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Preface 

Also today the calculation of free surface flow is demanding. Although the mathematical 
description of the flow, the Navier-Stokes-equations, is known since the middle of the 18th 
century, its application for free surface flow still poses major difficulties because the free 
surface is a priori not known and changes permanently. Using shallow water equations (Saint
Venant-equation) instead, some simplifications are achieved by depth averaging. 

The use of this 2D-approach, however, is aggravated, if supecritical flow has to be studied 
and the flow produces shock waves. 

The presented work contributes to the solution of this problem by implementing extended 
shallow water equations which assume additional information over the water depth including 
approximate distributions for horizontal and vertical velocities and for pressure. This 
approach was already chosen by D.R. Naef (V A W Mitteilungen 148, 1997) in non
conservative formulation. The extended shallow water equations gained that way were, 
however, not suited to simulate shock waves. 

The novel approach presented here includes the conservative formulation in the extended 
shallow water equation. For the solution of the resulting complicated system of equations, 
FEMTOOL, a finite element program developed by P. Rutschmann at V A W is used, in 
combination with a Galerldnlleast square upwind stabilization scheme. 

In a further step, the air concentration of the flow is implemented. 

Ms. Kriiger uses this methodology developed by her to simulate various examples: 
supercritical contractions, junctions and a normal channel of U-shape section and obtains 
stable results for all examples without excessive computational effort. 

I would like to thank the Swiss National Science Foundation for financing this research work 
to a large extent. I also owe thanks to Dr. Peter Rutschmann for supervising this doctoral 
thesis and Prof. Dr. Peter Steffler, University of Alberta, Canada, for the critical review and 
the external examiner's report. 

Zurich, March 2001 H.-E. Minor 
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Abstract 

The most important aspect in the economical design of hydraulic structures such as chan
nel junctions and sewer systems consist of hydraulic function and stability which must 
both be guaranteed. When carrying supercritical flow, shock waves form and determine 
the wall height or the sewer diameter. The purpose of the present study is to develop a 
robust numerical tool for simulation of complex supercritical shock-wave patterns. 

The typical characteristic of such flows is that the vertical direction is much smaller than 
the longitudinal extension allowing for the application of the two-dimensional shallow 
water equations. The classical equations are derived from the three-dimensional Navier
Stokes equations assuming depth-averaged horizontal velocities and a hydrostatic pres
sure distribution, neglecting the vettical velocity component. However, the extremely 
curved streamlines caused by shock waves introduce three-dimensional effects and raise 
some doubt regarding the validity of the hydrostatic pressure simplification. An extended 
shallow water approach is considered and modified for supercritical flow. This method 
assumes quadratic pressure and a vertical velocity profiles, as well as linearly varying 
horizontal velocities by the introduction of additional parameters. The vertically aver
aged and moment equations together with the kinematic boundary conditions provide the 
required set of equations to solve for ten unknowns. 

The equations are derived in conservative formulation for both compressible and incom
pressible media. A conservative approach preserves steep shock fronts and wave velocity. 
The compressible formulation enables the study of two-phase flows, which is assumed to 
be homogeneous in this work. The additional nonlinearity is solved with the universal gas 
law. 

Both the classical and extended equations are implemented into a finite element toolbox. 
The space discretization is realized with stmctured and unstructured grids, and the inte
gration of the time derivatives is also performed by the finite element method. Linear and 
quadratic shape functions can be applied to accommodate the variation of geometry and 
variables. Numerical stability is obtained by employing a Galerkinlleast-squares upwind 
scheme. Drying of cells is numerically solved by a water-depth limitation, diffusion terms 
are implemented such that artificial diffusion can be added depending on the water-depth 
gradient. 

Shock wave simulations in rectangular and U-shaped channels were performed with both 
the classical and extended equations. Comparison of the classical computations with ex
perimental data showed large discrepancies in position and height of shock waves. The 
results obtained with the extended equations yielded a significant improvement in sim
ulating not only the peak-like shock waves but the entire flow pattern, even for highly 
supercritical flow with Froude number Fr = 6.0. The present work demonstrates that 
three-dimensional effects increase with the Froude number and need be considered for 
shock wave computations. Air compressibility effects are demonstrated to be negligible 
even for natural charmel dimensions and flow conditions. These qualitative investigations 
are in agreement with experiments. 
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Kurzfassung 

Bei der Dimensionierung iiberkritischer hydraulischer Bauwerke wie Kanalkontraktio
nen, -vereinigungen oder -kriimmer in der Talsperren- oder Abwasserhydraulik, spielen 
Stosswellen eine bedeutende Rolle. Die Kenntnis der genauen Hohe und Lage von Stoss
wellenmaxima ermoglicht eine Dimensionierung ohne zu gross bemessenes Freibord und 
vermeidet Zuschlagen und darnit Versagen von geschlossenen Gerinnen. Das Ziel der 
vorliegenden Arbeit ist es, ein robustes numerisches Werkzeug zu entwickeln, das diese 
komplexen iiberkritischen Stosswellenmuster simuHeren kann. 

Typisch fiir diese Abfliisse ist, dass die vertikale Ausdehnung wesentlich kleiner ist 
als die horizontale. Diese Tatsache ermoglicht die Anwendung der zweidimensionalen 
Flachwassergleichungen. Die klassischen Flachwassergleichungen werden aus den drei
dimensionalen Navier-Stokes Gleichungen hergeleitet, wobei tiefengernittelte horizontale 
Geschwindigkeiten und eine hydrostatische Druckverteilung angenornmen werden. Ver
tikale Geschwindigkeiten werden vemachliissigt. Die starken Stromlinienkriimmungen 
bedingen jedoch eine Druckverteilung, die erhebHch von einer hydrostatischen abwe
icht. Deshalb wird ein erweiterter Flachwasseransatz untersucht und fiir die Anwendung 
auf iiberkritische Abfliisse modifiziert. Diese Methode verzichtet weitgehend auf die 
Einscluiinkungen des klassischen Ansatzes. Diese Methode ermoglicht eine quadratis
che Druck- und vertikale Geschwindigkeitsverteilung sowie linear variierende horizon
tale Geschwindigkeiten iiber die Tiefe. Diese Profile werden rnit zusatzlich eingefiihrten 
Parametern ausgedriickt. Die tiefengernittelten und Momentengleichungen bilden zusam
men rnit den kinematischen Randbedingungen die erforderliche Anzahl von Gleichungen, 
urn die zehn Unbekannten zu losen. 

Die Gleichungen werden in konservativer Formulierung fiir kompressible und inkom
pressible Medien hergeleitet. Der konservative Ansatz gewiihrleistet die Erhaltung der 
steilen Stossfronten und der Wellengeschwindigkeit. Die kompressible Formulierung er
moglicht die homogene Betrachtung der Wasser-Luft-Stromungen. Die zusatzliche Nicht
Hnearitat wird rnit dem Gasgesetz gelost. 

Die klassischen und erweiterten Gleichungen sind in eine finite Elementbibliothek einge
baut. Die riiumliche Diskretisierung erfolgt rnit einem strukturierten oder unstrukturi
erten Netz; die Zeitintegration basiert wie im Raum auf der finiten Elementmethode. 
Lineare und quadratische Ansatzfunktionen konnen angewandt· werden, urn die Vari
ablenverteilung und die Gerinne- und Sohlengeometrie zu approxirnieren. Numerische 
Stabilitat wird durch ein Galerkin/least-squares upwind Schema erzielt. Geeignete Al
gorithmen sind implementiert urn das Trockenfallen und Benetzen von Elementen zu er
moglichen und urn die numerische Stabilitat beim Berechnen der Stosswellen zu sichem. 

Stosswellen in rechteckigen und U-forrnigen Kaniilen wurden rnit den klassischen und 
den erweiterten Gleichungen berechnet. Ein Vergleich der klassischen Berechnungen rnit 
Messwerten ergab grosse Abweichungen in Lage und Hohe der Stosswellen. Die Berech
nungen rnit den erweiterten Gleichungen fiihrte zu einer deutlichen Verbesserung in der 
Simulation der einzelnen Spitzen und des Stosswellenmusters sebst fiir extreme Froude
Zahlen von F r = 6.0. Die Arbeit zeigt auf, dass dreidimensionale Effekte rnit der Froude
Zahl ansteigen und fiir die Stosswellenberechnungen beriicksichtigt werden miissen. Die 
numerichen Berechnungen haben nachgewiesen, dass Kompressibilitatseffekte als Folge 
von Lufteintrag auch fiir Prototyp-Dimensionen vemachliissigt werden konnen. 
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Chapter 1 

Introduction 

1.1 Problem Definition 

Supercritical flows in hydraulic structures result in flow patterns with standing or moving 
shock waves for any change in geometry, slope or friction. These very complex flow pat
terns must be considered when designing hydraulic structures such as spillways or sewage 
systems. Physical hydraulic model investigations are expensive and time consuming, suit
able numerical programs are lacking and therefore the design is based often on inadequate 
practical experience. Supercritical flows are often aerated from the free surface or from 
bottom aerators, changing the incompressible pure- water flow into a compressible air
water mixture. This effect increases the volume whereas the compressibility of the air 
may dampen the shock waves. The relative contributions of these effects are not clear as 
no basic investigations exist. Therefore, the design of hydraulic structures is even more 
problematic. 

Numerical methods offer various possibilities to simulate shock waves. Application of 
the Navier-Stokes or Reynolds equations to such problems involves difficulties with the a 
priori unknown free surface. To discretize the domain, the position of the free surface has 
to be first estimated and then iteratively improved. This process is time consuming and 
convergence of the solution is difficult to achieve. Depth averaging the three dimensional 
Navier-Stokes equations replaces the pressure and the free surface by the water depth 
which is now explicitly involved in the equations as an unknown. The problem is reduced 
to two dimensions and the shallow water equations are obtained. 

Even though the shallow water equations have many computational advantages, the classi
cal approach is also Limited. The classical depth-averaging process assumes a hydrostatic
pressure distribution, neglects the momentum and the velocity in vertical direction and 
assumes horizontal velocities to be constant over depth. Shock waves in supercritical 
flow possess large water-depth gradients and highly curved streamlines which certainly 
introduce doubt about the validity of the hydrostatic- pressure assumption. This classical 
shallow water approximation is expanded for the one-dimensional case by the Boussinesq 
terms. These terms account for the momentum in the vertical direction in a simplified 
way. Abbott et al. [1] present the conservative formulation. However, this Boussinesq 
approach is difficult for the two-dimensional case. 



