal stress

+K Ekkδi j +2G
(
Ei j − 1

3Ekkδi j
)

︸ ︷︷ ︸

Hooke stress

+2KEkkEi j +4G(Eip Ep j − 1
3EkkEi j )

︸ ︷︷ ︸

non-linear elastic stress

,
(5.3.53)

or,

t|E = 2ρ
(
ψ11+ψ14T ′) B+Ktr(E)I +2G

(
E− 1

3tr(E)I
)

+2Ktr(E)E+4G
(

E2− 1
3 tr(E)E

)
.

(5.3.54)



5.3. ICE AS THERMOELASTIC MODIFIED SECOND ORDER ISOTROPIC MATERIAL 75

Evidently, the elastic stress consists of three constributions. The first termon the right-hand side of
(5.3.53) is the pre-stress plus thermal stress due to an initial pressure distribution and a temperature
variation. As time goes on and the deformation evolves, this term changes as the temperature deviation
T ′ and the left Cauchy-Green deformation tensorBi j evolve. The second term is the classical Hooke
stress, comprising two components due to compressibility (K) and shearing (G). K and G are called the
bulk and theshear modulus. The bulk and shear modulus can also be related via the Poisson ratioν as

K = 2G
(1+ν)

3(1−2ν)
, (5.3.55)

andν may vary between 0.3 for perfect elastic behaviour, to 0.5 for ductile incompressible fluid-like
behaviour (e.g. Squire et al., 1990). The third term on the right hand sideof (5.3.53) describes non-linear
elastic behaviour and is neglected. WithE′ = E− 1

3 tr(E) I as the deviatoric strain (with tr(E) = 0), we
write the relation (5.3.54) as

t|E = λ(T)B+2G (1+ν)
3(1−2ν) tr(E)I +2G

(
E− 1

3tr(E)I
)

= λ(T)B+2G
(

1+ν
3(1−2ν) tr(E)I +E′)

= λ(T)B+β
(

1+ν
3(1−2ν) tr(E)I +E′).

For simplification, we usedβ = 2G and the thermo-mechanical pre-stress term in (5.3.54) was condensed
as

λ(T ′) = 2ρ(ψ11+ψ14T ′). (5.3.56)

The elastic stress contribution is now inserted in the constitutive equations (5.3.3) and (5.3.4) of the
MSOFM to obtain the constitutive equations for the TMSOIM. They read

(I), t = −pI +η(A(1))A(1) +α1A(2) +α2A2
(1)

+λ(T ′)B+β
(

E′ + 1+ν
3(1−2ν) tr(E)I

)

,
(5.3.57)

(II ), t = −pI +η(A(1))
(
A(1) +α1A(2) +α2A2

(1)

)

+λ(T ′)B+β
(

E′ + 1+ν
3(1−2ν) tr(E)I

)

,
(5.3.58)

with the power-law viscosity

η(A(1)) = µ
(

1
2trA2

(1)

)m
2
, (5.3.59)

and the material parametersµ, m, α1, α2, λ, G, andν.

Model parameter identifications

In the TMSOIM equations (5.3.57) and (5.3.58), the parameter set can readily be reduced by one due
to the thermodynamic constraintα2 = −α1. Several authors have made attempts to identify the elastic
constants of ice, of which R̈othlisberger (1972) gives a summary. From Hutter (1983) we extract a
temperature-dependent estimate of the elastic shear modulus G, computed from the collected data in
Röthlisberger (1972) as

G(T) = 3500× (1−0.00146T)MPa, (5.3.60)

where temperatureT is in centigrades. However, the variation with temperature is small and can be
neglected (Hutter, 1983). Schulson and Duval (2009) also give an estimate of the shear modulus as
G = 3500 MPa. The pre-stress parameterλ(T ′) describes a certain boundary/initial configuration and the
influence of temperature. It may be put to zero if any preceding loading conditions and thermal effects
are to be ignored.
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Model µ α1

(I) 2.41 MPa d
1
3 161.0 MPa d2

(II ) 2.43 MPa d
1
3 3.0 MPa d

4
3

Table 5.1: Mean least-square estimates on the parametersµ andα1 for the MSOF models(I) and(II ) for
fixedm= −2/3 and the conditionα1 +α2 = 0.

Considering the viscous material parameters, Kjartason (1986) conducted pressure meter experiments.
In a pressure meter, a small cylindrical cavity inside a large cylindrical body of ice is pressurized and
the increase of the cavity radius due to ice creep is measured. Multiple experiments atT = −2◦C and
different cavity pressures have been conducted, each lasting one day. Sun (1987) first estimated the
parametersµ andm from Kjartason by using nonlinear regression methods on the experimental creep
function in a steady-state and secondary creep phase data and obtained

µ= 9114kPa(min)1+m, and m= −0.7111. (5.3.61)

He then used the fixed values ofµ andm to fit a third-order in time polynomial function to the experi-
mental results in the primary creep phase and calculatedα1 for both models(I) and(II ) as

αI
1 = 2.562×108kPa(min)2, (I), (5.3.62)

αII
1 = 1.255×105kPa(min)1+m, (II ). (5.3.63)

By the nature of the pressure meter experiments, it is not possible to determinethe parameterα2. Mc-
Tigue et al. (1985) carried out triaxial experiments, where a prolate cylindrical ice sample under ambient
pressure is loaded by an axial stress and its change in length is measured.Again, from the experimental
setup, a characteristic creep function can be determined. McTigue et al. performed the parameter identi-
fications ofµ, α1, andα2 for the case of a second order fluid model withm= 0. However, their results
have been criticized to be insufficient and may suffer from over-parametrization. Man and Sun (1987)
have overcome this problem by fixing the parameterm= −2/3, corresponding to an exponentn = 3 in
GLEN’s flow law. Further, in using the thermodynamic restrictions for creep closeto equilibrium, the
sum|α1 +α2| is considered to be small, hence the related terms in the experimental creep function were
neglected. A minimization routine on the creep data under the conditions ofm= −2/3 andα1 +α2 = 0
was performed to obtain least square estimates forµ andα1. The resulting mean estimates of the four
experiments of McTigue et al. are given in Tab. 5.1 for the MSOFM(I) and(II ).

In summary, we psoe a priori the following restrictions on the set of parameters:

α2 = −α1, ν = 0.5, m= −2
3, (5.3.64)

A poisson ratio ofv = 0.5 will lead to a vanishing trace of the strain tensorE. Thus, only deviatoric
strains are considered and elastic deformations are limited to shearing.

5.4 Summary

We briefly recapitulated the basic tools of describing the behavior and deformation of a material in
terms of Continuum Mechanics. We pointed out the concepts of objectivity (frame-indifference) and
material symmetry which are fundamental in setting up a valid constitutive relation for various classes of
materials by using the corresponding correct objective measures of stress, strain and deformation. From
our observations on the lake drainage of Gornergletscher and the rapidchanges in ice flow we conjecture
the importance of rapid changes of strain. Thus, we use the constitutive formulation of Sun (1987) of two
modified second order fluid models which relate stress to strain rates and strain accelerations as a basis
for describing the ice rheology. The modified second order fluid models ofSun (1987) incorporate an
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objective material derivative of the stretching tensor and its quadratic form, which results in a non-coaxial
state between the stress and stretching tensor. This constitutive relation is able of reproducing primary
creep, secondary creep and second order effects (e.g. normal stress differences, see Man and Sun, 1987).
This is contrary to the usually employed constitutive relation of Glen, where stress and stretching tensor
are collinear. However, the modified second order fluid models of Sun (1987) reduce to power law type
relations according to Glen’s flow law, when ignoring second grade properties.

To include possible relaxation of the ice and test the hypothesis of elastic effects being partly responsi-
ble for our observations, we extended the constitutive relation of Sun (1987) to also explicitly depend
on strain. Exploring the entropy principle in form of the Clausius-Duhem inequality for the extended
constitutive class has shown that the elastic stress contribution can be determined as a function of strain
and thermodynamic potential. We retrieved the essential thermodynamic residual imbalance, which is a
function of strain rates, strain accelerations, heat flux, temperature anddissipative stress (the non-elastic
stress contribution). The residual inequality is very similar to that derived by Sun (1987) for the modi-
fied second order fluid models. To obtain complete agreement, we have therefore postulated important
attributes of the constitutive quantities of dissipative stress, heat flux and thermodynamic potential to
simplify and reduce the further exploration of the imbalance to the same case asthe modified second
order fluid models of Sun (1987). As one of these postulates, the thermodynamic potential (here as the
Helmholtz free energy) must be a sum of the contributions to the entropy production by strain and strain
rate. The part depending on strain rate is thus a function of the strain rates(the Rivlin-Ericksen tensor
A(1)) alone and is given in the form derived by Sun (1987). For the component of the thermodynamic
potential arising from strain, we proposed an appropriate function of theFinger strain tensorE and
subsequently recovered the elastic stress-deformation relation. The constitutive relation for the elastic
contribution consists of three terms of which we keep the two linear terms inE; a Hooke-type elasticity
law and a term describing thermoelastic effects and boundary conditions. However, we must note that
the elastic law is linear in the strain tensorE, but not in the displacement, asE is a non-linear function
of the deformation gradientF. Combination of the elasticity relation and the modified second order fluid
relation yields the constitutive relation for the Thermoelastic Modified Second Order Isotropic Material,
given in (5.3.54). It relates stress to strain, strain rates, strain accelerations and temperature, where we
consider heat conduction in the form of Fourier’s law. The advantage of the constitutive function for
the Thermoelastic Modified Second Order Isotropic Material (TMSOIM) is itsdecoupled formulation.
The effects of elasticity and transient viscous behaviour of first and second grade, and their influence
with temperature variation can all be studied either separately or combined, allowing us to determine the
exact implications of the respective material property on the rapid changesof ice flow in terms of the
observations.

The TMSOIM is a very general constitutive equation of a thermo-viscoelastic material. The theory was
outlined for the inclusion of thermo-mechanical effects which may also significantly impact the material
behaviour besides the complexity of a viscoelastic ice rheology with transienteffects. However, in the
subsequent chapter the constitutive relation is solved numerically. As a simplification, we ignore the
temperature-dependency of the constitutive equation and constrict the process under consideration to
isothermal conditions at uniform temperature. The focus is thus put on the transient effects generated
by the proposed relation, and the constitutive function of the Cauchy stress tensor will then only be a
function ofE, A(1), andA(2), whereas the dependency onT andg is ignored. This simplification of the
TMSOIM is referred to as elastic modified second order isotropic material (EMSOIM), and is described
in the following chapter (Sect. 6.3).





Chapter 6

Creep responses of the viscoelastic model in
uni-directional shearing flow

This chapter is published in a slightly modified form. Original title and citation are:
Riesen, P., Hutter, K., and Funk, M.: A viscoelastic Rivlin-Ericksen material model applicable to glacier
ice (2010), Nonlin. Processes Geophys., 17, 673-684, doi:10.5194/npg-17-673-2010.