Another path is followed by Steffler and Yee-Chung Jin [87]. For the one-dimensional 
case, they consider the venical momentum by assuming a quadratic pressure distribu
tion. Moment of continuity and momentum equations are introduced to solve the ap
proximated linear horizontal and quadratic ven:ical velocity distribution. Employing this 
extended shallow water method, additional unknowns are created, increasing the com
putation time. Nevertheless, an additional nonlinearity due to the unknown position of 
the free surface of the three-dimensional Navier-Stokes equations is avoided and the total 
number of unknowns is still smaller because elements and nodes in the venical direction 
are not needed. 

Khan and Steffler verified this one-dimensional extended shallow water approach for flow 
over curved beds [SO] , overfalls [48) and the hydraulic jump [49]. Yee-Chung Jin and 
Baozhu Li [41) applied the method for four sophisticated nonunifom1 flow examples 
including flow over dune bed forms, turbulent flow over a sill, dredged channel flow 
with bed level changes and !Jow through a rectangular free overfall. In his doctoral 
research work, Niif [64) derived this approach for the two-dimensional case, using the 
non-conservative formulation. With this approach he experienced numerical instabili
ties limiting the computations to only academic test problems. In the present doctoral 
research work, the conservative formulation, consisting of water depth and discharge, is 
introduced and applied to a series of problems of practical relevance. These include shock 
wave computations in rectangular charmel contractions and junctions and U-shaped chan
nel bend. Problems of separation zones may occur and parts of the discretization grid can 
be submerged or become dry and need special numerical treatment. 

Besides the numerical work of Niif, several studies at the Laboratory of Hydraulics, Hy
dology and Glaciology at the ETH Zurich (VAW) have investigated supercritical flows, 
including Anastasi [2], Reinauer [71] and Schwalt [81]. The numerical model presented 
in this work has been tested using the measurements of the last two studies. The exper
iments are simulated using the finite element program FEMTOOL detived and extended 
at the VAW as a research tool. 

1.2 Overview 

The goal of this work is to derive a numerical model for the simulation of supercritical 
shock waves. The governing equations of mass and momentum conservation are devel
oped in Chapter 2. After depth averaging the Navier-Stokes equations, both the classical 
and extended shallow water equations are derived in compressible and conservative form 
and the simplifications of the shallow-water theory are explained. Finally, the bottom 
shear stresses are reproduced with an empirical friction law and the approach s shown. 

Chapter 3 illustrates the consideration of air entrainment with a homogeneous model. 
Applying the gas law, the air-water mixture density can be replaced by the pure-water 
density. This reduces the number of unknowns in the shallow water equations and intro
duces additional terms. The resulting equations are presented for both the classical and 
extended formulations. 

The three basic numerical methods are illustrated with similarities and differences in 
Chapter 4. The finite-element method, implemented for both space and time discretiza-
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tion in FEMTOOL, is also described. Simulating supercritical flows with central numeri
cal schemes involves oscillations followed by instabilities. For numerical stabilization, an 
overview of different upwind techniques derived for partial differential equations is given. 
The shallow water upwind techniques are described. 

Chapter 5 gives a general overview of the used pre- and post-processing and studies the 
fiiction effects. The state of the art methods are also presented herein. 

The numerical model derived herein is evaluated with different supercritical flow exam
ples in Chapters 6-9. The simulations in chute contractions and channel junctions are 
compared with experimental data. The influence of air on shock waves in channel con
tractions is investigated. The difficulties in simulating supercritical bend flow in pipes are 
analyzed in the last example. 

The work is concluded with a discussion of the advantages and limitations of the current 
approach in Chapter 10. 
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Chapter 2 

Basic Equations 

The essential equations in fluid dynamics are based on the Newton's laws and consist of 
conservation of mass, momentum and energy. The energy equation is needed for ther
modynamic problems and is not considered in this work. Thus, the derivations outlined 
herein will only focus on conservation of mass and momentum. 

The basic equations were first derived by Euler in 1755. He considered an ideal fluid 
without viscosity. In 1823 and 1845, Navier and Stokes extended this approach for real 
laminar flows including viscous stresses, and in 1883 and 1895, Reynolds modified it 
for real turlmlent flows. Several variations of the equations exist, and depending on the 
problem considered, terms may be neglected. In many engineering applications, the fully 
three-dimensional equations are not needed. The equations may be reduced to two dimen
sions and either a vertical or a horizontal plane is considered. The general characteristic 
of horizontal flows is that the vertical dimension is much smaller than any horizontal scale 
and thus the equations are called the 'shallow water equations'. 

The first section presents the derivation of mass and momentum conservation for the 
Navier-Stokes and Reynolds equations. To solve these equations, kinematic and dynamic 
boundary conditions are required, and are shown in the second section. This work is 
governed by the shallow water equations, which are derived in the third section with the 
depth-averaging process and further reduced to the classical and extended equations. The 
consideration of the bottom shear stress tem1s in shallow water theory is presented in the 
last section. This derivations are based on the work of Vreugdenhil [94] and Liggett [57]. 

2.1 Navier-Stokes and Reynolds Equations 

The mass balance equates the change of mass of a fluid element, with the difference of 
mass inflow and outflow in the time-interval dt . The continuity equation for compressible 
flows can be expressed as 

op o(pu) o(pv) o(pw) - 0 
at + ax + ay + az - . (2.1) 

Newton's 2nd law is applied for the description of the dynamic relations in a fluid element. 
In addition to pressure and gravitation forces, viscous stresses must also be considered as 
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an effect of shear stresses. Therefore, the conservation of momentum yields the three 
momentum equations 

a ( ) a ( 2) a ( ) a ( ) ap ar,.,. arxy arx: - pu +- pu + - puv +- puw +- - - - -- - = 0 (2.2) at ax ay az ax ax ay az 

a ( a ( a ( 2) a ( ap arxy aryy aTyz 
- pv) + - puv) + - pv +- pvw) +------- = 0 (2.3) at ax ay az ay ax ay az 

a ( ) a ( ) a ( ) a ( 2) ap Mxz aryz arzz - pw + - puw +- pvw + - pw + - + p g- -- - - - - = 0. at ax ay az az ax ay az 
(2.4) 

The continuity equation and the momentum equations together form the Navier-Stokes 
equations NSE. The first terms in the momentum equations relate to local acceleration, 
they vanish for steady-state flow. The three following terms define the advective transport, 
the next indicate the pressure gradients and the last three terms describe friction transport. 
If the coordinate system is aligned to horizontal and vertical directions the gravitational 
force is only present in the z-momentum equation. 

Water and air are Newtonian fluids and therefore a linear relation exists between viscous 
stress and change of velocity. The viscous stresses T;j are proportional to the fluid defor
mation rate 

with i,j = 1, 2, 3. (2.5) 

For fluids with density independent of pressure, the NSE can be divided by the density. 
In most civil engineering applications the flow is turbulent and vortices of different scales 
and intensities exist. Strongly local and transient velocity and pressure fluctuations result 
over the entire domain. The NSE are generally able to describe turbulence (e.g. Direct 
Numerical Simulation DNS). Restrictions in space discretization must be accepted. The 
lower size limit for the vortices that may be accounted for depends on the fineness of the 
computational grid. However, the grid resolution is limited by the computer's capacity, 
vortices smaller than the grid size cannot be reproduced [95]. The Large Eddy simula
tion LES applies a coarser grid and the dissipative influence of the neglected vortices is 
considered by a numerical damping or a statistical treatment [75]. 

In the statistical methods, each variable is split into a time-averaged mean and a random 
variation as 

u=u+u'. (2.6) 

The product of the means is 

uv = uii + u'v'. (2.7) 

Substituting these into the NSE yield the Reynolds equations for the statistical average 
of a turbulent flow. These have the same form as the original NSE; the difference is 
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that additional stresses, called Reynolds stresses, appear, representing the exchange of 
momentum between fluid elements by turbulent motion. They occur in exactly the same 
way as the viscous stresses and can be combined as 

(
OU; 0Uj) - 1 I 

Tij = /l OXj + OX; - PU;Uj with i,j = 1, 2, 3. (2.8) 

The Reynolds stresses have to be expressed in terms of the mean motion to obtain a closed 
system of equations. The closure may be accomplished with the use of a turbulence model 
where 

( 
1 8---r ) --, -, au . tL; 2 

u ·t u·t = ,,... -· +- - -pko .. 
' 3 V' 8x; 8x; 3 '3 with i,j = 1,2,3. (2.9) 

The Reynolds stresses are treated as shear stresses by the use of the eddy viscosity vr. 
The Kronecker delta o;; (o;; = 1 for i = j and o = 0 for i .:P j ) is necessary so that the 
normal stresses do not cancel with the continuity equation. 

Several approaches have been derived to determine the eddy viscosity li'J'. The simplest 
physically meaningful model employs the empirical mixing length lm of Prandtl [68). 
Prandtl [69) derived a new model based on a transport equation which determines the 
turbulent kinetic energy k. A modification, the k - f-model, uses an additional transport 
equation to calculate the dissipation rate of the turbulent energy f , The equations were 
derived from the NSE by Launder and Spalding [54) and [55) and are based on empirical 
constants given in [3). Rodi [76) applied them to several engineering applications. 

2.2 Kinematic and Dynamic Boundary Conditions 

To fix the solution of the differential equations boundary conditions are required at all 
boundaries. To derive the shallow water equations, kinematic and dynamic boundary 
conditions at the free water surface and solid bottom are necessary. Figure 2.1 presents a 
definition sketch for the shallow water problem. 

z 

~--L-L--------------X 

Figure 2.1: Definition sketch for the shallow water problem. 
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The kinematic boundary conditions allow flux neither through the bed nor through the 
free surface. For a solid bottom (index b), the normal velocity component has to vanish at 
the bottom 

(2.10) 

The water surface (index h) may itself be moving, thus that the relative normal velocity 
component must vanish at the surface 

where 

fJzh fJzh fJzh - + Uh - + Vh- - Wh = Q at ax ay , (2.11) 

(2.12) 

The dynamic boundary condition at the bed is the ' no-slip' condition where the tangential 
velocity component vanishes 

(2.13) 

The surface tension is not considered, so that the free surface pressure Ph must be equal 
to the atmospheric pressure p A 

Ph= PA· (2.14) 

If the absolute pressure level is unimportant and constant, Ph can be set to zero. In general 
a shear stress, e.g wind or friction, may act due to both the water surface and the bottom. 
The shear stresses Thx tangent to the water surface are 

azh azh 
Thx = -Thx x fJx - Thx yay + Thxz (2.15) 

and tangent to the channel bottom are 

azb azb 
Tbx = -rbxx-

8 
- Tbxy-

8 
+ rbxz 

X y 
(2.16) 

for the y- and z-direction, respectively. The wind stresses are an external force and there
fore considered to be known. With (2.5) this constitutes a boundary condition. 