Abstract We present a viscoelastic constitutive relation which describes transient creep of a modified
second grade fluid enhanced with elastic properties of a solid. The materiallaw describes a Rivlin-
Ericksen material and is a generalization of existing material laws applied to study the viscoelastic prop-
erties of ice. The intention is to provide a formulation tailored to reproduce the viscoelastic behavior of
ice ranging from the instantaneous elastic response, to recoverable deformation, to viscous, stationary
flow at the characteristic minimum creep rate associated with the deformation of polycrystalline ice. We
numerically solve the problem of a slab of material shearing down a uniformly inclined plate. The equa-
tions are made dimensionless in a form in which elastic effects and/or the influence of higher order terms
(i.e., strain accelerations) can be compared with viscous creep at the minimum creep rate by means of
two dimensionless parameters. We discuss the resulting material behavior andthe features exhibited at
different parameter combinations. Also, a viable range of the non-dimensional parameters is estimated
in the scale analysis.

6.1 Introduction

Creep of ice is an inevitable issue when dealing with glaciers and terrestrial ice masses. From the pio-
neering work in the 1950s (Glen, 1952; Nye, 1953; Steinemann, 1958),the viscous constitutive relation
for stationary creep of ice has emerged, which, in the glaciology community, isreferred to as Glen’s
flow law. The Glen flow law is a generalized Newtonian material model (e.g. Crochet et al., 1984) with
power-law viscosity and is widely used when modeling the flow of glaciers, icestreams and ice sheets
at any spatial and temporal scale, in spite of its constraint to only predict a stationary stress/strain rate
relation at the minimum creep rate observed in laboratory creep experiments.However, laboratory ex-
periments on creep of ice conducted in the past consistently revealed non-stationary creep of ice (e.g.
Jellinek and Brill, 1956; Mellor and Cole, 1982; Jacka, 1984).

Several attempts were made to describe the transient creep of polycrystalline ice observed in laboratory
creep experiments by viscoelastic constitutive equations, relating strain rates, strain, stress and time in
different ways. Nonlinear, time-dependent constitutive relations describing creep behavior observed in
uni-axial compression tests at constant load were given by Sinha (1978) and Le Gac and Duval (1980),
and reviewed in Ashby and Duval (1985). The work of Szyszkowskiand Glockner (1985) considered
a nonlinear constitutive equation based on spring and dash-pot elements.A description of the transient
strain rate as a nonlinear power-law function of stress and strain was proposed by Azizi (1989). Shyam-
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Sunder and Wu (1989a,b) published a differential flow model, and in Shyam-Sunder and Wu (1990) it
was compared with the models of Sinha, and Le Gac and Duval. Later on, Meyssonnier and Goubert
(1994) took up the models of Le Gac and Duval, and Shyam-Sunder and Wuand proposed some modifi-
cations. While the early attempts of the aforementioned models describe only uni-axial creep responses,
and lack an obvious generalization to multi-axial creep states (e.g. Sinha), the more recent models of
Le Gac and Duval; Shyam-Sunder and Wu, and Meyssonnier and Goubert, include one or more state
variables which must be modeled by additional differential equations. Morland (1979) and Morland and
Spring (1981) proposed constitutive equations of rate type (Lockett, 1972; Hutter, 1983) to describe the
viscoelastic responses of isotropic polycrystalline ice. They consideredconstitutive relations which relate
stress and stress rates to either strain rates and strain accelerations, which is a fluid type model (Morland
and Spring, 1981), or else to strain and strain rates, i.e. a solid type model (Spring and Morland, 1982).
These models are capable of reproducing idealized decelerating (primary), stationary (secondary) and
accelerating (tertiary) creep responses, but were not applied to realcreep data. If stress rates are ex-
cluded from the constitutive relation and the stress is considered only a function of the strain rates, strain
accelerations, and possibly higher order derivatives, the relation thendescribes a fluid of differential type
(Rivlin and Ericksen, 1955). These fluids are also known as fluids of grade N (e.g. Joseph, 1990), or,
order fluids (Owens and Phillips, 2002). The incompressible second grade fluid model (fluid of grade 2)
was first applied to creep experiments and ice mechanics by McTigue et al. (1985), who investigated the
relevance of normal stress differences in shearing flow. However, the second grade fluid model has no
strain rate-dependent viscosity. Man and Sun (1987) thereupon postulated a modified second grade fluid
with power-law viscosity. The relation of Man and Sun describes primary and secondary creep, and the
material behavior asymptotes to a Glen-like power-law fluid model for vanishing second order terms.
For ice, Sun estimated the phenomenological coefficients for the modified second grade fluid model with
power-law viscosity from triaxial laboratory creep experiments (see alsoSections 5.3.4 and 5.4).

In recent field observations on an Alpine glacier (Gornergletscher, Switzerland), repeated near-reversal
of flow, accompanied by reversed displacement direction was observed(Sugiyama et al., 2007a, 2008).
The change of motion takes place within a few days during the periodical drainage of a supra-glacial lake,
and is possibly related to the unloading and stress redistribution during the rapid drainage. The question
was raised whether the retrograde movement may be attributed to viscoelastic recovery properties of
the ice. To elaborate on this hypothesis, an appropriate viscoelastic constitutive model for glacier ice is
needed, preferably applicable to multi-axial deformations. No attempt has been made so far to take into
account transient, recoverable deformation effects when an externalload (e.g. a forming and draining
lake) is applied to and removed from a glacier. This was our motivation to construct a simple constitutive
formulation with a material response varying smoothly in between the limits of ice behaving as a viscous
fluid on long time scales, and ice behaving as an elastic solid on short time scales. We here propose a
constitutive model able to predict instantaneous elastic strain followed by recoverable, transient strain
fading into a steady creep response associated with the stationary minimum creep rate of ice, based on
a further generalization of the modified second grade fluid of Man and Sun (1987). A tertiary response
with increasing strain rate after the minimum strain rate is not considered. Ultimately, we target to
corroborate whether glacier ice allows for deformations such as those observed. By now, we develop
the constitutive relation aimed for, and investigate it in a numerical example. Thepossible range of
parameters is collected and the characteristics which can be exhibited by the rheological model are
illustrated.

6.2 Constitutive relations

In our description we use the Eulerian notation. The kinematic measures usedare summarized in Ta-
ble 6.1, following Lockett (1972) and Hutter and Jöhnk (2004). Before we discuss the proposed gen-
eralized constitutive relation, we now quote the relations for the already mentioned material laws. In
general, the ice is assumed an incompressible material, which introduces the pressure as an independent
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Symbol Measure
(i) X = (X,Y,Z) Particle coordinates in the reference configuration
(ii) x = (x,y,z) Position coordinates in the present configuration
(iii) F = ∂x/∂X Deformation gradient
(iv) B = FFT Left Cauchy-Green deformation tensor
(v) E = 1

2(B− I) Finger strain tensor
(vi) L = grad(v) = ḞF−1 Velocity gradient
(vii) D = 1

2 (L +LT) Strain rate (Stretching) tensor
(viii) A(n) = Ȧ(n−1) +A(n−1) L +LT A(n−1) n-th Rivlin-Ericksen tensor
(ix) tr(·) The trace of a measure, i.e. tr(D) = Dii

Table 6.1: Definition of kinematic tensor quantities in Eulerian notation. In index notation, the tensor
quantity is non-bold and indexed (i.e.L=̂Li j ). The material derivativė() is given as∂()

∂t +v j · () , j , where
v=̂v j is the velocity. Note that for (viii), we haveA(0) = I , andA(1) = 2D.

field, absorbing any isotropic stress contribution.

6.2.1 Glen’s flow law

In Glen’s flow law, the Cauchy stress tensort is given by the relation

t = −pI + η̂(D)D, where η̂(D) = B(1
2tr(D2))

1−n
2n . (6.2.1)

Here, p is the pressure due to the incompressibility constraint,I is the identity tensor,̂η(D) the strain
rate-dependent power-law viscosity,B a constant, andn the power-law exponent. Forn 6= 1, the material
model becomes non-Newtonian. This relation is valid for all times; obviously it can merely describe
stationary creep. For the monotonic secondary creep regime of ice, a value of n = 3 is commonly used.
The parameterB is in the range of 1.2 to 2.9 MPa d

1
3 for ice at temperatures between 0◦C and−10◦C,

as recommended by Paterson (1994).

6.2.2 The modified second order fluid model

Themodified second order fluid model with power-law viscosity(MSOFM) was introduced by Man and
Sun (1987) as

t = −pI +η(A(1))A(1) +α1A(2) +α2A2
(1), (6.2.2)

whereA(1,2) are the first and second Rivlin-Ericksen tensors, describing the current strain rate and strain
accelerations (Rivlin and Ericksen, 1955). The first Rivlin-Ericksentensor in terms of the spatial veloc-
ity gradient isA(1) = L + LT = 2D. The strain acceleration tensorA(2), and higher order tensors are
constructed via the recurrence relation (viii) in Table 6.1. The coefficientsα1,2 are termed normal stress
coefficients. The viscosityη(A(1)) follows a power-law relation of the form

η(A(1)) = µ
(

1
2tr(A2

(1))
)m

2
. (6.2.3)

In Sun (1987), the MSOFM was proposed as an improvement on Glen’s flow law to include non-
stationary creep. Glen’s flow law is contained in Eq. (6.2.2) as the asymptotic limitafter transient creep
has died out. Or else, with use of (vii) and (viii) (Table 6.1), Eq. (6.2.1) is recovered whenα1 = α2 = 0
in Eq. (6.2.2),m = (1− n)/n, andµ = 2−1/nB, is substituted in Eq. (6.2.3). Ifm = 0, the MSOFM
becomes the second order fluid model. Clearly, Eq. (6.2.2) is a generalization of the second order fluid
model. A good summary on related generalizations of the second order modeland the MSOFM is given
in Massoudi and Vaidya (2008).
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Sun (1987) performed the exploitation of the second law of thermodynamics (Clausius-Duhem inequal-
ity) for the MSOFM and deduced the restrictions on the stress function and itsparametersµ, α1 and
α2. There is much controversy on the second order fluid models. Experimental observation and math-
ematical analyzes on the fluid model and its stability properties do not share thesame consequences on
the sign of the normal stress coefficientα1 (see e.g. Dunn and Fosdick, 1974; Joseph, 1976; Müller and
Wilmanski, 1986; Joseph, 1990; Rajagopal and Srinivasa, 2008). A review on this topic is given by Dunn
and Rajagopal (1995). Here, we follow the work of Sun (1987), who used the restrictions (i)α1+α2 = 0,
and (ii) m= −2/3, corresponding ton = 3 in Glen’s flow law, Eq. (6.2.1). Sun determined mean values
of µ = 2.41 MPa d

1
3 andα1 = 161 MPa d2 from fitting the model to the data of triaxial (McTigue et al.,

1985), and pressure-meter (Kjartason, 1986) creep experiments.

6.3 The elastic modified second order isotropic material model (EM-
SOIM)

In the past, the role of primary creep and elastic effects on glacier flow andobserved flow anomalies
on a scale of hours to a few days has scarcely been investigated. To strike a new path in this direction,
we adopt the MSOFM, in which the ice is able to reproduce both primary and secondary creep effects
with good agreement on the creep experiments analyzed by Sun (1987). However, we further require the
material to exhibit two contrasting properties: (1) viscous stationary creepof a fluid on long time scales,
and (2) elasticity of a solid when the time scale under consideration becomes short, allowing elastic strain
jumps and reversible creep. The material law needs to include properties ofan isotropic elastic solid. We
propose to extend the constitutive form of the MSOFM by an explicit dependence on the Finger strain
tensor (Table 6.1), postulating

t = t̂(E,A(1),A(2)), (6.3.1)

as a frame-invariant functional relation for the stress. We call the corresponding material anelastic mod-
ified second order isotropic material(EMSOIM). The functional form (6.3.1) is a further generalization
of the MSOFM, and belongs to the class of Rivlin-Ericksen materials (Rivlin and Ericksen, 1955).1

We now restrict the constitutive model (6.3.1) by ad-hoc assumptions to make the mathematical proof
of the thermodynamic behavior performed by Sun (1987) applicable to the EMSOIM. In this way, we
preserve the essential properties, namely (i) inclusion of elasticity effects, which, paired with the viscous
effects, allow for relaxation phenomena, and (ii) use of the MSOFM concept to account for the primary
and secondary creep regimes, in the context of an extended Glen flow law.

For an isothermal process with a body at uniform temperature the thermodynamic analysis of Sun (1987)
is recovered for the EMSOIM (Eq. 6.3.1) if the following postulates hold:

1. The Cauchy stress tensort can be additively composed as

t = tE + tD = t̂E(E)+ t̂D(A(1), A(2)), (6.3.2)

wheret̂D is a dissipative stress component that does not depend onE, and t̂E is an elastic stress
contribution.

2. The functional dependence of the Helmholtz free energy may be additively decomposed as

ψ = ψ̂(E,A(1)) = ψ̂1(E)+ ψ̂2(A(1)). (6.3.3)

3. The component̂ψ2 of the Helmholtz free energy is a convex function of its argumentA(1).

1In chapter 5, the thermo-viscoelastic modified second order isotropic model (TMSOIM) was elucidated, which generalizes
the MSOFM. The elastic modified second order isotropic material (EMSOIM) is a sub-form of the TMSOIM, but nevertheless
a generalization of the MSOFM, since the constitutive relation of the Cauchy stress tensor is expanded by a dependence on the
Finger strain tensorE.
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EMSOIM Glen’s flow law MSOFM
(Paterson, 1994) (Sun, 1987)

m −2/3 −2/3

µ 1.4–2.3 MPa d
1
3 2.41 MPa d

1
3

α 161 MPa d2

β0 7000 MPa∗

Table 6.2: Values for the parameters of the Glen flow law and MSOFM, available from the referenced
literature, expressed for the generalized EMSOIM constitutive relation. (*) The value for the modulus
β0 corresponds to 2G, whereG = 3500 MPa is the shear modulus of ice (Schulson and Duval, 2009).

4. The conditions

µ≥ 0, α1 ≥ 0, α1 +α2 = 0, (6.3.4)

must be met.

We refrain from carrying out the complete thermodynamic analysis here as the problem which we con-
sider in the following is an isothermal process and does not require an energy balance to be solved. An
admissible form of the elastic stress contributiontE for an incompressible material with elastic deforma-
tion limited to shearing is the relation

tE = β(E′)E′, (6.3.5)

where

E′ = E− 1
3tr(E)I , (6.3.6)

is the deviatoric strain tensor, andβ is a variable shear modulus of the form

β(E′) = β0 exp(−c 1
2tr(E′2)), (6.3.7)

with initial rigidity β0 = 2G, whereG = 3500 MPa corresponds to the shear modulus of ice (Schulson
and Duval, 2009). The constantc ≥ 0 is referred to as “fading elasticity factor”. The purpose of the
exponential dependence of the shear modulus on strain evolution is the abilityto destroy elasticity on
long time scales. It introduces an exponentially fading strength of elasticity withincreasing strain accu-
mulation. This is analogous to an exponentially fading memory of the material’s elastic properties with
increasing deformation. This should not be confused with the concept ofmaterials with fading memory
(Coleman and Noll, 1960).

Thus, in the EMSOIM, the Cauchy stress tensort takes the form

t = −pI +η(A(1))A(1) +α(A(2)−A2
(1))+β(E′)E′, (6.3.8)

whereα = α1 = −α2 was used. This representation is a fairly general form of a material law containing
the modified second order fluid model by Man and Sun (1987), the Glen flowlaw and a Hooke-type
elasticity relation with vanishing bulk modulus for an incompressible isotropic material of the class of
materials of differential type (Rivlin and Ericksen, 1955). A similar, even more general constitutive
relation is discussed by Zhou (1991).

In Table 6.2 we summarize values of the parametersm, µ, α andβ0 which are available from the literature
and experimental data. The values ofn andB in Glen’s flow law, given in Sect. 6.2.1, are expressed in
terms ofmandµ.
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Figure 6.1: Problem geometry of one-directional shearing flow of a slab of material down an uniformly
inclined plate (UIP). The coordinate systems of the reference (X) and present (x) configurations are
oriented concordant, inclined by some angleφ relative to the gravitational forcef acting in the vertical.

6.4 Unidirectional flow of the EMSOIM

We solve the balance equations for incompressible, isothermal Stokes (creeping) flow with the EMSOIM
law. The governing equations are

−div(t)+ρ f = 0, (6.4.1)

div(v) = 0, (6.4.2)

t = −pI +η(A(1))A(1) +α(A(2)−A2
(1))+β(E′)E′, (6.4.3)

η(A(1)) = µ
(

1
2tr(A2

(1))
)m

2
, (6.4.4)

β(E′) = β0 exp(−c 1
2tr(E′2)). (6.4.5)

Equation (6.4.1) is the momentum balance, whereρ is the (constant) material density andf an external
force. Equation (6.4.2) is the mass balance, which requires the velocityv to be solenoidal. The remaining
equations describe the constitutive relation of the EMSOIM.

To solve the system forward in time, the set of equations must be complemented by an evolution equation
for the Finger strain tensorE from the present timet. Differentiation ofE, using (vi) from Table 6.1 yields

Ė = 1
2

(
FFT − I)

)·

= 1
2

(
LFFT +FFTLT

)

= LE +ELT + 1
2(L +LT),

or,
Ė−LE −ELT = 1

2 A(1), (6.4.6)

which follows as an identity.

As a benchmark example, we consider one-directional shearing flow of aslab of material down a uni-
formly inclined plate (UIP), as illustrated in Fig. 6.1. Congruent to the two-dimensional spatial Cartesian
coordinate system (x, z) depicted in Fig. 6.1, we define the particular reference configurationX = (X, Z).
The plate is considered infinite in the downstream direction(X, x), and the slab thickness is monotonic.
The flow is driven by a gravitational forcef = (gsinφ,−gcosφ) whereφ is the inclination angle of the
plate. We seek the velocity profilev = (v(z),0) which varies with the thickness of the slab.

In this rectilinear flow problem, the following relations exist between presentand reference configuration:

x = X +u, z= Z, (6.4.7)
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whereu is a spatial displacement in the flow direction. The deformation gradient is then

F =
∂x
∂X

=

(
1 ∂u/∂Z
0 1

)

. (6.4.8)

We note that
∂u
∂Z

=
∂u
∂z

∂z
∂Z

=
∂u
∂z

,

so that the Finger strain tensor is given by

E = 1
2

(
(∂u/∂z)2 ∂u/∂z

∂u/∂z 0

)

. (6.4.9)

It may appear appropriate to use a geometrically linearized strain tensor, i.e.,neglecting terms less than
O((∂u/∂z)2). However, this would render the use of a variable modulus inconsistent, astr(E′2) ∝
(∂u/∂z)2. Thus, the geometrical linearization implies explicitly that one only moves little away from
the reference configuration; the material’s elastic properties would remain unchanged in that range of
deformation. Since we require degradation of material elasticity, terms less than O((∂u/∂z)2) should be
retained in the formulation for consistency.

The 1st Rivlin-Ericksen tensor is determined from the spatial velocity gradient as

A(1) = L +LT =

(
0 ∂v/∂z

∂v/∂z 0

)

. (6.4.10)

The evaluation of Eq. (6.4.6) brings up the relation between velocityv and displacementu as

∂v
∂z

=
∂2u
∂t∂z

=
∂
∂z

∂u
∂t

, (6.4.11)

which, in this unidirectional case, is simplyv = ∂u/∂t. We keepv andu separate and insert Eq. (6.4.3),
together with Eqs. (6.4.9) and (6.4.10) into the momentum equation (6.4.1). The stress divergence yields
two equations as

−µ
∂
∂z

(∣
∣
∣
∣

∂v
∂z

∣
∣
∣
∣

m ∂v
∂z

)

−α
∂
∂z

(
∂2v
∂t∂z

)

−β0
∂
∂z

(

exp

(

−c
1
4

[(∂u
∂z

)2
+

1
4

(∂u
∂z

)4]
)

1
2

∂u
∂z

)

= ρg sinφ,

(6.4.12)

−α
∂
∂z

(
∂v
∂z

)2

+β0
∂
∂z

(

1
2

∂u
∂z

)2

+
∂p
∂z

= −ρgcosφ, (6.4.13)

with the velocityv, displacementu, and pressurep as unknowns.