2.3 Shallow Water Equations 

The derivation of the shallow water equations SWE is based on further assumptions and 
simplifications compared to the NSE. After fixing the solution with boundary conditions, 
a depth-averaging process is applied for the final reduction of the 3D to the 2D shal
low water equations. For the classic shallow water equations constant horizontal velocity 
profiles over flow depth, no vertical velocities and a hydrostatic pressure distribution are 
assumed. An extended approach, developed in this section, applies linear horizontal ve
locity and quadratic vertical velocity and pressure distributions over the depth. 
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2.3.1 Depth-Averaged Equations 

The first step towards the derivation of the SW£ involves integrating the 3D NSE (2.1-2.4) 
from a lower boundary zb to the free surface zh· The order of integration and differentia
tion has to be reversed with the Leibnitz' theorem [7], which reads 

b(y,t) b(y,t) 

:t J f(x , y , t)dx = J ~ dx- f(a , y, t) ~: + J(b, y, t) :~. 
a(y,t) a(y,t) 

The depth-averaging process is based on the unit weighting function 

1 
F= h. 

(2.17) 

Starting the depth-averaging with the continuity equation and applying the Leibnitz' the
orem, (2.1) becomes 

! .. (ap a a a ) 
at + ax (pu) + ay (pv) + az (pw) dz = 

z,. z, 
a J azb azh a J azb azh 
at pdz + Pb7ft- Ph 7ft+ ax pudz + PbUb ax - PhUh ax 
~ Zb 

•• 
a J azb azh 

+ ay pvdz + PbVb ay - PhVhay + PhWh- PbWb = 
:, 

a f:Jzh a azb f:Jzh 
at (ph)- Phfjt +ox (puh) + PbUb ax - Phul, ax 

a azb azh 
- -a (pvh) + Pbvb-a - Phvh-

8 
+ Phwh- Pbwb = o. 

y y y 

Using the kinematic boundary conditions (2. 10) and (2. 11) and assuming a rigid bed, the 
bottom terms cancel and the compressible depth-averaged continuity equation can finally 
be written 

aph a a 
Tt + ax (puh) + ay (pvh) = 0. (2. 18) 

The overbar indicates depth-averaged values. Only the time-averaged mean value is con
sidered. 

A similar operation is applied for the three momentum equations. In the advective part 
of the momentum equations, the surface and bottom terms cancel due to the kinematic 
boundary conditions. The depth-averaging process will only be demonstrated for the 
pressure and stress terms. After depth-averaging the pressure terms, the x-momentum 
(2.2) becomes 
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The surface pressure is equal to the atmospheric pressure. In this work, the atmospheric 
pressure is assumed to be constant over the domain and is set to zero. 

Integrating the stress terms yields 

z, 
J ( arxx arxy arxz ) d _ --+--+-- Z-

ax ay az z, 

Introducing the shear stress tangent to the bottom (2.16) and tangent to the water surface 
(2.15) and excluding the latter kind of driving forces, the momentum equations may now 
be written 

a a(- ) a at (puh) + ax pu2h + ay (puvh) 

a (-h) azb a(Txxh) a(Txyh ) O +- P +pb-- - ------ - Tbx = 
ax ax ax ay 

(2.19) 

a a a (- ) at (pvh) + ax (puvh) + ay pv2h 

a (- h ) azb a(rxyh) a(Tyyh) _ O +- P + pb- - ------ - -Tby-
ay ay ax ay 

(2.20) 

a a a 
at (pwh ) + ax (puwh) + ay (pvwh ) 

_ h a(Tzxh) a (Tzyh) O 
- pb + pg - ---gx - ---ay - Tbz = · (2.21) 

They- and z-momentum equations can be derived in the same way as the x-momentum 
equation. Together with (2.18), these equations form the depth-averaged Reynolds equa
tions. The bottom stress terms Tb are expressed with friction terms. The lateral stresses r;i 
include viscous friction and turbulent friction, they are obtained by depth-averaging (2.8) 

z, 
T;j =X J T;j d Z 

Zb 

with i, j = 1, 2,3. (2.22) 

The overbar represents a time-averaging and not as in the previous terms a space
averaging. The lateral momentum exchange might be considered with a turbulence 
model. 
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2.3.2 Classical Shallow Water Equations 

The basic approximation towards the shallow water theory defines the water depth as the 
relevant vertical length scale. In rivers, lakes and coastal seas, the boundary layers usu
ally occupy the entire flow depth. In oceans, the boundary layer is very thin compared 
to the water depth. Both cases define the water depth as the relevant length scale. The 
basic assumption is that the water depth is much smaller than the horizontal dimension. 
Therefore, the vertical velocity component is smaller than the horizontal velocity com
ponents by the same factor as the length scales. For the second assumption, the vertical 
momentum equation (2.4) is considered. Second derivatives are involved with the vis
cosity formulation (2.5) integrated over d~pth. Compared with first derivatives, they are 
smaller and negligible. These two simplifications reduce (2.4) to the hydrostatic pressure 
formulation 

8p 
8z = -pg. (2.23) 

The depth-averaging process in the previous section involved nonlinear terms in (2. 18)
(2.21). Contrarily to (2.6) where the variables are time-averaged, the variables can now 
be split in a depth-averaged mean and a random variation. Applying this to the nonlinear 
terms results in 

•• 
pu;u;h = j (p + p1 )(U; + u:)(u; + uj) dz = 

•• 
---h+ J (-I I +- I I+- I I+ I I I) d p tl; Uj puiuj U;p U; Ujp U; p U;U; Z with i,j=l,2,3. 

Zb 

The integral characterizes the lateral momentum exchange due to differences in velocity 
and can be called differential advection terms because they originate from the advection 
terms. In the CSW, the differential advection terms are zero due to the uniform horizontal 
velocity over depth. The last three terms of this equation disappear for a constant density 
over the entire domain. 

In this work, the density may vary in the horizontal direction, but is always assumed 
constant over the depth. Using a constant density over depth, integrating (2.23) leads to 
the depth-averaged pressure 

g a 
p = -- (ph) 

2 ax 
(2.24) 

and collecting all results so far, the non-conservative classical shallow water equations 
CSWbecome 

8h 8 8 
p &t + ax (puh) + 8y (pvh) = 0 (2.25) 

8 a 8 
&t (puh) + 8x (fiu2h) + 8Y (puvh) 

_ h8zh 1 h2 8p a(ruh) 8(rxyh) 
0 +pg - + - g --------- -Tbx = 

8x 2 8x ax ay 
(2.26) 
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a a a 
at (pvh) + ax (puvh) + ay (fiv2h) 

- hazh 1 , 2ap a(rxyh) a(ryyh) 0 
+pg - +- g t -- --- - --- - rb = . ay 2 ay ax ay y 

(2.27) 

The density p can be taken out of the differentials if it is constant in space and time. 
Otherwise, additional information is needed (see chapter 3). 

Using the non-conservative SW£ for calculating flows with a large water-level gradient 
(e.g. shock waves and hydraulic jumps) results in discontinuities of water depth and 
velocity, the derivatives are theoretically infinite. The infinite velocity gradients yield an 
error in the reproduction of the wave velocity. The conservative formulation of the SW£ is 
introduced to help circumvent these problems. The velocities are expressed in discharges 
as 

q = uh and r = vh. 

With this formulation, discontinuities of discharge cannot occur, the derivatives are finite 
and the wave velocity can be reproduced. The conservative CSW may be written as 

ah a a 
ii-at + ax (pq) + ay (fir) = o (2.28) 

- (p q) + - f!.!!_ +- pqr a a ( --
2

) a (---) 
at axh ay h 

_ hazh 1 h2 0p a(rx:zh) a(rxyh) 
0 +pg -+ - g ------ ----rbx= 

ax 2 ax ax ay 
(2.29) 

(2.30) 

2.3.3 Extended Shallow Water Equations 

In contrast to the CSW, the extended shallow water equations ESW assume additional 
information over the water depth including approximated distributions for horizontal and 
vertical velocities and for pressure (Steffler and Jin [87]). 

The horizontal velocities u and v are assumed to be linearly distributed over depth, (Figure 
2.2). In addition to the depth-averaged velocity u, an extra parameter u 1 at the surface 
is required. The zero mass flux relative to the depth-averaged velocity u is maintained 
with the counteracting velocity -u1 at the channel bed. To avoid discontinuous velocities 
along the transition from supercritical to subcritical flows, the conservative formulation 
using q and q1 is employed for further derivations. Thus, the horizontal velocity and flow 
in x-direction can be expressed with 

U = U + U1 (27] - 1) or q = q + 2ql {277 - 1) (2.31) 

12 



where 

and 

Z- Zb 
1)=-h-. 

(2.32) 

This is analogous for the velocity and flow in y-direction. 

0 
-u1=-2q1/h 

Figure 2.2: Linear distribution function over depth for horizontal velocities. 

The linear approximation is not accurate near the bed where a non-zero velocity, a slip ve
locity, already present in the CSW is allowed. Higher order approximations (e.g. quadratic 
or logarithmic) would be more accurate. However, in this work a finer resolution of the 
boundary layer is not considered. 

The vertical velocity is governed by additional variables at the free surface Wh, the bed 
wb and mid-depth w2. This yields the quadratic approximation (Figure 2.3) and may be 
written as 

(2.33) 

T] 

Figure 2.3: Quadratic distribution function over depth for vertical velocities. 
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The pressure profile is also based on a quadratic distribution (Figure 2.4 ). The pressure is 
set to zero at the free surface. In addition to the usual hydrostatic- pressure assumption, 
a linearly varying term parametrized by p1 is assumed at the channel bottom. A dynamic 
pressure term is scaled by mid-depth pressure P2· With this, the pressure profile may be 
expressed as 

p = (pgh + pi) (1 -11) +]J24ry (1 - 17) . (2.34) 

0 

Figure 2.4: Quadratic distribution function over depth for pressure. 

Applying profiles (2.3 1)-(2.34) to evaluate the nonlinear terms of the depth-averaged con
servation equations (2. 18)-(2.21) yields, e.g. 