Note, the pressure equation (6.4.13) is decoupled from the flow equation (6.4.12). Equation (6.4.13) is in-
teresting as it obviously describes deviations from a hydrostatic stage (linear pressure variation with slab
thickness) which arise from second order effects and elasticity. Thesenormal stress contributions due to
second order effects (term associated withα) and elasticity (term associated withβ0) in Eq. (6.4.13) carry
opposite signs. If we would have used a geometrically linearized strain tensor, elastic normal stresses,
i.e., the second term in Eq. (6.4.13) would be absent.
In the following, we will only be concerned with the solution of the flow problemof Eq. 6.4.12. We now
non-dimensionalize problem (Eq. 6.4.12) by replacing the relevant fields on the basis of a characteristic
time scale as

t = t̄ [T] = t̄ [L][V]−1, z= z̄[L], v = v̄[V], (6.4.14)
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where each bracketed term represents a characteristic scale of the respective field. For Eq. (6.4.12), upon
inserting Eq. (6.4.14) and dividing by the loadρg and rearranging, we obtain

−Π1
∂
∂z̄

(∣
∣
∣
∣

∂v̄
∂z̄

∣
∣
∣
∣

m ∂v̄
∂z̄

)

−Π2
∂
∂z̄

(
∂2v̄
∂t̄ ∂z̄

)

−Π3
∂
∂z̄

(

exp

(

−c
1
4

[(∂u
∂z

)2
+

1
4

(∂u
∂z

)4]
)

1
2

∂ū
∂z̄

)

= sinφ
(6.4.15)

with theΠ-coefficients

Π1 =
µ[V]m+1

[L]m+2ρg
, Π2 =

α[V]2

[L]3 ρg
, Π3 =

β0

[L]ρg
. (6.4.16)

The coefficientsΠ1−3 containρg to the first power. This means that only twoΠ-products are indepen-
dent, namelyH = Π2/Π1 andK = Π3/Π1, evaluated as

H =
α
µ

[T]m−1, K =
β0

µ
[T]m+1. (6.4.17)

The non-dimensional numberH measures the significance of strain accelerations, whileK is the initial
rigidity modulus. The non-dimensionalization emphasizes the parameters’ relationship to transient ef-
fects. Dropping the superscript bars, the non-dimensional form of theinitial/boundary value problem
takes the form

− ∂
∂z

(∣
∣
∣
∣

∂v
∂z

∣
∣
∣
∣

m ∂v
∂z

)

−H
∂
∂z

(
∂2v
∂z∂t

)

−K
∂
∂z

(

exp

(

−c
1
4

[(∂u
∂z

)2
+

1
4

(∂u
∂z

)4]
)

1
2

∂u
∂z

)

= sinφ,

(6.4.18)

v =
∂u
∂t

, (6.4.19)

v(z= 0, t) = u(z= 0, t) = 0, (6.4.20)

u(z, t = 0) = u0(z), v(z, t = 0) = v0(z), (6.4.21)

where Eq. (6.4.20) is the Dirichlet boundary condition, assuming that the slab adheres to the plate, and
Eq. (6.4.21) describes a set of initial conditions withu0(z) = v0(z) = 0, atz = 0, due to Eq. (6.4.20).
We have now reduced the set of coefficients to the parametersH andK as measures on viscoelastic,
transient effects (strain acceleration and/or elasticity) relative to the purely viscous power-law material,
i.e., the first term of Eq. (6.4.18).

6.4.1 Numerical implementation

The field equations are numerically implemented using the DOLFIN/FFC finite element software (Kirby
and Logg, 2006; Logg and Wells, 2010). We solve the flow problem of Eqs. (6.4.18), (6.4.19) together
with the homogeneous boundary condition (6.4.20) and the initial conditions (6.4.21) in a mixed problem.
The weak form of the discrete Galerkin formulation is to find (uh, vh) ∈Uh×Vh, such that

F(uh,vh;bh,wh) :=

(
∂wh

∂z
,

∣
∣
∣
∣

∂vh

∂z

∣
∣
∣
∣

m ∂vh

∂z

)

+H

(
∂wh

∂z
,

∂2vh

∂z∂t

)

+K

(
∂wh

∂z
, exp

(

−c
1
4

[(∂uh

∂z

)2
+

1
4

(∂uh

∂z

)4]
)

1
2

∂uh

∂z

)

−
(

wh, sinφ
)

+

(

bh,
∂uh

∂t
−vh

)

= 0,

(6.4.22)

for all admissible (bh, wh) ∈Uh×Vh. Here,F is a bilinear form, where (·,·) is anL2(Ω) inner product
for scalars defined with respect to the partition of the bounded domainΩ of R

1 into finite elements, and
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the subscripth is a discretization parameter. The finite element spacesUh andVh are appropriate spaces
of square integrable basis functions with derivatives also being squareintegrable. We use continuous
Galerkin elements with Lagrange polynomials of second order. The time derivatives are discretized
using the implicit backward Euler scheme. We apply Newton’s method to solve theresulting system of
nonlinear algebraic equations.
Note that Eq. (6.4.22) results in a system of nonlinear differential-algebraic equations (DAEs) of the
form G(t, u, v, ∂v/∂t) = 0. It contains the initial value problem of satisfying a consistent set of initial
conditions for theN-dimensional vectors of unknownsu0(z) andv0(z) at t = 0 (e.g. Brown et al., 1998).
Initially, the creep rate of ice is larger than in the stationary creep regime and itis decelerating (primary
creep). Thus, to compute a consistentv0(z), we solve one time step withH = 0 using a very small
step size. In this way, we obtain a valid steady solution(us(z),vs(z)). The velocity is then increased
above the steady solution by a constanta, i.e. (u0(z),v0(z)) = (us(z), avs(z)). Usinga = 2.5 and then
solving another (tiny) time step withH specified, yields a vectoru0(z) consistent withv0(z), so that the
actual computation can be started with(u0(z),v0(z)) as consistent initial conditions. IfK = 0, we reset
the displacementu0(z) = 0 as no initial instantaneous elastic displacement occurs. IfK > 0, u0(z) also
served as initial condition.

6.5 Results

6.5.1 Creep under step function load

The UIP problem may be interpreted in analogy to a shear creep experiment.At time t < 0, the load
is zero and the material has been at rest for a long time. Fort ≥ 0, we assume the load to be constant,
i.e., equal to sinφ. However, as we are also interested in the unloading phase, we artificially remove the
(gravitational) load after some time, so we define the modified load sinφ(t) with

φ(t) = (H(t)−H(t − tr))φc, (6.5.1)

whereφc = 12◦, H(·) is the Heaviside function, andtr is a portion of the experiment run-time (60% of
the total run-time). Of the solutions, we display velocity (creep rate) and displacement (creep) at the
surface of the slab as functions of time. In Figs. 6.2 to 6.4 we elucidate resultsfor different parameter
combinations.
If second order (creep accelerations) and elasticity effects are absent, i.e. H = K = 0, the purely vis-
cous flow problem, equivalent to the Glen power-law is solved. In that case, the material simply shears
down the plate with steady creep rate (velocity). As the load is removed att = 0.9, the creep rate in-
stantaneously drops to zero. This case is depicted by the black solid curvein Fig. 6.2a. In Fig. 6.2b,
the corresponding creep curve is depicted. The displacement increases linearly with time with a slope
corresponding to the creep rate (Fig. 6.2b). At unloading (t = 0.9), the creep curve remains at a constant
level of permanent creep experienced so far.
For increasing (decreasing) power-law exponentm, the constant creep rate increases (decreases) propor-
tionally. However, the creep rate is fixed for a constant load, and no transient behavior occurs. In all the
following computations, we usedm= −2/3 (n = 3).
In Fig. 6.2a, b, we have 0≤ H ≤ 10, whileK = 0. Here, the material initially deforms rapidly with high
creep rate. ForH ≤ 1.0, the creep rate decays rapidly and asymptotically reaches the steady creep rate
(the solution withH = 0, Fig. 6.2a, black solid). IfH = 5 or 10, the creep rate decelerates significantly,
but does not reach stationary creep untilt = 0.9. When the load is removed at that time, the creep rates
do not drop instantaneously to zero, but further decay for allH > 0. For smallH, the creep curves in
Fig. 6.2b are composed of four sections; an initial interval of decelerating(primary) creep followed by
monotonically increasing, stationary creep, and a recurring interval of decelerating creep, which then
goes over intou= const. However, asH is increased, the sequence of these different creep intervals is
blurred and the displacement function transforms into a single interval of almost permanently decelerat-
ing (primary) creep (seeH = 10, Fig. 6.2b). Note that the decelerating creep att > 0.9 is particularly
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Figure 6.2: (a, c) Velocity (creep rate)v at the slab surface as function of time. (b, d) Displacement
(creep)u at the slab surface as function of time. In (a, b), solutions ofv andu are displayed for different
values of the dimensionless numberH while K = 0. In (c, d), solutions ofv andu are displayed with
H = 0 and varyingK. Other parameters are as displayed in the plot headers. All fields (u, v, t) are
non-dimensional.

interesting since the material now exhibits, after removal of the load, continueddecelerating creep. This
situation indicates a retardation of the material’s response to the removal of theload; with increasing
H the creep rate decays increasingly slower. The creep undergone by the material is not recoverable, so
the material is a viscous fluid with the ability to experience transient creep, according to the MSOFM.
In Fig. 6.2c, we now impose elastic properties withK > 0 and setH = 0. For anyK the material im-
mediately starts to creep with initial velocity as the solution withK = 0. All creep rates then decay
asymptotically to zero; the time it takes to reach zero depends onK. At the removal of the load (t = 0.9),
the creep rates instantaneously jump to negative values, which indicates thatcreep starts to recover. In
Fig. 6.2d, the increase of displacements decelerates with increasing timet and eventually the individual
displacement solution approaches an asymptotic limit (e.g.K = 103 in Fig. 6.2d). At unloading time
t = 0.9, the displacements start to decrease again quasi-exponentially and re-approach zero. Thus, for
K > 0, the material becomes elastic and rigid, which prevents permanent creep but allows complete re-
covery of the displacement.
In Fig. 6.3, we display the material behavior when elastic and second ordereffects are both activated with
nonzeroH andK. We show solutions forH = 2.0 and varyingK (Fig. 6.3a, b), and forK = 102 with
variableH (Fig. 6.3c, d). WhenH > 0, the slab starts to creep with initially high creep rate. IfK is very
small, i.e.,K = 1.0, the decay of the creep rate slows down and becomes almost constant (Fig. 6.3a). At
removal of the load (t = 0.9), the decay of the creep rate speeds up again and approaches zerofast. If
K = 102, the creep rate initially decays rapidly but slows down considerably aftert ∼ 0.3. If K = 103,
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Figure 6.3: (a, c) Velocity (creep rate)v at the slab surface as function of time. (b, d) Displacement
(creep)u at the slab surface as function of time. In (a, b) solutions ofv andu are displayed forH = 2 and
variableK, while in (c, d) solutions ofv andu are shown forK = 102 and different values ofH. Other
parameters are as displayed in the plot headers. All fields (u, v, t) are non-dimensional.

or larger, the creep rates decay very rapidly and even drop below zero and then increase again. So, the
creep rates begin to oscillate and fade to zero afterward. If the load is removed, the creep rates drop,
oscillate and fade again to zero. Thus, sinceK≫ 0 andH 6= 0, the material is strongly elastic and able to
respond to creep accelerations; the material behavior becomes resilient. The corresponding creep curves
show decelerating creep reaching a maximum at increasingly earlier time, at which time recovery is also
activated (Fig. 6.3b).
In Fig. 6.3c, we observe how the creep rate decays increasingly less rapidly with increasingH. The
material response gets strongly delayed. IfH is small, the creep rate quickly decays asymptotically to
zero. At unloading (t = 0.9), it jumps to negative values and again asymptotically returns to zero. If
H = 1 or 5, the creep rate first decreases fast and then the decay slows down rather quickly. For large
H ≥ 10, the creep rate decreases slowly and unloading att = 0.9 has almost no effect. In this case, for
increasingH and fixedK, the material experiences increasingly more creep until at unloading, the creep
decreases (recovers) again (Fig. 6.3d).

6.5.2 Fading elasticity

As already mentioned, whenK > 0 (Figs. 6.2c, d and 6.3), the material is essentially a viscoelastic solid
which can only experience limited, though fully recoverable creep. It is obvious that these properties of a
viscoelastic solid dominate the material behavior for all timest. However, viscous creep of a fluid should
be the dominating material behavior fort ≫ 0, thus with increasing timet, the material needs to forget its



90 CHAPTER 6. VISCOELASTIC CREEP RESPONSES IN UNI-DIRECTIONAL SHEARING

0.000

0.002

0.004

0.006  a 
m=-0.67, H=0.0, K=1.0e2, 
�

t=0.01

0.0006

0.0012

0.0018

0.0024

 b

m=-0.67, H=0.0, K=1.0e2, 
�

t=0.01

        c=0.0
        c=1.0e6
        c=2.0e6
        c=3.0e6
        c=5.0e6

0.0 0.3 0.6 0.9 1.2

0.000

0.002

0.004

0.006  c 
m=-0.67, H=3.0, K=5.0e2, 
�

t=0.01

0.0 0.3 0.6 0.9 1.2

0.0006

0.0012

0.0018

0.0024

 d

v
e
lo

ci
ty

 /
 c

re
e
p
 r

a
te

 v

d
is

p
la

ce
m

e
n
t 

/ 
cr

e
e
p
 u

time

m=-0.67, H=3.0, K=5.0e2, 
�

t=0.01

        c=0.0
        c=1.0e6
        c=2.5e6
        c=5.0e6
        c=7.5e6

0.000

0.002

0.004

0.006  a 
m=-0.67, H=0.0, K=1.0e2, 
�

t=0.01

0.0006

0.0012

0.0018

0.0024

 b

m=-0.67, H=0.0, K=1.0e2, 
�

t=0.01

        c=0.0
        c=1.0e6
        c=2.0e6
        c=3.0e6
        c=5.0e6

0.0 0.3 0.6 0.9 1.2

0.000

0.002

0.004

0.006  c 
m=-0.67, H=3.0, K=5.0e2, 
�

t=0.01

0.0 0.3 0.6 0.9 1.2

0.0006

0.0012

0.0018

0.0024

 d

v
e
lo

ci
ty

 /
 c

re
e
p
 r

a
te

 v

d
is

p
la

ce
m

e
n
t 

/ 
cr

e
e
p
 u

time

m=-0.67, H=3.0, K=5.0e2, 
�

t=0.01

        c=0.0
        c=1.0e6
        c=2.5e6
        c=5.0e6
        c=7.5e6

Figure 6.4: (a, c) Velocity (creep rate)v at the slab surface as a function of time. (b, d) Displacement
(creep)u at the slab surface as a function of time. In (a, b) solutions ofv andu are displayed for different
values of the memory damping factorc while H = 0. In (c, d) solutions ofv andu are shown for various
values ofc andH = 3.0. Other parameters are as displayed in the plot headers. All fields (u, v, t) are
non-dimensional.

elastic properties. This is achieved by adjusting the fading elasticity factorc. In our creep experiment, if
K > 0 and the load sinφ(t) is applied, the displacement approaches some asymptotic limit for increasing
time. In that case, i.e.,t ≫ 0, the last term on the left-hand side of Eq. (6.4.18), associated withK,
becomes dominant att ≫ 0, while due tov→ 0 the other terms diminish. Settingc≥ 0 exponentially
attenuates the growth of that term with increasing displacement (i.e., strain). This is equivalent to an
exponential decay of the initial dimensionless modulusK with increasing displacement/strain. Note that
this results in a temporal response of the material behavior, however it is not an explicit time-dependent
response, as the change in the phenomenological parameter is linked to the deformation. This response
can be physically interpreted as a change in resistance of the material, whiche.g. Ashby and Duval
(1985) and Castelnau et al. (2008) associate with a change in the internalstress field of the material.
We display the associated material behavior in Fig. 6.4. If second order effects are left aside (H = 0) we
observe the material creep rate to decay towards zero and then increaseagain (Fig. 6.4a). The largerc is,
the earlier the decay of the creep rate will be interrupted and the creep rateincreases again, approaching
some constant nonzero value. For such cases, the creep deceleratesand then accelerates again, increasing
gradually with time. When the load is removed att = 0.9, some recovery of creep takes place where
the displacements decrease and approach some constant value again, corresponding to the amount of
permanent viscous creep acquired (Fig. 6.4b). The largerc is, the more permanent viscous creep and the
less recovery of creep occurs. If second order effects are takeninto account, e.g.H = 3, primary creep
is activated again and oscillating creep rates (re-)appear. The increase of c in such cases dampens the
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oscillations and prevents the creep rate from decaying to or below zero, maintaining increasing viscous
creep with increasingc.

6.6 Discussion

6.6.1 Viable ranges ofH and K

The EMSOIM includes three relevant material parameters, i.e.,µ, α, andβ0. The parametersµandα have
been determined based on laboratory experiments and creep function fitting. McTigue et al. performed
the parameter identifications ofµ, α1, andα2 for a second order fluid model withm= 0. Sun (1987)
re-fitted the creep data of McTigue et al. for the MSOFM, under the conditions of m= −2/3, (n = 3
in Glen’s flow law) andα1 + α2 = 0 (thermodynamic constraint). The resulting mean estimates of Sun
were listed in Table 6.2. We now usem andα as determined by Man and Sun (1987, see Table 6.2) and
insert them into the definition ofH (first equation of Eqs. 6.4.17). In Fig. 6.5, we plot the variation of
H as a function of time scale. The limits of the abscissa encompass the approximate range over which
the experiments of Mellor and Cole (1982) and Jacka (1984) lasted. The timescales shaded in light
grey range from 1 to 10 days, and correspond to the durations of the creep experiments analyzed by Sun
(1987), from which he estimated the parametersµ andα. The value ofµ deduced by Sun is in the range
of µ expected from the Glen flow law (Paterson, 1994). Considering a variation of µ according to the
range given in Table 6.2, the change ofH with increasing time scale and fixedα = 161 MPa d2 is given
by the dark grey bar in Fig. 6.5a. The range of expectedH is the intersection of the grey bar with the
time scale interval shaded in light grey, which is 1.5 ≤ H ≤ 115. For a time scale of 5 d,H is ≈5. In
Fig. 6.5b, the change ofK with increasing time scale, according to the second equation of (6.4.17), is
shown. Here, the dark grey bar indicates the value ofK for β0 = 7000 MPa, and 1.4≤ µ≤ 2.4 MPa d

1
3 .

Expected values ofK for a time scale between 1 to 10 d lie in the interval of 2.9·103 ≤ K ≤ 2·104, with
K ≈ 8·103 at [T] = 5 d.
We note that there is a considerable variation ofH of two orders of magnitude with increasing[T],
whereasK changes only one order of magnitude across the time scales of 1 to 10 d. In this range, the
absolute value ofK is about two orders larger than that ofH at a given time scale. Thus, the solid
elastic properties are the prominent feature of the ice at any time scale. Sincethe value ofH shows
strong variation across[T], the behavior of a strongly elastic material (largeK) is expected to vary quite
significantly, depending onH. The occurrence of oscillating creep (Sect. 6.5) is a striking indication to
this.

6.6.2 Relevance of acceleration effects(H > 0)

As pointed out, the magnitude ofH obviously varies strongly, depending on the scales considered. The
interpretation is that the strain acceleration term in the constitutive relation can alter the material behavior
considerably, as demonstrated by the appearance of oscillating creep rates with increasingH and large
K. The oscillating creep questions consideration of second order effects(i.e., strain accelerations) in a
creeping (Stokes) flow problem. Nevertheless, if no creep accelerations are considered, i.e.,α (H) is
zero, it is not possible to reproduce primary creep rates which are up to two orders larger than the steady
secondary creep rate (e.g. Jacka, 1984; Castelnau et al., 2008). For K > 0, butH = 0, there is no solution
with creep rates larger than the viscous, stationary creep rate (K = 0). The strain accelerations withH > 0
are necessary to capture the primary creep regime with the deceleration of the creep rate. However, in
the EMSOIM constitutive equation, the significant decrease of strain rate inthe primary creep regime
will also be influenced by the evolving elasticity of the material and not only by strain accelerations, as
in the MSOFM. Presumably, the actual value ofα as a material parameter in the EMSOIM is smaller
than it can be expected on the basis of the MSOFM. Thus, strain accelerations and decay of elasticity in
the EMSOIM should be designed in such way that the interference does not result in oscillating creep
behavior.
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Figure 6.5: Change of the dimensionless numbersH andK of Eq. (6.4.17) as functions of the time scale
and the parameters from Table 6.2.

6.7 Final remarks

We applied a viscoelastic material law in a simple unidirectional flow problem and studied the influences
of the various material parameters. The EMSOIM relates stress to strain andits derivatives up to second
order, i.e. strain rates and strain accelerations. As the EMSOIM is a generalized material law incorpo-
rating the Glen flow law, the MSOFM and a nonlinear elasticity relation, depending on the choice of
parameters, it reproduces material behavior with respect to either a singleor multiple of the incorporated
constitutive relations.

For unidirectional flow considered here, the set of field equations was substantially reduced, however, the
constitutive model was capable of producing complex material responses.Such characteristics, including
total or partial recovery of deformation and enhanced viscous deformation with non-stationary creep
rates, may be possibly encountered in the observations on Gornergletscher. Such a multi-dimensional
situation makes the problem much more challenging and besides the difficulties associated with the
viscoelastic theory and material behavior, numerically dealing with the problemin the context of finite
elements becomes more involved. Nevertheless, we target on considering further applications of the
EMSOIM constitutive model and the investigation of viscoelastic properties ofglacier ice.
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6.8 Addendum: Fit of the EMSOIM to experimental uni-axial creep data