<•+h I 

pu = k j pudz = J (P + p(1J)') (u + ul(2ry- 1}) dry = 
• • 0 

pu + 2u, I p(1J)'7Jd77 = k ( pq + 4ql I p(1J)'1Jd7J) with dz = hdf/. 

The nonlinear terms include integrals for density variation, they cannot be solved explic
itly but are repeated in all equations. As in the previous section the equations will now be 
restricted to a constant density over depth, varying only in the horizontal direction. 

Introducing the evaluated terms in conservative formulation into the depth-averaged con
tinuity equation and momentum equations (2.18)-(2.2 1) yields the following set of equa
tions 

a a a 
at (ph)+ ax (pq) + ay (pr) = 0 (2.35) 

a (--) a (pq
2
) 4 a (P<I?) a (pqr ) 4 a (P<11r1) 1 h2ap - pq +- - + -- - + - - + -- -- + -g -

8t OX h 3 OX h ay h 3 ay h 2 ax 

- hazh 1 a ( h) 2 a (p h) azb 8(rxxh) a(rxyh) - 0(2 36) +pg -+--PI + -- 2 +p,-- ---- ---- Tbx - · 
ox 2 ox 3 ax ax 8x 8y 
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8 (--) 8 (p(jf) 4 8 ( PQtTt ) 8 (pf2
) 4 8 (pr~ ) 1 12ap - pr +- -- + -- -- +- - + - - - + -g l -

8t OX h 3 ox h f)y h 3 8y h 2 8y 

_ hazh 1 a (pI) 2 8 ( h) azb a(r"'11h) a(rwh) _ 0(2 37) +pg -+-- tl +-- 7J2 +p~------ --- - Tby- . 
ay 2 ay 3 ay ay ax ay 

a a 1 a a 
at (pwh) + ax (pqw) + 3 ox (P<lt (wh - wb)) + 8y (prw) 

1 a - a(r,;,; h) a(r,yh) azb azb +-- (prt(Wh- Wb))- Pl- ------ Tb:J;-- Tb -- Tbz = 0(2.38) 
3 ay ax ay ax y ay 

The continuity equation (2.35) is the same as in the CSW. The additional advection terms 
of the horizontal momentum equations are a momentum flux correction due to the as
sumed linear flux profiles. The additional pressure gradients signify the net force per unit 
mass on the fluid column as a result of the non-hydrostatic pressure distribution. The 
vertical momentum equation relates the vertical acceleration to the excess pressure at the 
bed and the vertical components of the shear stress. 

Two more equations are given with the kinematic bed and free surface boundary condi
tions (2.1 0) and (2.11) 

(2.39) 

(2.40) 

The classical depth-averaging process is based on a unit weighting function. Other 
choices of weighting functions yield further independent equations and may recover more 
vertical distribution detail. The particular linear weighting function 

with 

F = 2z -z 
h 

(2.41) 

(2.42) 

at the mean flow elevation corresponds to the first moment about the mid-depth point. 
Integration of a function f (t , x, y, z) by use of this weighting function (2.41) yields 

Zb+h Zb+h Zb+h I ~(z-z)f(t,x,y,z)dz=~ I zf(t,x,y,z)dz-~z I f(t ,x,y,z)dz= O. 

- - -
The second integral on the right hand side is the depth-averaged equation multiplied by 
the mean flow elevation. For the first integral, integration by parts, the Leibniz' theorem 
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(2.17) and the kinematic boundary conditions (2.10) and (2. 11) can by applied. Demon
strating the evaluation for the continuity equation (2.1) results in 

J~ (~p 8 8 8 ) Tt + 
8

x (zpu) + 
8

y (zpv) + 
8

z (zpw)- pw dz = 

Zb 

:y J pvzdz + PbVbZb ~~ - PhVhZh ~: + PhWhZh - PbWbZb- J pwdz = 

Zb Zb 

8 8 8 

8
t (zph) + 

8
x (zpuh) + 

8
y (zpvh) - pwh. 

Introducing the extended profiles gives the moment of continuity equation as 

18 2 18 8z 18 az 
4 8t (ph ) + 3 8x (phqt) + pq 8x + 3 8y (phrl) + pr 8y -phw = 0. (2.43) 

The following moment of momentum equations are evaluated by the same operation ap
plied to (2.2) - (2.4) 

(q~ - ~q): +ph:t (~) +75qt! (t) + pq:x (~) +pr1:y (t) + 

__ 8 (qt) Pt8h h8p1 az 
P r 8y h + 4 8x - 4 8x + 2p2 8x -

Oz Oz 3 
3Txx"- 3Txy" + 3Txz + -Tbx = 0 (2.44) 

uX uy 2 
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with 

- _ 2 wl w~ wbwh 1 _ 2 w2 =w +-+----+-(w-wb-wh). 
12 12 6 20 

The moment of horizontal momentum equations (2.44) and (2.45) have the form of trans
port equations for the velocity profiles. They describe the conservation of angular mo
mentum due to the linear weighting function. The moment of vertical momentum (2.46) 
relates the distribution of vertical accelerations to the pressure profile and stress distribu
tions. 

2.3.4 Bottom Stress 

The bottom stress is an unknown in the SWE and has to be expressed in terms of the other 
variables to close the system of equations. Therefore, the bottom stress is pararnetrized by 
friction terms r6 .. and TbJI, and they are calculated with an empirical formula. The channel 
width is much smaller than the water depth such that also the effect of side friction is 
smaller than the bottom friction. The friction terms consider only bottom friction, the 
boundary layer along the side wall is neglected. 

It is assumed that r~u: and TbJI depend quadratically on the depth-averaged velocities which 
is in agreement with turbulent boundary layer theory. Hence the assumption may be 
correct for shallow water flow. The friction terms can be expressed with 

Tbz = CiP ~2 ../rP + 1'
2 (2.47) 

rbv = CiP :2 jq2 + 7'2 (2.48) 

where c1 is the friction coefficient depending on the channel 's roughness and form as well 
as the fluid 's viscosity and flow velocity. Several approaches are available to determine c,. In this work, Manning 's and Chezy's formulae are implemented and can be applied 
alternatively. The roughness with the Manning coefficient n is 

(2.49) 

and with the Chezy coefficient C is 

g 
CJ = C2 (2.50) 

The coefficients can be taken from tables. Both the Manning and Chezy coefficient are as
sumed to depend on the roughness only. Restrictions due to the depth-averaged equations 
are more significant than restrictions arising from assuming a coefficient which depends 
only on the roughness. 
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Chapter 3 

Air Entrainment 

Frequently Froude numbers in supercritical flows are high enough to overcome surface 
tension effects such that air is naturally entrained or -alternatively, to avoid cavitation
aerators on the channel bottom enforce air entrainment. Pure-water flow, which is treated 
as an incompressible fluid for open channel and steady pipe flows, changes into a com
pressible two-phase medium. The entrained air increases the volume of the fluid, whereas 
the compressibility of the air-water mixture might dampen shock waves. In this Chapter 
the corresponding physics will be outlined. 

The modelling of two-phase flow can proceed in several ways. The simplest approach is 
to consider the two-phase fluid as a homogeneous mixture which has the properties of a 
single-phase fluid. A more complex approach is to regard the two phases separately and 
to write a set of equations for each phase, together with boundary conditions and laws 
for the interaction between the phases, which are required for closure. Various modelling 
schemes lie between these two extremes [88] and [89]. 

This work investigates only compressibility effects on shock waves. The pure-water phase 
is assumed to be incompressible. Other effects such as transport of air bubbles and buoy
ancy are neglected. Considering air entrainment or detrainment over the water surface 
would involve an interaction between surface tension, turbulence and air concentration. 
A turbulence model would have had to have been implemented and would introduce ad
ditional simplifications because of the depth-averaging increasing the uncertainty of the 
results. Due to the purpose of this work, which restricts the investigation to compressibil
ity effects, this additional complexity is unnecessary and a consideration of the air-water 
mixture with a homogeneous single-phase model is justified. 

The first section explains the homogeneous model with its assumptions and the gas law 
as a relation between density and pressure. The next two sections show the resulting CSW 
and ESW incorporating the modified density. 

3.1 Homogeneous Model 

The homogeneous model considers the two-phase mixture to be a single fluid with pseudo 
properties. The properties normally required are density and viscosity. The density is 
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contained in the convection and diffusion terms of the CSW (2.28)- (2.20) and the ESW 
(2.35)- (2.38) and (2.43)- (2.46) but the viscosity only in the diffusion tem1s. In turbulent 
flows, the convection dominates the diffusion such that the viscosity properties of the air
water mixture may not be considered in this work. Figure 3. 1 shows a definition sketch 
of the homogeneous model. The air is not considered in its natural bubble conditions but 
collected to a single layer as the pure-water phase. 

natural state applied homogeneous model 

sz 

- · air bubbles - : , • 

~0 ·0·.· 

Figure 3.1: Definition sketch of the homogeneous model. 

For the following, three assumptions are necessary to define the homogeneous model: 

• A no slip condition between the two phases resuicts the velocities of water (index 
w) and air (index a) to be equal 

Uw = Ua and Vw = Va· (3.1) 

• Air entrainment over the surface or via aerators, air detrainment, buoyancy and 
transport of air are not considered. The air concentration is assumed to be constant 
over depth and equal to the average concentration c4 and may be expressed as the 
ratio of air discharge Q4 to mixture discharge Q by 

Qa 
Ca =Q. (3.2) 

The air concentration C4 is a varying but specified parameter over the flow domain. 

• The homogeneous model considers the air as a single layer. The compression of air 
is assumed to be constant over depth. Therefore, the depth-averaged pressure p may 
be employed for determining compressibility. This corresponds to the natural effect 
in which the air bubbles close to the surface are less compressed due to the smaller 
pressure. The air bubbles close to the bottom are more compressed because of 
higher pressure. In the average, the compression corresponds to the depth-averaged 
pressure. To restrain the no slip condition, the compressibility effect is only consid
ered in the vertical direction. A horizontal compression changes the velocity of the 
air phase and a no slip condition is invalid. 