In Section 6.4 a uni-directional shear flow problem obeying the EMSOIM viscoelastic constitutive equa-
tion was developed. Transient responses of velocity and displacements were analyzed in a constant
load/sudden unloading situation for selected parameter combinations and in theresults a broad spectrum
of material behavior was illustrated (Sect. 6.5). However, no particular response or certain parameter
combination was identified for a representative ice rheology, only estimates on the parametersH and
K based on the variation of an arbitrary process time scale[T] were given. In this section, I seek a set
of non-dimensional model parametersH, K andc, which generate a viscoelastic response describing the
primary and secondary creep stages of the creep of polycrystalline ice.To this end, the model is tested
on experimental data on the creep deformation of ice.
Most creep experiments conducted in the past considered uni-axial compression tests. Specimens of
artificial isotropic polycrystalline ice, prepared in the laboratory, were subjected to constant loading
at relatively low stresses over long time, and strain rates and strains were measured on the specimen.
The experiments of Mellor and Cole (1982, abbreviated MC82) and Jacka(1984, abbrev. JA84) are
well known and include repeated compression tests performed at different temperatures and at different
stresses (loads). The tests of MC82 covered a stress range of 0.8 to 3.8MPa and were carried out at
-5◦C. In the tests of JA84 different loads in the axial stress range of 0.11 to 2.54 MPa were applied,
and four sets of experiments were carried out at temperatures of[−5,−10.6,−17.2,−32.5]◦C. The re-
sults of MC82 and JA84 were compiled as creep curves in log-log plots of strain rate versus time or
strain. Example creep curves extracted from MC82 and JA84 are displayed in Figure 6.6. The three
distinct creep regimes of primary creep (decaying strain rate), secondary creep (minimum strain rate),
and tertiary creep (increasing strain rate) are easily discernible. In all curves displayed, the minimum
strain rate ( ˙emin) is reached at∼1 % strain (=̂ 0.6 % octahedral strain). The creep curves are not exactly
geometrically similar as indicated by Mellor and Cole (1983), but neverthelessdo resemble each other
remarkably. Ashby and Duval (1985) scrutinized the analogy of the creep curves from constant load
experiments in more detail. They showed that normalized creep curves (strain rate vs. strain, or strain
rate vs. time) can be adequately represented by a single, non-dimensionalmaster relation. The scaling of
creep data proposed by Ashby and Duval was the result of a dimensional analysis of a constitutive equa-
tion proposed, and, indeed, the experimental creep data strongly supported such dimensional affinity. In
Ashby and Duval (1985), the basis of normalization of strain, strain rate and time data was the relation

[ė] =
[e]
[T]

, (6.8.1)

where[·] represents a characteristic scale for each of the creep variables of strain, e, strain rate ˙e, and
time t. Plots of strain rate as a function of time in both Mellor and Cole (1982, 1983) and Jacka (1984)
indicate that ˙emin and the time required to develop the minimum strain rate, denoted astmin, are related as

ėmin ∝
1

tmin
. (6.8.2)

This allows normalization of creep variables by the measured minimum strain rate as

¯̇e = ė/[ė] = ė/ėmin,
t̄ = t̄/[T] = t ėmin,

(6.8.3)

with the time scale
[T] = 1/ėmin. (6.8.4)

In this scaling,[e] = 1, i.e. no additional scaling of strain is used in equation (6.8.1). Ashby andDuval
(1985) used a slightly different scaling, where[e] ≈10-4, the strain scale having the order of an initial
elastic strain. In that case, the scaling reflects a normalization of initial strain/primary creep stage data.
However, the scaling (6.8.3) is a normalization with respect to the secondarycreep regime at minimum
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Figure 6.6: Creep curves (strain rate versus strain) from constant load experiments (Curve labels refer to
stress loading in MPa). Reproduced from (Mellor and Cole, 1982, left),and (Jacka, 1984, right).

strain rate. By way of design, the uni-directional model (equation (6.4.18)) considers transient creep rel-
ative to the creep at the minimum strain rate by means of the parametersH andK (andc). Consequently,
a single master creep curve from experimental data normalized according to(6.8.3) can be predicted with
the EMSOIM model. Assuming a constant elastic modulus (c = 0), the non-dimensional uni-directional
shearing problem (6.4.18) can be written as

− ∂
∂z

(∣
∣
∣
∣

∂v
∂z

∣
∣
∣
∣

m ∂v
∂z

+H
∂2v
∂t∂z

+K
1
2

∂u
∂z

)

= 1. (6.8.5)

If e= ∂u/∂z is a non-dimensional shear strain and ˙e= ∂v/∂za non-dimensional shear rate, model (6.8.5)
becomes

− ∂
∂z

(
|ė|m+1 +H ë+ 1

2Ke
)

= 1. (6.8.6)

Since we now have identified an appropriate measure for[T], we can renew the estimates forH and
K based on equation (6.4.17). If we take the mean of all minimum strain rates fromthe creep experiments
of MC82 and JA84, we obtain|ėmin| = 0.54 d-1. Using (6.8.2) and (6.4.17), we estimateH = 24 andK =
1.8·103. From the calculations performed in Section 6.5, values ofH ≈ 5 andK ≈ 104 were expected
for [T]= 5 d.

In the fitting trial,K was kept as estimated,c was chosen in order that elasticity (K) vanishes shortly after
reaching the minimum shear rate, whileH could be used to correctly match the shear strain at minimum
shear rate. Note that the experimental strain rate/strain data from the compression tests of MC82 and
JA84 is converted to values corresponding to a simple shearing situation according to Budd (1969). In
Figure 6.7, the thick solid dotted line depicts shear rate versus time (Fig. 6.7a) and shear rate versus shear
strain (Fig. 6.7b) computed with equation (6.4.12). Shear rate and shear strains correspond to maximum
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(ė
)

 a � = 4.27e-04, � = 1800,
c = 8.0e+05�exp(�c tr(E

, 2
))

�5 �4 �3 �2 �1
log10(e)

0.0

0.5

1.0

1.5

lo
g 1

0
(ė
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Figure 6.7: Non-dimensional creep relations (thick solid-dotted line) of shear rate as a function of time
(a) and shear rate as a function of shear strain (b), modelled using the uni-directional flow equation
(6.4.18). The model creep curves are compared to normalized primary/secondary creep data (backgound
grey dots) of Mellor and Cole (1982) and Jacka (1984). The thin solid lineis the normalized exponential
decay function of the modulusK.

values occurring at the bottom of the shearing slab. The parametersH = 4.27·10-4, K =1.8·103, andc =
8·105 give a consistent fit to the experimental data of MC82 and JA84 (background grey dots) for both
shear rate vs. time and shear rate vs. shear strain relations. Apart fromthe very high strain rates at
initial small strain, the decrease of shear strain rates in the primary regime down to the minimum creep
rate is well captured in the model. The (logarithmic) decay of the non-dimensional modulusK (the non-
dimensional equivalent of equation 6.4.5) is also drawn in Figures 6.7a, b (thin solid line). The decay
of K cancels elastic effects and recoverable strain approximately when the secondary creep regime is
reached, while shear strain during primary creep remains fully recoverable.

Unexpectedly, the value ofH is more than 4 orders smaller than anticipated. Numerical failure of fitting
the creep data using the expectedH andK (occurrence of high-frequency oscillating creep), identifies a
certain incompatibility of strain accelerations and elastic properties. The MSOFM model of Sun (1987)
considers decaying strain rate (primary creep) as a deceleration response, i.e., a second-order effect. Our
intent was to retain the MSOFM concept of primary and secondary creep and annihilate the sole viscous
nature of the MSOFM by including elasticity, rendering elapsed creep reversible. However, this concept
can only be maintained under two circumstances: either elastic properties arekept weak (K small) or else
strong elastic properties (K large) must vanish before interfering with second order effects, i.e. before the
primary creep response of ice. This would mean, that the MSOFM can be enhanced with elastic effects
only for an initial (small) elastic response; the material may pertain only very weak elastic properties
while the primary creep response (strain rate deceleration) is generated via second-order effect. Else,
one abandons the concept of a modified second grade fluid enhanced with elastic properties and switches
the interpretation, and regards the material as a viscoelastic solid enhancedwith higher-order effects.
In that case, the primary creep response will be generated primarily by elasticity (increased resistivity
of the material, strain-hardening) and higher-order strain accelerationstake on a minor role, creating
initial strain rates larger than the stationary creep rate, and, equivalently,second-order effects will vanish
in the early stage of the primary creep response. The conclusion is that thedesired response of ice in
the primary and secondary creep regimes can only be represented by one of these effects, and the other
one must take on a minor role. Which of the two effects is to be suppressed depends on the objective
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of the material law. Since we are concerned with elastic effects and recoverable creep, we choose the
interpretation as a viscoelastic solid model, abandoning the MSOFM interpretation.

An appropriate response fitting the experimental creep data was presented and values forH, K and
c were determined. The value ofH indicates that the model parameterα takes on a value radically
different than expected on the basis of the MSOFM and the parameter estimation of Sun (1987). Indeed,
the primary creep response is generated either by second grade effects (largeH), or by means of elasticity
alone. The non-zeroH merely initiates the creep at a shear rate higher than the minimum shear rate and
has a minor impact elsewhere.



Chapter 7

Simulating reversing ice motion as viscoelastic
recoverable creep

A recurring feature was the observation of ice motions drifting off the usual trajectory, or almost com-
pletely reversing the flow direction. In the first chapter of this thesis, a selection of ice flow motions
occurring during different drainages of Gornersee was illustrated. Several of the referenced ice displace-
ment trajectories not only exhibited increased flow velocities and/or noticeable vertical motion, but also
particular departures from the expected flow paths. Moreover, the departures were retrograde; after a
certain increase of time and displacement, the movement changed direction, and markers (and thus ice)
resumed the trend of motion preceding the anomalous excursion. In Sugiyamaet al. (2007a), the anoma-
lous reversing motions in the periphery of Gornersee are discussed. The considered motions correspond
to the type L1 of the drainage O1 (see Fig. 2.5a1). In Sugiyama et al. (2010) the side-ways (N-S) motions
towards the margins below the confluence of Gornergletscher are treated, which correspond to the L3/L4
motions (see Figs. 2.7a1 and 2.8a1).

In chapter 3, the ice-flow changes occurring in the vicinity of Gornerseewere scrutinized for the cases
of the O1 and O2 drainages (A comparison of drainages 2004 and 2006). Due to the absence of a
profound subglacial impact of the O2 drainage, the inspection successfully identified the presence and
action of the lake water pressure on the surrounding ice. The lake water pressure is an extra load on
the ice in the vicinity of the lake. The lake water exerts pressure on the sub-aqueous and lake-marginal
ice, and is a comprehensible initiator of changing stress conditions. During the filling of Gornersee, the
pressure increases gradually and ice flow within the vicinity of Gornerseereacts accordingly. This is
the interpretation established in Chapter 3. The magnitude of the pressure depends on the depth, and
possibly, on the surface area of the lake. During the lake drainage, the water pressure reduces again. The
discharge of (lake) water determines the change of lake water level, whichin turn determines the change
of the pressure imposed on the ice. The forces acting upon the lake-marginal ice increase with increasing
depth of the lake water. Thus, only a sufficiently deep (i.e. high water level)and large lake may be able
to generate a substantial stress affecting the motion of the ice surrounding the lake. From this situation, it
may be conjectured that a sufficient (and sufficiently fast) decrease oflake water pressure may allow the
ice to temporarily reverse the displacement direction. The interplay between magnitude, rate of release
of force imposed on the ice, and the transient response of the ice would then determine the possibility
of such a reverse motion event. These relations will be explored in the following by simple simulations
using the viscoelastic model (EMSOIM) presented.

7.1 Observed ice motions with reversing displacement component

The simulations will be based on the motion events observed. The superficialice-motion events from
two different O1-drainages exhibiting a recursive motion component arecollected in Figure 7.1. Panels
(a) depict the horizontal ice displacement (thick black solid). Along this trajectory, the symbols indicate
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Figure 7.1: Panels R1a and R2a display horizontal ice displacement trajectories (solid black), with dates
indicated. Grey lines labelled ’along displ.’ refer to approximate motion trend lines computed from the
trajectory data< day -2 and> day 5, while the lines labelled ’cross displ.’ are normal thereto. Panels
R1b/R2b display lake water level (blue solid) and lake discharge (blue dashed) as functions of time (l.w.d.
= lake water level decrease). Panels R1c d/R2c d display transformed horizontal ice displacement; the
displacement is separated into cross (c) and along-flow (d) components and plotted against time.

the direction of motion as they mark the positions at days -2, 0, and 5 (corresponding to the interval
between 2 days prior to the highest lake water level and 5 days afterward). From the motion prior to
day -2 and later than day 5, linear trend lines for each motion R1 and R2 wereestimated, which are the
solid grey lines labelled ’along displ.’ in Figure 7.1, R1a and R2a. A coordinate transformation was then
applied to the horizontal displacement trajectory, aligning one coordinate axis with the trend line, and
the other axis normal thereto. Thus, the original horizontal displacement trajectory was separated into
along-flow and cross-flow components, the new coordinate directions being indicated by the grey solid
lines in Figure 7.1, R1a and R2a. The resulting time series of the along- and cross-displacements are
depicted in the sub-panels R1c-d and R2c-d. Additionally, the sub-panelsR1b and R2b in Figure 7.1
display the evolution of lake water level and lake discharge. The lake discharge was computed based
on melt modeling studies by Huss et al. (2007). Vertical dashed lines and corresponding symbols refer
again to the days -2, 0 and 5 of the drainages. The coordinate transformation isolates each of the two
reversing motions. They now appear exclusively on one displacement component (i.e., on the cross-
component, Fig. 7.1, R1c and R2c), whereas on the other component (Fig. 7.1, R1d and R2d), only an
approximately linear displacement trend remains. Note that the along-flow directions in Figure 7.1 are
oriented approximately in line with the lake boundary, whereas the cross-flow direction corresponds to
directions normal to the lake boundary.
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Figure 7.2: Use of uni-directional shearing model for creep recoverysimulation.

If the reversing motion would solely be caused by the decrease of lake water pressure, one would expect
the cross displacement in Figure 7.1R1c to follow the decrease of the lake water level (Fig. 7.1, R1b).
However, this is not true for the first two days 1-2 of the drainage. In fact, when the lake water level
starts to decrease on day 0, the ice displacement increases further and the ice moves away from the
lake at accelerated rate (Fig. 7.1, R1c). At day 3, when the lake water level has already dropped about
10 m (Fig. 7.1, R1b), the cross displacement reverses and decreasesagain (which corresponds to the ice
moving again towards the lake). The same applies for the R2-motion (Fig. 7.1, R2b, c).

7.2 Modelled reversing deformation in uni-directional shearing

With use of the EMSOIM uni-directional shearing model (equation (6.4.18)), a modelling experiment
as depicted in Figure 7.2 is pursued. On a line normal to the lake, we considerthe vertical shearing
flow profile across the depth of the ice column. The lake is situated upstream the measurement point
P, which refers to the location where the reversible motion events R1 and R2, depicted in Figure 7.1,
were observed. The effect of the lake water and drainage is considered as a modulation of the loading
componentf , i.e. the right-hand side of the equation (6.4.18). Variations of basal motion can not be
considered, as the use of basal motion as a specified boundary conditiondirectly transfers to the surface
in the 1-D model. Further, implementation of a basal boundary condition generating a basal velocity
is avoided. The purpose of the computational experiment is to answer the following question: What
load and subsequent release across what time is needed to create reversible displacements similar to the
observations at the surface of the ice column if the ice is considered the soleactuator. Thus, the objective
is to test the conditions under which a reversing displacement can be caused purely by the ice rheology
reacting to changing stress conditions. If the model generates a deformation response with reasonable
material parameters on time and stress scales expected for the situation of Gornersee, we may suppose
that viscoelastic flow effects are acting (at least amongst other processes). If no acceptable creep response
is deduced, the hypothesis of viscoelastic recovery of deformation is rejected. Then, the reversible ice
motion is declared a consequence of other influences, such as enhanced basal motion and/or vertical
uplifting etc.

In the simulations, the load functionf is taken as a sinusoidal signal. For a non-dimensional loadf̄ with
peak load equal to unity,

f̄ = sin(π(t/tmax)
p) , for t ≤ tmax,

f̄ = 0, for t > tmax,
(7.2.1)

wheret is the non-dimensional experiment run-time,tmax is a limit time to normalize the half-period
of the sinusoidal signal, i.e. the sinusoidal load then becomes zero att = tmax. The sinusoidal load is
needed to apply an increasing force component and reproduce the initialincrease of displacement; the
displacement reverses direction with a delay of about 1-3 days from day0. For an exponentp > 1, the
load function is asymmetric; the increase of the load is slowed, while the decrease of the load is hastened.
In Figure 7.3a, a set of symmetric, non-dimensional loading curves withp = 1 in equation (7.2.1) are
displayed. The total run-time wasT = 1.1, andtmax was incrementally changed from 0.2T to 0.8T for
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S1-S7, respectively. In Figure 7.3b, the resulting transient displacement responses at the surface of the ice
column are depicted. For these responses, the parameter values ofH = 4.27·10-4,K = 1800, andc = 8·105,
as estimated in Section 6.8, were used. Thus, the curves depict various superficial recovery responses
for increasing time of loading. For increasing loading time, the slope of deformation on the recovering
part becomes less steep, i.e. the creep recovers less quickly. This is an influence of material weakening
due to the memory factorc. To estimate scales[L] and[T] required to normalize the real observations
fitting into the range of non-dimensional creep recovery responses displayed, the definitions (6.4.16) and
(6.4.17) are suitable. The most important relation is

µ[T]−(m+1) = [L] [ f ]. (7.2.2)

Thus, givenµ, [T] and[L] by the real data, where[T] represents a time interval of the lake drainage and
[L] an appropriate measure for the ice thickness at the location, we may immediately deduce the dimen-
sional load required to produce the according dimensional response. However, the load is a measure
of force per unit volume. Note that[ f ][L] has the more practical dimension of stress,[σ], thus we may
consider (7.2.2) as

[σ] = [ f ][L] = µ[T]−(m+1). (7.2.3)

From Figure 7.1 (R1c and R2c) it is observed that the major increase and subsequent decrease of the
ice displacement takes place during the first five days of the drainage (day 0 to day 5). The time scale
can thus be set as[T] = 5 d. The thickness of the ice column at the location of interest is roughly[L] =
150 m. Using equation (7.2.3) with a standard value of the viscosityµ = 2.41 MPa d

1
3 , the stress scale

is estimated as[σ] = 1.4 MPa. The modelled non-dimensional displacements functions displayed in
Figure 7.3b can now be re-dimensionalized using the aforementioned scalesfor time, [T], and length,
[L]. The range of the non-dimensional displacements is 0.0012≤ u ≤ 0.0018, which, multiplied by
[L], corresponds to the physical range 0.18≤ u ≤ 0.27 m. The maximum non-dimensional time in
Figure 7.3b is 1.0, which corresponds to 5 d. Thus, the modelled displacements as functions of time
shown in Figure 7.3b, re-dimensionalized with the scales[T] = 5 d and[L] = 150 m, indicate that for
an applied stress of[σ] = [ f ][L] = 1.4 MPa, up to 0.27 m of displacement can be fully recovered. The
amplitude of reversing displacements of the motions R1c and R2c is about 0.1 m (see Fig. 7.1, R1c and
R2c), thus the range of the modelled displacement functions covers the observed motions R1c and R2c
when appropriately rescaled. However, the corresponding stress scale (1.4 MPa) required to produce
these displacements is rather large. A possible source to account for the stress required to deform the ice
is the lake water pressure acting on the ice surrounding the lake. The pressure generated by Gornersee is
determined by its depthd, which isd≈ 30 m. Thus, the lake water pressure is expected asplake= ρgd≈
0.3 MPa, whereρ = 1000 kg/m3 is the density of water andg = 9.82 m/s2 is the gravitational acceleration.
The stress which can be caused by the lake water pressure is about fivetimes lower than the required
stress[σ] = 1.4 MPa. Further, by use of (6.4.17)2, the elastic modulus is estimated asβ0 = K [σ] =
2520 MPa, which appears too low, as it is only about a third of the theoretically expected modulusβ0 for
ice (Tab. 6.2). Nevertheless, the displacements can be generated on the same time scale[T] = 5 d but at
a lower stress level of[σ] = 0.3 MPa, if the ice is considered to be much weaker. This can be achieved
by lowering the viscosity to a fifth, i.e.µ = 0.5 MPa d

1
3 . With the set of scales as[T]= 5 d, [L]= 150 m,

[σ] = 0.3 MPa andµ = 0.5 MPa d
1
3 , identical displacements functions as in Figure 7.3b are generated in

the model. However, weakening the ice viscosity has the disadvantage that the corresponding elastic
modulus becomes very low. In this case,β0 = K[σ] = 540 MPa for the value ofK = 1800 as used in the
computations, and the anticipated stress of 0.3 MPa. Only with a remarkable increase of the elasticity
numberK to K = 2.3·104 is the expected elastic modulus ofβ0 = 7000 MPa recovered. On the other hand,
if both the elastic modulus and ice viscosity retain the theoretically predicted values β0 = 7000 MPa and
µ = 2.41 MPa d

1
3 , an even larger stress as[σ] = 3.9 MPa is required to generate appropriate displacements.

This stress level is more than ten times larger than the (maximum) expected lake water pressure.

In Figure 7.4 the reversing motions R1 and R2 were reproduced using the shearing model. The scales
and parameters which apply to the depicted results were as follows:[L] = 180 m,[T] = 4.6 d,H = 10-4,
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Figure 7.3: (a) Loads as functions of time, according to equation (7.2.1). (b) Resulting displacement as
function of time (at surfacez= 1). Parameters used in the model:H = 4.27·10-4,K = 1800, andc = 8·105

(as estimated in Section 6.8).