With these assumptions the depth-averaged density of the air-water mixture p is given by 

P = Pw( l - Cc) + PaCa = Pw ( 1 - ~) + Pa ~a (3 .3) 
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where ea is replaced by (3.2). The air density Pa is much smaller than the water density 
Pw and therefore negligible. The mixture discharge Q is the sum of water discharge Qw 
and air discharge Q. and (3.3) results in 

(3.4) 

The discharges of water Qw, air Q. and mixture Q with the element characteristic width 
h~ can be determined with 

(3.5) 

Introducing these relations for the calculation of the density p reduces (3.4) to 

(3.6) 

The water density Pw is a physical constant depending on temperature and salinity, the 
mixture depth his a variable solved with the SW£. The fictitious water depth hw must be 
additionally calculated (Figure 3. 1) and is given by 

l~..w =h - h •. (3.7) 

Calculation of the depth of entrained air ha is based on the universal gas law [20]. As an 
initial condition the depth of entrained air h.o under atmospheric pressure PA is given by 

h.o= hw~
l - C0 

(3.8) 

The air concentration c0 is a nodal boundary condition. To show the influence on the 
shock waves, c0 is varied in the considered examples (Chapter 7). The compression of the 
air-phase may be calculated for a constant mass m with the universal gas law 

Vp 
T = const. 

This means that under changing conditions either all parameter vary or one is kept con
stant and the other two vary. Considering compressibility effects, at least volume V and 
pressure p vary and the universial gas law can be written for this polytrophic condition 

pV" = const. (3.9) 

The exponent n depends on temperature T and describes different conditions 

n isothermal condition 

n K. adiabatic condition 

n 0 isobar condition 

n 00 isochor condition 
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where the compressibility condition is somewhere between the isothermal and adiabatic 
condition with the adiabatic exponent " = 1.4 for two atomic gases. The adiabatic con
dition conserves the heat energy of the mixture. In the isothermal case the temperature T 
remains constant which is only the case if pressure and volume change slowly. 

The investigations concerning the air entrainment are based on steady state conditions in 
which neither pressure nor volume change. The computations towards the steady state 
condition use very small time steps with slowly changing pressure and volume. This 
justifies the isothermal approximation and (3.9) can be written 

(3.10) 

where the volume varies with the pressure. 

The volumes V0 and V1 over an element cross-section a. can be determined with 

(3.11) 

which reduces (3.10) to 

(3.12) 

Focusing now on the compressibility problem, two cases are considered. Condition 0 
represents the reference condition assuming that the uncompressed air is entrained by the 
atmospheric pressure PA (Figure 3.2). 

sz 

~ 
I 
I 

Figure 3.2: Initial condition for depth of entrained air hao· 

Condition 1 indicates the compressed state in which the air phase is compressed by the 
depth-averaged pressure (Figure 3.3), following from (3.12) 

haoPa = hal (PA + P), (3. 13) 
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Figure 3.3 : Compression of the depth of entrained air hat · 

where compression influences only the vertical direction, as explained in the assumptions. 
Solving for the compressed air phase ha1 and introducing (3.8) for the uncompressed air 
phase yields 

(3.14) 

The depth-averaged pressure p is obtained by integrating the pressure profile (2.34) over 
the pure-water depth kw and dividing by the pure-water depth 1~-w 

1 

p = J ((pgkw +pi) (1 - 17) + P241J (1 -17)) dry 
0 

1 2 
= 2 (pghw +pi)+ 3P2· 

Introducing (3.8) and (3. 14) into (3.7) yields 

1~-w 

h = l1w +ha! 

kw +kw~~ 
1 - CaP A+ p 
h 

1 +~~-
1 -CaPA+P 

where d17 = kw dz 

(3. 15) 

(3.16) 

The pure-water depth hw is also found in the depth-averaged pressure p (2.34) so that the 
water depth must be calculated iteratively during the computation process. Together with 
(3.6) the density of the air-water mixture is detennined. 
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3.2 Classical Two-Phase Shallow Water Equations 

Replacing the depth-averaged density of the CSW by (3.6) and partially lineruizing the 
equations, (2.28) - (2.30) can now be written 

ah Oq Or 
at - h1't + ax - qTz +ay - 'i'Ty = 0 (3.17) 

: -'i'Tt+! (q;)- q:Tx+ :y (~)- ~Ty 
+gh azh - gh

2 
T, - _h_ ( a(rxyh) + a(ryyh) + rb ) = 0 

ay 2 y Pwhw ax ay y 

where the T terms have to be replaced with 

T. _ 1 ahw 1 ah 
- t- hw at-hat· 

(3.18) 

(3. 19) 

(3.20) 

For pure-water flow, hw becomes h, the additional air-entrainment terms cancel and the 
CSW for a single phase result. 

3.3 Extended Two-Phase Shallow Water Equations 

Replacing the depth-averaged density of the ESW by (3.6) and partially linearizing the 
equations, the continuity and momentum equations (2.35) - (2.38) can now be written 

ah Oq Or 
at - hTt + ax - QTz + ay - 'i'Ty = 0 (3.21) 
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The moment of continuity and the moment of momentum equations (2.43)- (2.46) change 
for the same operation to 

where 

1 ah2 h2 1 a hq1 crz 
--- - Tt + - - (hq1) - - Tx + q-
4 at 4 38x 3 ax 

1 a _Oz hrl -+-- (hrd + r-- -T. - hw = 0 
3 ay ay 3 y 

- _ 2 wl w~ WbWh 1 _ 2 
w 2 = w + 12 + 12 - -

6
- + 

20 
(w- Wb- wh ) . 

(3 .25) 

The terms including the depth of entrained air are replaced as in the CSW with (3.20). 
The kinematic bed and surface conditions are not listed because they are independent of 
density and do not change. 
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Chapter 4 

Numerical Modelling 

The shallow water equations described in Chapters 2 and 3 form a set of nonlinear coupled 
second-order partial differential equations. In general, these equations cannot be solved 
analytically. A computational solution is enabled by dividing the entire domain in small 
subdomains or elements which are connected in grid points. Numerical methods offer 
various possibilities to approximate the equations in these defined grid points. The ap
proximations differ in the starting formulation used and the way the fluxes are computed. 
The methods are called finite differences, finite volumes and finite elements. 

The first section gives an overview of the main differences between these three numerical 
methods. In this work, the finite-element method was used for both time and space dis
cretization. Therefore, the second section explains this method with its weighted residuals 
approach, shape functions and Gaussian integration. To stabilize the computation process, 
a streamline-upwind Petrov-Galerkin and a Galerkin!least-square method were tested and 
are discussed in the final section. 

4.1 Numerical Approximations 

In all numerical methods the domain is divided into small subdomains. The finite differ
ence and the finite-volume methods are similar, both are based on the same net structure 
and the variables at the grid points are related similarly. Moreover, equivalent matrices 
result, they can be solved analogously [32]. 

Finite-Difference Method 

In the finite-difference method (FDM), the differential quotients of the conservation equa
tions are approximated by difference quotients, obtained with a Taylor series expansion. 
Equidistant discretization of the entire domain simplifies the computation. The conserva
tion equations consist of first and second order derivatives which have to be approximated. 
The nonlinear convective terms need special numerical treatment as in the case of finite 
volumes and finite elements. 
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The clifference quotients detemune the accuracy of the approximation. The more terms 
of the Taylor series that are used, the higher the order of the clifference quotients and 
the higher the accuracy. The cliscretization error is easily to estimate. The solution of 
the clifference equations is not necessarily conservative, artificial mass-, momentum- or 
energy-source terms may result. 

As for the space derivatives, the time derivations can be replaced by clifference quotients 
clistinguished in explicit and implicit methods. Explicit methods relate the values of vari
ables at the new time level only to values at the known time level. Implicit methods use 
old and new time level values in the approximation. 

Finite-Volume Method 

The finite-volume method (FVM) is sinlilar to the FDM. However, the clifferential quo
tients in the partial clifferential equations (PDE) are not approximated directly. The PDEs 
are integrated over cells which are usually an·anged around the grid points. This inte
gration process results in balance equations that guarantee a conservative cliscretization. 
The convective and cliffusive fluxes in the integrated equations must be evaluated along 
the boundaries of the cells. The approximation may be derived analogous to the FDM by 
clifference quotients, Taylor series or interpolation polynonlials [67]. 

The integral form of the PDE favours the use of non-equiclistant grids or generalized 
curved coorclinates. 

Finite-Element Method 

In the finite-element method (FEM), the domain is divided into subdomains or finite ele
ments. An uniform cliscretization of the entire domain is not necessary, the elements may 
have clifferent shapes. The trial solution is prescribed functionally over the domain in a 
piecewise fashion, element by element [66]. Using the trial function to approximate the 
solution is not exact. The error is weighted by a weighting function and this weak form of 
the PDE is solved. The trial function can be of any order, e.g. linear, quadratic or cubic. 

Compared with the two other numerical methods, programnling and computing with the 
FEM is more time consunling. The advantage of the FEM is flexibility in discretization. 
Curved elements can reproduce even more complicated domains. 

4.2 Finite-Element Method 

Much literature is available about the FEM. The method was derived for structural me
chanics. Schwarz [83] illustrates it for vibration application and Zienkiewicz [97] presents 
examples for nonlinear material problems. The FEM in fluid mechanics is applied to the 
Navier-Stokes equations by e.g. Taylor and Hughes [91] and for aerodynanlics and lubri
cation e.g. by Gallagher et al. [24]. Norrie and de Vries [66] show more examples for 
cliffusion problems as well as for viscous and compressible flows. [45], [46], [47] and [5] 
applied the FEM to supercriticalflows. 
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4.2.1 FEMTOOL 

The numerical modelling of this work is based on FEMTOOL (Finite Element Method 
TOOLbox) derived by Peter Rutschmann at VAW [78] [79]. This program solves steady 
or transient nonlinear coupled PDEs. The specific problem is set up in an element-matrix 
routine. 1\vo other routines allow the implementation of initial conditions and time
dependent boundary conditions. In four other interfaces, additional user functions can 
be defined to influence the problem data once, before or after each iteration step, or after 
an iteration or time step has converged. The numerical integration of transient PDEs is 
also based on finite elements. Different shape functions for different variables and for 
space and time may be chosen to solve the problem. The order of shape function is not 
restricted. 

Until now, FEMTOOL has been applied to the solution of advection and advection dif
fusion equations, JD and 2D classical and extended (non-conservative formulation) SWE 
by Naf [64], steady and transient incompressible NSE by Kacianauskas et al. [42], [43], 
[44] and the 2D and 3D NSE using a turbulence model, grid adaptation, refinement and 
arbitrary Lagrangian Eulerian method (ALE) moving boundaries by Biirgisser [11] and 
compressible Stokes equation to investigate a fim covered glacier and a polythermal ice 
stream by Liithi [60]. 

4.2.2 Linearization 

The SWE contain nonlinear terms which have to be linearized. Of all methods that can be 
used to linearize the PDEs, the Picard iteration (or successive substitution), Newtonian 
iteration and quasi-Newton methods are the most frequently used ones. Cuvelier et al. 
[16] give an overview of these methods. In this work, the Picard iteration is used to 
linearize the SWE. 

Consider, for example a PDE 

F (U)U = g (4.1) 

where U signifies a single variable or a column vector of variables. In the Picard iteration 
one of the vectors U is taken on a preceding iteration level k - 1, whereas the other is 
taken at the new level k. The iteration is 

(4.2) 

For the very first iteration step (time level t = 0) an initial value U0 has to be chosen. For 
the following iteration steps k in tllis time level t the initial value ut can be determined 
from the previous assumed value ut-l and the solution ut-l with 

(4.3) 

where w is the relaxation factor. The classical Picard iteration starts with w = 1. For 
convergence problems underrelaxation with w < 1 can be necessary. A faster convergence 
is obtained by overrelaxation with w > 1 but the disadvantage is the minor convergence 
radius. Picard methods converge linearly and for most problems their rate of convergence 
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is slow, especially if unden-elaxation is applied. Often Picard iteration is used to initiate 
the faster Newton and quasi-Newton methods which have a smaller region of convergence. 
The ESW require either very good approximated initial conditions for the fast Newton or 
quasi-Newton method or the Picard method with its large region of convergence. Due to 
the extreme nonlinearity of the ESW and hence the aggravated approximation of the initial 
conditions, the Picard method is chosen for linearization. 

When a relative accuracy fN of the variables is prescribed the iteration process may be 
terminated when the iteration criterion 

(4.4) 

is obtained for all variables. 

Taking a derivative of an arbitrary chosen convective term of the x-momentum ofthe SWE 
(3 .18 and 3.22) 

(4.5) 

and applying the linearization yields two principle possibilities 

~ (~) - - (t-• ohk 2qk- i acl 
OX h - h2·- · ox + hk- i OX 

(4.6) 

or 

~ (~) 
OX h 

(4.7) 

Linearization using (4.6) leads to a faster convergence because not only the variable but 
its derivatives are considered. 

The moment of z-momentum (3.28) contains other nonlinear terms, which have to be 
linearized with 

1 1 k-1 k 1 k k-i 
6WbWh = 

12
wb w h + 12w bw h (4.8) 

The complete linearized formulation of the CSW and ESW is presented in Appendix A. 

4.2.3 Weighted Residuals 

For the majority of flow problems of practical interest, the flow domain is geometrically 
complex and recourse has to be made to an approximate method which may then be 
amenable to direct analysis. Considering a problem of solving a set of PDEs in the domain 
n with the bo~ndary r (Figure 4.l(a)) 

:F(U) = 0 in n (4.9) 

subject to the boundary condition 

C(U) = 0 on r (4.10) 
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Figure 4.1: Definition of entire flow domain and boundary type (a) discretized into sub
domains or elements (b). 

where U is the exact solution and may represent a single variable or a column vector of 
variables. The first step in the weighted residual procedure is to approximate the solution 
[J with a trial function which has to satisfy the boundary conditions. The solution is 
approximated over the whole domain n by 

n 

U= L:: a;N; (4. 11) 
i=l 

where a ; are undetennined parameters and N; are trial functions described in terms of 
independent variables, such as spatial coordinates (x ,y ). 

Utilizing this approximation and incorporating (4. 11) in (4.9) results in an error or residual 
e, such that 

(4. 12) 

The best solution will be the one which reduces e to a least value at all points of n. This 
is achieved if e is identically zero everywhere 

f Wtd!l = 0 (4.13) 

n 

where W is a weighting function. For a number of unknown parameters s in the entire 
system of equations and s linearly independent weighting functions W , (4.13) can be 
rewritten 

l = 1, 2,3, .. . s (4.14) 
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Depending on the choice of the weighting function different classical approaches can be 
distinguished, including the Galerkin method, the least-squares method, the method of 
moments or the collocation method. In general, the Galerk.in method leads to the best 
approximation. It is implemented in FEMTOOL and further described here. Chung [15] 
gives more information about the other methods. 

Before inu·oducing the Galerkin technique, the entire domain !1 is divided into subdo
mains or elements n• (Figure 4. 1(b )). The concept of defining approximated values with 
(4. 11) is now refined and the variables within an element can be defined on the boundary 
of or within that region in temlS of discrete nodal values 0, 

"• 
(; = L U;N; (4.15) 

i;;;; l 

with the trial functions N; associated with n. discrete nodal values. 

In the Galerkin process the weighting function W; is made equal to the trial function N; 
defining the approximation, i.e. 

W;=N; (4. 16) 

With (4. 16) the approach can be written in general form with 

l = 1, 2, 3, ... n. (4.17) 

which is called the weak formulation of the PDE. 

If the highest order of the differential operator :F is m , trial functions have to be chosen 
to have continuous derivatives up to an order (m -1). Employing Green's theorem trans
foffilS :F into an operator :F*, which has an order less than :F. Therefore, trial functions 
having continuous derivatives up to an order (m - 2) can be applied. 

If the depth-averaged shear stress terms of the SWE are replaced by (2.8), second order 
derivatives appear and Green's theorem needs to be employed. The shear stress terms are 
determined from the variables of the previous iteration level k - 1. Therefore, they are 
explicitly known and can be brought to the right hand side of the equation. Showing this 
for an arbitrary chosen linearized shear stress term of the x-momentum (A.5) results in 

(4. 18) 

32 



The boundary integral r can be split into two terms r 1 and r 2 • The boundary integral 
term r 1 describes the boundary with an essential (Dirichlet) boundary condition. This 
can be interpreted as the outward flux of an element. On common faces between two 
elements the net flux will be zero. This term becomes redundant since the equations 
having a Dirichlet boundary condition will be eliminated from the solution technique. The 
boundary integral term r 2 characterizes the boundary with a natural (Neumann) boundary 
condition and these terms appear as a source term in the equation. 

The complete weak formulation of the CSW and ESW is presented in Appendix B. 

4.2.4 Shape Functions 

Depending on the type of element the variation in the variable along any side of and across 
the element is accommodated. The term isoparametric implies that both the element 
geometry and variation in the variable across the element are described utilizing the same 
type of polynomial or shape function. 

Because the element sides can follow any shape representable with polynomials, quite 
complicated geometries can be mapped. The utilization of these elements is enhanced 
when the location of each node point is related to some local coordinate system (~. 77) 
with the origin in the element center as shown in Figure 4.2 and Figure 4.3. This enables 
integrations over an element to be undertaken with ease. The only further requirement is 
to relate the local coordinates, by suitable transformations, to the global system used in 
the derivatives of the governing equations. 

4.2.4.1 Element Types 

The element types are distinguished by 

• geometry (lD, 2D or 3D) 

• shape function (Lagrangian or Hermitian polynomials) 

• element coordinates (global or local coordinates) 

• specific variables at nodes (Lagrangian or Hermitian group) 

In this work, 2D elements with linear and quadratic Lagrangian polynomials in local coor
dinates are employed. The specific variables at the node points are defined in Lagrangian 
groups of variables where the variable at the node point is determined whereas the func
tion and its derivatives are calculated at the node points for Hermitian elements. Figure 4.2 
illustrates the geometry for typical linear elements and Figure 4.3 quadratic rectangular 
and triangular elements. In the local coordinate system, FEMTOOL also treats triangular 
as rectangular elements. 

Higher order (e.g. quadratic, cubic) elements contain additional nodes along the bound
aries. Contrarily to Lagrangian elements, the serendipity elements contain no internal 
element nodes. The serendipity element family is implemented in FEMTOOL. 
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Figure 4.2: Linear rectangular and triangular elements in global and transformed local 
coordinate system. 
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Figure 4.3: Quadratic rectangular and triangular elements in global and transformed local 
coordinate system. 

4.2.4.2 lsoparametric concept 

FEMTOOL works with isoparametric elements, the same type of shape function describes 
the element geometry and the variation of the variable. Consider the four-noded element, 
Figure 4.2, any variable U can be approximated using the polynomial 

(4. 19) 
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such that at consecutive node points 

(;1 ~1 711 ~1 711 Ot - 1 - 1 Ot 

(;2 ~2 1)2 ~2712 02 - 1 - 1 a2 
=Go 

(;3 6 713 ~3713 03 03 

(;4 ~4 714 ~4714 0 4 -1 - 1 <14 

(4.20) 

where the local coordinate values of (~ , 71) are introduced. 

The unknown parameters o 1 to o4 may be. determined by inverting the matrix C 

Ctt 

0 2 1 - 1 - 1 
=-

O J 
4 - 1 - 1 1 

= c -1(; (4 .21) 

0;4 -1 - 1 

where (; signifies the variables at the node points. 

Substituting a in ( 4.19), any variable is given at any point of an element which results in 
the general distribution for a 4-node element 

or 

where the shape functions N are given by 

1 
NI = 4 {1 - ~) (1 - 71) 

1 
N2 = 4 {1 + 0 (1 - 11) 

1 
N3 = 4 (1 + ~) (1 + 71) 

1 
N4 = 4 (1 - ~) (1 + 71) . 

i=4 

u = L N;O; (4.22) 
i=l 

(4.23) 

The latter formulation of the shape function (4.23) is identical with the trial function 
(4 .15). The shape function variation is visualized in Figure 4.4 for node point ? 3{1, 1). 

The first order differential can be written in local coordinates with the derivative of the 
shape function 

au i =
4 aN; . 

a~ = L B[ui 
t=l 
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Figure 4.4: Typical shape function for a 4-node isoparametric element. 

and 

(4.25) 

Provided sufficient nodal values are available for evaluating the coefficients a, any poly
nomial could be assumed. However, certain criteria must be satisfied at node points and 
on element interfaces: 

• the vruiables must be continuous between adjacent elements and 

• a first derivative must exist at node points. 