K = 2500, c = 0. Using equation (7.2.3), the corresponding stress is[σ] = 0.3 MPa if the ice is considered
to have a viscosity ofµ = 0.5 MPa d

1
3 . The reversing motions can be modelled adequately under these

circumstances. Although, as mentioned beforehand, ifµ = 0.5 MPa d
1
3 , a value of the parameterK =

2.5·104 is required to guarantee an elastic modulus ofβ0 =7000 MPa. To reproduce the displacements
according to the measurements (Fig. 7.4), the elasticity numberK had to be adjusted, and sufficient
agreement between model and measurements was only achieved withK = 2500, which is one order
lower than anticipated. The corresponding elastic modulus isβ0 = 750 MPa, which is significantly below
the theoretically expected value. Thus, the model results are not altogetherconsistent. The stresses
required to reproduce the reversing ice motions are about five to ten times larger than the lake water
pressure if expected values of the elastic modulus of about 3500-7000 MPa are considered for the glacier
ice. Even if the ice is drastically softened, the reversing displacements can not be adequately reproduced
without a considerable decrease of the elastic modulus. To allow displacements at envisaged low stress
levels below 1 MPa, a rather low elastic modulus of less than 1000 MPa is required. If the viscosity
of the ice is not changed at all, the ice can only be deformed appropriately by such low stresses if it
experiences the applied stress across a much longer time scale. Accordingto equation (7.2.2), this would
imply [T] = 400 d. However, further numerical computations using[T]= 400 d together with[L] = 180 m
andµ = 2.41 MPa d

1
3 could not account for the discrepancy of about one order of magnitude on the elastic

parameterK. Further, the recovery of the displacements starts to lag strongly behind therelease of the
imposed load, and a quick recovery of the displacements within 1-3 days as observed (Fig. 7.4) is not
possible.

7.3 Discussion

It appears difficult to provide a consistent suite of scales and parameters which would generate satis-
factory results of reversing ice motion. No set of scales for applied stress, time and elastic modulus
allowed a reasonable explanation of the reversing displacements. Either thestresses required to repro-
duce displacements of correct magnitude are too large, or else the elastic properties of the ice must be
considerably weaker. Thus, it does not seem plausible to generate reversing motions solely by consid-
ering the impact of the lake water pressure and transient rheological properties of the ice. Even if the
glacier ice can be characterized by an elastic modulus as low as 1000 MPa, stresses at the order of at
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Figure 7.4: Reversing ice motion of Figure 7.1 reproduced using the uni-directional shearing model.
Parameters and scales are:[L] = 180 m,[T] = 4.6 d,H = 10-4, K = 2500, c = 0.

least 1 MPa are needed to yield sufficiently large displacements. Thus, under a reasonable ice rheology
with an elastic modulus larger than 1000 MPa, the effect of the lake water pressure appears too weak,
providing no sufficient explanation. Further, it can not account for the initially enhanced displacement
of the ice, which occurs after day 0 (the begin of lake water level decrease), and before the ice reverses
the direction of displacement (at∼day 3). Sugiyama et al. (2007a) tried to explain the reversing motion
as a purely elastic process. It was argued that the reversing motion can only be explained if the applied
stresses do not exceed∼ 0.001 MPa. At higher stress scales, the recovery of displacements couldonly
be explained by inclusion of viscoelastic creep effects, which would allow the material to recover from
displacements much larger than the purely elastic response, due to the existence of delayed elastic strain.
The lake water pressure creates stresses of about 0.3 MPa, which areabout 300× larger than the elastic
stress limit suggested by Sugiyama et al. (2007a). Due to the solid characterof the viscoelastic model
(EMSOIM), every deformation is rendered fully recoverable, especially when no weakening of the elas-
tic properties is considered (c = 0). However, in the model, no consistency between time, stress and
displacement explaining the measurements was achieved. The numerical experiments suggest that the
reversing displacements can only be explained when considering even higher stresses than the lake water
pressure. Note that in the model, the stress scale can be replaced fully by the time scale due to relation
(7.2.2); however, it actually does not even have to be considered for the modelling. However, incon-
sistencies with the corresponding elastic shear modulus which can be recovered from the time scale by
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equation (6.4.17)2 still exist. Thus, the reversing motion is not explained solely by viscoelastic relaxation
of deformation experienced by the ice.

The required stress of about 1-1.5 MPa corresponds approximately to the overburden pressure of a col-
umn of ice of about 150-180 m thickness. It is known that the ice was lifted by small amounts of∼2-5 cm
during the time of reversing motions R1 and R2 (see also Fig. 2.5b1). This means that one may expect
that the ice was nevertheless subjected to large stresses in the range of 1-1.5 MPa. Such large stresses and
resulting vertical motion is better explained by high basal water pressure approaching the ice-overburden
pressure than solely by the lake water pressure imposed on the ice by a 30 mdeep lake basin as in Fig-
ure 7.2. Such drastically increased basal water pressure in the vicinity ofthe lake can be explained if
the lake water is hydraulically connected to the water at the base of the glacier; or else, if increasing
discharge of lake water to the basal environment over-stresses the subglacial drainage system. Between
days 0 to 5, the reversing motion R2 correlates with the increase and decrease of the discharge of lake
water (Fig. 7.1b, c). This would support the latter interpretation of a blockage of the subglacial drainage
system of Gornergletscher by the increasing discharge of lake water. In that case, the increasing basal
water pressure may produce the required stress of 1-1.5 MPa at which vertical lifting is enabled. Fur-
ther, under the same conditions, basal displacement of the ice is very likely and can not be precluded.
Therefore, the interpretation of the reversing ice motion being a secondary deformation accompanying
the lowering of the initially uplifted ice as a consequence to the decrease of thesubglacial discharge of
lake water is likely more realistic.





Chapter 8

Conclusions

Monitoring the surface ice motion of a glacier is still one of the most frequent methods used in ba-
sic glaciology. The measurements of the flow of ice are needed to further understand the behaviour of
glaciers under changing boundary conditions such as weather, climate, local topography and conditions
at the glacier bed. The motion of glacier ice is tightly coupled to glacier hydrology. Subglacial distribu-
tion and transport of water modulates basal motion of the glacier ice, which is directly transferred and
reflected in the ice motion at the surface of the glacier. In that sense, the dramatic impact of the subglacial
drainages of the ice-marginal Gornersee on the surface ice flow regime of Gornergletscher was expected.
The measurements of ice displacements, flow velocities and heave or loweringof the ice surface showed
that the impact of the subglacial lake drainages on the ice flow of adjacent Gornergletscher is highly
variable both spatially and temporally. This has been illustrated by the compilation of flow measure-
ments and inspection of the ice motions induced by the differential impacts of the Gornersee drainages
on the ice flow of Gornergletscher on the local and regional scales (Chapter 2). It became evident, that
the various ice flow changes did not react in similar ways in every drainage. Where the ice of Gorner-
gletscher was displaced and uplifted severely in the periphery of Gornersee in the years 2004 and 2007
(type O1), the same ice was left almost unaffected when the lake drained early in the years 2005 and 2008
(drainage types O3). Thus, the impact of the lake drainages on the surface ice flow of Gornergletscher
was highly diversified. If the character of subglacial lake drainages varies similarly at other locations and
other glaciers, it is expected that the damming glacier reacts equivalently in very distinguished ways to
different lake drainages. Therefore, the character of the lake drainage can be established solely from the
analysis of featured ice flow changes induced by the lake drainage.

The particular, very calm lake drainage of 2006 (type O2) made it possibleto identify a previously ne-
glected process. The increase and decrease of lake water pressureimposed on the ice was shown to have
the potential to change the ice motion in the vicinity of the Gornersee, which had not been previously
considered. The impact of the lake water pressure was not readily deducible from the individual tra-
jectories indicating the ice movements at the marker locations but only became evident by appropriate
analysis of the flow velocities (Chapter 3).

During one selected drainage of Gornersee (2008, type O3), the surface ice displacements of Gorner-
gletscher were recorded by a novel interferometric radar device. Therecording of the surface ice dis-
placements by the interferometer was successfully accomplished. Unfortunately, due to the absence of
anticipated flotation of ice peripheral to Gornersee, the ice displacements in the periphery of Gornersee
were not scrutinized in more detail. Rather, the radar results provided an autonomous confirmation of
the side-ways ice motions towards the margins which occurred about 2 km down-glacier of Gornersee.
This was only possible due to the large coverage of the radar device, which allowed a survey of almost
the entire area of Gornergletscher downstream of Gornersee. This coverage was a prominent feature of
the interferometer.

To a large part, this thesis has focused on the construction of a sound viscoelastic constitutive model for
the ice rheology. The viscoelastic model presented incorporates the complete response of ice expected



106 CHAPTER 8. CONCLUSIONS

for short-time to medium-time loading conditions: an initial elastic strain and delayed elastic strain with
primary creep fading into a steady creep response at the minimum creep rateobserved in laboratory
experiments. Such a model was first applied to a non-laboratory situation onan Alpine glacier within
this study. However, the relevant processes could not be explained, as anticipated, by the recovery of
deformation exhibited by a viscoelastic ice rheology. The required stresses are much larger than the
stress imposed on the ice due to the presence of the lake water. Therefore, the impact of the lake water
pressure modulating the ice motion is not sufficient to justify considering viscoelastic effects in the ice
rheology. The effects of a viscoelastic rheology only become relevant at sufficiently large scales of either
stress, time or length dimension. At the base of the glacier, normal stress conditions in the viscoelastic
range>1 MPa can be exceeded, as vertical uplifting of the glacier ice during the lake drainage indicates.
The subglacial discharge of lake water blocking the basal drainage system is a possible cause of the
elevated stresses. However, in such cases, increased basal motion ofthe ice is very likely to contribute to
the surface ice motion. Consequently, the stress does not necessarily implycreep deformation of the ice,
but may simply imply basal (rigid-body) displacement of the ice, in which case viscoelastic recovery of
deformation is redundant.

Future prospects of modeling a viscoelastic ice rheology

This outcome was partially expected and became apparent during the occupation with the EMSOIM
viscoelastic model. Other numerical experiments were conducted, in which also two-dimensional flow
situations were treated. But not all experiments conducted were promising.Chapter 7 can thus be re-
garded as the most simple case which indicates that the proposed hypothesisof viscoelastic reversible ice
motion is insufficient. This outcome may seem somewhat unfruitful after a great deal of work has been
put into the derivation and implementation of the EMSOIM model. However, this work was additionally
motivated by the fact that the knowledge of the viscoelastic rheological properties of ice beyond the labo-
ratory scale is insufficient. Moreover, it is not clear what further effects a viscoelastic ice rheology would
generate and where or how these effects may be captured or revealed inactual flow measurements. It is
therefore important to assess possible flow effects generated by an appropriate viscoelastic ice rheology.
Comparison of horizontal and vertical profiles of stress, pressure, strain and strain-rates in conventional
but natural flow situations using a viscous ice rheology on the one hand and an enhanced viscoelastic
rheology on the other, would help to corroborate knowledge about the rheology of the ice of glaciers and
ice sheets beyond laboratory situations. The ESMOIM viscoelastic model is afeasible candidate for such
studies. Within this thesis, a robust numerical suite for the viscoelastic EMSOIM model with about 7000
lines of code emerged. The code supports two-dimensional computations and was extensively tested.
Thus, a tool for future analysis of viscoelastic flow effects for a non-linear viscoelastic ice rheology is
available (http://bitbucket.org/riesen/emsoim).
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Bucher, C. (2007). GeodätischeÜberwachunsmessung am Gornergletscher. Master’s thesis, ETH Zürich.
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