4.2.5 Solution of the Equations 

The weak formulation of the SWE (Appendix B) yields a matrix system for each element 
of the general form 

(4.26) 

with the element matrix ~. the vector of the unknowns [L and the right hand side vector 
including the source terms !k· 

The element matrix depends on global coordinates. Contrarily, the shape functions N; 
are defined in local coordinates. To combine them both the global coordinates must be 
expressed in local terms. This can be achieved by the chain rule of partial differentiation, 
leading to expressions of the form 

[ 

aN; 1 [ ax a~ a~ 

aN; ax 
&;/ fJTJ 

ay 1 [ aN; 1 [ aN; 1 a~ ax ax 
= J . 

fJy aN; aN; 
aTJ ay ay 

(4.27) 
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Inverting the transformation, or Jacobian matrix J, to find global variation in the shape 
functions, (4.27) can be rewritten 

ax at: 1 ar] -a~ at: 
[ 

aN; l [ aN; l [ ay ay l [ aN; l 
aN; = J -' aN; = det J _ ax ax fJN; 
ay a17 a17 a~ a,., 

[ 

a~ a
17

] [ aN, l ax ax a~ 

a~ a,., aN, 
ay ay --ary 

where det J is the detemtinant of J. 

The further transformation required for integration of the equations is given with 

dx dy = det J ~ dry 

which is used to transform global into local coordinates. 

4.2.6 Boundary Conditions 

(4.28) 

(4.29) 

(4.30) 

1\vo different types of boundary conditions are distinguished, the Dirichlet (essential) 
and the Neumann (natural) boundary conditions. The use of the boundary conditions is 
described in detail in the different examples in Chapters 6-9. 

4.2.6.1 Dirichlet boundary condition 

The Dirichlet boundary condition prescribes a given value of a variable at any node along 
a boundary. The solution of the equation is unnecessary for this variable and node. The 
corresponding global matrix row and column can be eliminated by appropriately modify
ing the right hand side vector. 

The normal velocity component is zero along a solid boundary. For boundaries parallel 
to a coordinate axis, the Dirichlet boundary condition may be employed for the corre
sponding velocity component. Otherwise, for boundaries non-parallel to a coordinate 
axis or curved boundaries, transformed boundary conditions must be applied. These are 
Dirichle t boundary conditions in a transformed coordinate system where the two velocity 
components are related to each other as follows 

v = u tan a . (4.3 1) 

Only one of the components is computed. The second component is related to the first 
one through the geometry constraint (Figure 4.5). The transformed coordinate system 
with the normal direction ii and the angle a is detemtined by the two neighbour nodes. 
For end nodes the neighbour node set up with a transformed boundary condition is used 
for the detemtination. 
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Figure 4.5: Transformed boundary conditions. 

4.2.6.2 Neumann boundary condition 

The Neumann boundary condition prescribes a flux normal to the boundary. In the global 
matrix the Neumann boundary condition resembles a source term. 

4.2.7 Numerical Integration 

The weak formulation necessitates a numerical integration. An integration over the ele
ment is applied for the determination of the element matrix and the vector of variables. 
The general integration of a partial differential equation :F can be written in terms of 
normalized curvilinear coordinates 

1 1 

I= j :F(x, y)dll. = j j det J :F(~ , ry) ~d"' (4.32) 

n, -1 - 1 

which can be integrated using simple integration techniques such as the Newton-Cotes or 
the Gauss-Legendre integration. The latter is implemented in FEMTOOL. 

The Gauss-Legendre integration procedure is adopted where sampling points are termed 
Gauss points. Applying the Gauss quadrature rule modifies (4.32) to an equation of the 
form 

m m 

I = L L aia; det J :F(~;, "';) (4.33) 
j = 1 i= 1 

where m is the total number of integration points in one direction, and a; and ai are the 
i, lh weighting factors. With m sampling points for each direction a polynomial of degree 
2m - 1 could be evaluated exactly, (Bronstein and Semendjajew [7]). 

The values of a; and ai associated with the present rule are tabulated in Table 4.1. For 
the present problem a 3x3 Gaussian integration is introduced such that m = 3 and nine 
integration points result in space (Figure 4.6). Three sampling points allow the use of 
polynomials up to degree five. 

This concept is implemented for each element of the entire domain. The contributions 
to common nodes of adjacent elements are assembled and a global matrix results. The 
matrix is banded, sparse and non-symmetrical. Zero coefficients in the diagonal of the 
matrix yield problems for standard preconditioners [77]. Therefore, in FEMTOOL, an 
direct solver SPARSE1.3, programmed in C, is available [53). 
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Figure 4.6: Numbering of a linear element with a 3x3 Gauss point scheme. 

Table 4.1: Weighting factors and Gaussian sampling point positions. 

m i , j a;, a; ~; , 11; 

2 

2 

3 

2 

3 

4.2.8 Accuracy of FEM 

2 0 

- 1/V3 

+1/ V3 
519 -v'M 

8/9 0 

519 +v'M 

The primary sources of error associated with the application of the FEM are 

• numerical round-off resulting from numerical manipulations within a computer, 

• tolerance set for the termination of the iterative-type solution, and 

• discretization errors arising from the finite element approximation. 

The first usually depends on the computational precision. Hence, this error can be reduced 
with increasing the precision in programming. For all cases considered in this work, the 
precision of the computer was double precision on a 64 bit computer. 

The tolerance limit is set as shown in Subsection 4.2.2. The actual magnitude of the 
convergence criteria can be changed to suit a particular problem. If only a rough guide is 
required, then the tolerance can be set a higher value. 

The discretization error arises from three main factors: the order of the interpolation 
functions, the size of the elements and the shape or arrangement of the elements. The 
side ratio of an element should be limited to less than 1:8 and internal angles greater than 
135°should be avoided. 
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4.2.9 Time Discretization 

Different approaches are available for time discretization. A semi-discrete method ap
proximating spatial derivatives with the finite element and time derivatives with the finite 
difference scheme is frequently employed. Depending on a paranteter e, an implicit or 
an explicit difference scheme may be chosen. The time approximation is presented for 
the variable vector U with 

8U 
(4.34) 

The scheme is explicit for 8 = 0 and implicit for 8 = 1. 

Another time discretization method implemented in FEMTOOL is the approximation by 
finite elements. Primary applied for an incompressible free surface fluid by Frederiksen 
and Watts [23] it was modified by Tezduyar et al. [92] and [93] for different problems 
with a discontinuous time approximation. With this finite element formulation for both 
space and time formulation the dimensionality of the finite elements used is increased by 
one. 

Assuming a linear interpolation only the previous j = t - At and the actual time step 
j + 1 = t need be considered, (Figure 4.7). 

j+l l!.r 

2 

Figure 4.7: Space/time finite elements. 

The time shape functions are completely independent of the space shape functions used 
in FEMTOOL. The resulting time/space elements are of the Lagrangian type (Section 
4.2.4.1) and the integration is performed over the space/time domain. For the element of 
Figure 4.7 this results in 27 Gaussian sampling points. 

4.3 Upwinding 

The Galerkin weighted residual method described in the previous section leads to central 
approximations. Therefore, spurious oscillations (wiggles) often appear in convection-

40 



dominated flows where infonnation only propagates in one dimension [8]. These wiggles 
yield numerical instabilities and preclude even the possibility of obtaining a solution in 
certain simulations [28]. 

If the wiggles are due to the central Galerkin scheme there are three basic techniques used 
to achieve the upwind effect in finite elements: 

• After adding artificial to the physical diffusion, a Galerkin discretization is em
ployed. The artificial diffusion k for the one-dimensional case is given by [35] with 

k = (uhd 2)f, (4.35) 

f, = coth (a) - 1/o: (4.36) 

a= uh/ 2k, (4.37) 

where a is the grid Peclet number. 

• Hughes proposed the numerical quadrature rule for the convection tenn to achieve 
the upwind effect. 1n the one-dimensional case with piecewise linear elements, a 
single quadrature point f, is positioned within the element according to (4.36). 

• The most common approach is to modify the weighting function for a typical node 
to weight the upstream element more heavily than the downstream element. 

Important differences in the methods will become apparent in multi-dimensional and 
transient cases. Based on the third method, the 'streamline upwind/Petrov Galerkin
fonnulation' (SU/PG) was introduced for the advection-diffusion equation in [35]. To 
avoid crosswind diffusion, the upwind effect is desired only in the flow direction. A 
further modification of the SU/PG method with discontinuous weighting functions is de
scribed in [36]. 

In the SU/PG method, the weighting function W; consists of two parts N; and P; according 
to 

IV; = N; + P; . (4.38) 

The shape function N; is chosen as in the standard Galerkin approach and P; is a pertur
bation that must account for the upwinding part. Figure 4.8 illustrates the composition of 
the weighting function and Figure 4.9 shows the geometry of a typical4-node element in 
which the element characteristic lengths h{ and h~ are defined. 

Different approaches have been derived to determine P;, they are presented in the follow
ing section. For all approaches, the ESW are written in matrix fonn as 

au au au 
Gat+ Aax + Bay +CU+ F = O. (4.39) 

The corresponding matrices are listed in Appendix C. Based on the SU/PG, a dissipative 
Galerkin scheme and a Galerkin/least-squares scheme are presented in this work for the 
ESW. 
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Figure 4.8: Composition of streamline upwind!Petrov-Galerkin weighting function 
for node i . 

Figure 4.9: Geometry of a typical4-node element. 

4.3.1 Dissipative Galerkin Scheme 

The application of Petrov-Galerkin methods to symmetric systems of hyperbolic equa
tions was examined by Hughes and Mallet [38]. Employing this for the CSW, Katopodes 
[45] , [46] , [47] derived a dissipative Galerkin scheme for the one- and two-dimensional 
case. Discontinuous weighting functions introduce upwind effects in the solution while 
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maintaining central difference accuracy. In this scheme P; is detennined with 

oN; oN; oN; oN; 
P; = rx A -

8 
+ ryB-

0 
= <xll1x-

0 
+ <y My-

0 
, 

X y X y 
(4.40) 

where Mx and My represent upwinding matrices that control the distribution of the nu
merical solution. They are defined by 

and 

A 
ll1x = -, -

1 u+c 

M = _!!__ . 
Y lv + cl 

Hicks and Steffler [34] modified the dissipative scheme by requiring that 

and 

A 
Mx =TAl' 

B 
My= IBI" 

(4.4 1) 

(4.42) 

(4.43) 

(4.44) 

For further upwinding matrix determination, matrices A and B must be decomposed into 
left and right eigenvectors and a matrix of eigenvalues corresponding to the characteristics 
along which information is propagated. This modification represents a progress for the 
CSW but it is problematic for the ESW to detennine the characteristics and so this method 
is no longer followed here. 

The dissipation levels Tx and Ty must have dimension of time. Several values have been 
examined for both the steady-state and the transient equations. In application to mul
tilinear elements, ad hoc generalizations of (4.35) - (4.37) based on directional Peclet 
numbers were employed for the steady-state case. The Peclet number is defined by the 
ratio of advection to diffusion. In supercritical flows information propagates primarily 
downstream and the weighting function must be modified. Hence in this work Peclet 
numbers are replaced by Froude numbers, which are defined by the ratio of advection to 
wave velocity. 

Using structured grids with rectangular elements, element characteristic lengths h( and 
h~ may be easily computed. For unstructured grids with triangular elements, the determi
nation of h{ and h~ might not be controlled. Mizukami [61] proposed a formula for the 
dissipation levels for linear triangular elements. The derivation itself is very much intu
itive but perfect theoretical support is not obtained. All examples in this work employ a 
unique nodal coefficient independent of space and time, the maximum hmax of h{ and h~ 
is used for its calculation (consider a triangle to be a rectangle). With this, the dissipation 
level is given by 

T = Tx = Ty = VU2 + v2' 
(4.45) 
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(4.46) 

~ = ij = (cotha)- 1/a, (4.47) 

(4.48) 

In the transient case, € may be selected to minimize phase errors. For a one-dimensional, 
pure advection problem, phase en·ors are minimized [46] if 

hmax 
€ = €y = €x = y'i5 . (4.49) 

Employing (4.41) and (4.42) for the determination of (4.40), the variational statement 
may be written 

(4.50) 

4.3.2 Galerkinlleast-squares 

Hughes et al. [37] proposed a better formulation of the SU/PG method, the Galerkinlleast
squares method (GLS). Least-squares forms of residuals are added to the Galerkin 
method. These terms enhance the stability of the Galerkin method without degrading 
accuracy. The result is that convenient interpolations, which are unstable within the 
Galerkin framework, converge. For the ESW, less restrictive and hence more physical 
boundary conditions are possible. 

The essential difference with the SU/PG method is that P; is written as 

R =r G-' + A-' + B-' +CN+F ( 
8N· 8N· 8N ) 

t at ax 8y t 
(4.51) 

The dissipation level r can be determined as by the SU/PG method. 
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The variational statement for this method may be written 

(4.52) 

The corresponding matrices are listed in the Appendix C. The matrix multiplications 
have an important role in obtaining a correct solution. In the standard Galerkin method, 
the sequence of the equations is the same irrespective of the variable sequence in the 
variable-vector. Contrarily, the equation sequence depends on the variable sequence in 
the GLS; every variable must correspond to an equation by which it is particularly de
tennined. The classical variable h is ascertained by the continuity equation, q and r by 
the x- and y-momentum equations. According to this, the additional variables q1 and r 1 

are detennined by the x- and y-moment of momentum relations. The vertical velocities 
wh and wb are given by the surface and bed boundary condition, w by the moment of 
continuity equation. The pressure terms Pt and p2 correspond to the z-momentum and the 
z-moment of momentum relations. 
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Chapter 5 

Computations - General Remarks 

The shock wave simulations presented in the following four chapters are based on the 
classical and extended shallow water approaches. The unsteady governing equations pre
sented in Chapter 3 are used to obtain steady flow solutions by continuously increas
ing time until steady state is obtained. Employing the unsteady shallow water equations 
(SWE) requires 3D space/time elements (Chapter 4). 

Shallow water equations are classified as the hyperbolic type. In supercritical flows infor
mation propagates only downstream, in steady subcritical flows information propagates 
downstream and upstream. Both cases need different boundary conditions. For the present 
case of computing shock waves, supercritical flow is preserved at all boundaries. 

In the first set of examples, shock waves in two rectangular channel contractions are pre
sented (Chapter 6). The influence of air compressibility in shock waves are investigated in 
the second set (Chapter 7). The third set shows shock-wave simulations in two rectangular 
channel junctions with a particular treatment of the separation zone and wave breaking 
(Chapter 8). The last section illustrates the difficulties in computing supercritical free 
surface flows in U-shaped channel bends (Chapter 9). 

All channel examples are computed with the classical shallow water equations (CSW) 
and the extended shallow water equations (ESW) using the Galerkin least squares upwind 
scheme GLS (4.3.2) for both simulations. The dissipation levels Tx and Ty are obtained 
with equations (4.45)-(4.48). A horizontal bottom was assumed for all computations. No 
measurement errors are given in the literature used for comparison with the computations. 

5.1 Pre- and Postprocessing 

The pre- and postprocessing consists of grid generation and data visualization. Both 
are important steps of the simulation. An optirnized grid simplifies the simulation and 
shortens the computational time. Data visualization enables analysis of the results after 
or during the computation. 

47 



5.1.1 Grid Generation 

The grid generation requires an economical consideration of both the geometric configu
ration of the domain and the physical solution. A finer mesh is useful in areas of particular 
interest with large changes of the variables. In aeronautics, the grid generation often takes 
as long as the numerical simulation itself. 

Meshes may be structured or unstructured. In 2D, structured meshes are typically de
lineated by quadrilateral elements and are easy to generate. Grid point handling and 
control of the net geometry is simplified because every grid point is referenced explicitly. 
Structured grids may also consist of different blocks with dissimilar resolutions and an in
terpolated transition area. Unstructured grids in 2D are mostly characterized by triangles. 
Every domain geometry may be reproduced. 

A grid generator called NEGEFF (NEt GEnerator For Femtool), derived by Burgisser 
[9] was used in this work. The domain must be defined by the corner nodes which are 
combined with nodes in between by a line, circle or potential function approximation. 
Boundary nodes and values are automatically added. Initial values of the entire domain 
are interpolated from defined corner node values. 1\vo different ways of net calculations 
can be chosen in NEGEFF: either an elliptic mesh generation solving a Poisson-type 
equation or with an additional program called TRIANGLE. TRIANGLE was derived by 
Shewchuck [84] and [85] and is freely available. It is based on Delaunay-triangulation 
which enables the application of linear and quadratic elements and shape functions. The 
boundary is defined by a closed plane and linear polygon and additional segments or re
strictions can be specified. A restriction is a linear, circle or potential function connection 
of nodes on which the number and distances of nodes can be specially defined. This en
ables the delineation of a cross section for a comparison with measurements along that 
section. For the mesh calculation, a maximum element area Amax and minimum triangle 
angle C¥min must be defined. In this work, the minimum triangle angle was defined with 
30 ~ llmin ~ 35 and the maximum element area was chosen to obtain approximately 
1000 nodes to reduce computation time. 

All examples presented for channels are calculated with unstructured meshes. The pipe 
flow was simulated using a very regular grid with triangular elements. 

5.1.2 Visualization 

FEMTOOL writes the results in a binary file. The values can be visualized with 
NETVIEW, derived by Burgisser [10]. NE1VIEW is based on the grafic library 
GRAF/C3.0, derived by Dannenhoffer [17], and other program modulae. Besides the 
variable information, net information (e.g. node numbers, element numbers and coordi
nates) are plotted by NE1V/EW. A 3D visualization is also possible. 

The input data file containing the initial and boundary conditions for FEMTOOL compu
tations can also be visualized with NETVIEW. 
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5.2 Preliminary Study of Friction Effects 

The laws of flow resistance are essentially the same in open channels as in closed pipes 
running full. Given the flow parameters viscosity v, depth-averaged velocity u the hy
draulic mean radius rhy or pipe dianteter d, the Reynolds number Re can be defined as 

Re = i.nerti~ forces = u4rhy = ud. 
VISCOSity forces V V 

(5.1) 

With the Reynolds number and the height of surface roughness k, , a value for the re
sistance coefficient in turbulent flows >. may be obtained from the Moody diagram [33], 
which is based on the work of Nikuradse; and of Colebrook and White or, alternatively, 
by the formula of Prandtl-Colebrook [33] which may be written 

_1_ = -2lo (k,jd + ~). 
.../),. g 3.71 Re../).. 

(5.2) 

Depending on the importance of these values three possible types of turbulent flow can be 
distinguished. 'Smooth' conditions occur when the boundaries are hydraulically smooth 
or when the surlace is rough but still small enough to be deeply buried within the larninar 
sublayer defined by small Reynolds numbers. As the Reynolds number increases and 
the sublayer shrinks, the surface roughness becomes a significant factor and the flow 
enters a 'transitional ' stage, culminating when the roughness breaks through the lantinar 
sublayer and dontinates the flow behaviour, which is then termed 'fully rough'. The 
channel roughness n can then be calculated for the fully rough stage by equalizing the 
formula of Darcy-Weisbach 

and Gauckler-Manning-Strickler 

which yields 

- [>: l / 6 
n- V sgrhy . 

(5.3) 

(5.4) 

(5.5) 

The experimental studies considered in this work for evaluation of the numerical model 
noted all a surface roughness k, = 0.003 mm of the channel boundaries corresponding to 
glass and PVC. With Reynolds numbers 1E05 < R e < 1E06 the flow is hydraulically 
smooth or enters the transitional stage such that the surface roughness is within the larn
inar boundary layer. Table 5.1 shows the resistance coefficients >. determined with (5.2) 
for various flow conditions. The channel roughness in terms of Manning coefficients n is 
calculated by strictly applying (5.5). The chute width is assumed to be much larger than 
the water depth such that the hydraulic mean radius rhy corresponds to the water depth. 

The variation of the resistance coefficients >. is very small such that the resistance can be 
assumed constant over the entire numerical domain. With the previous flow conditions, 
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Table 5.1: Resistance coefficient for various flow conditions 

Thy ), stage n 

Re= 1E05 Re= 1E06 Re= 1E05 Re= 1E06 

0.05 0.01807 0.01198 transitional 0.0092 0.0074 

0.10 0.01803 0.01181 transitional 0.0103 0.0084 

0.15 0.01802 0.01176 transitional 0.0110 0.0089 

0.20 0.01801 0.01173 transitional 0.0116 0.0093 

0.25 0.01801 0.01171 transitional 0.0120 0.0097 

0.30 0.01800 0.01170 u·ansitional 0.0124 0.0100 

0.35 0.01800 0.01169 transitional 0.0127 0.0102 

0.40 0.01800 0.01169 transitional 0.0130 0.0105 

neither Manning's (2.49) nor Chezy's (2.50) equations are valid, they can only be applied 
for the fully rough stage. Nevertheless, both empirical approaches are implemented into 
the numerical model to enable its application for prototype models and rivers where the 
flow is in the fully rough stage. 

The influences of various Manning coefficients on the shock-waves height and position 
in a channel contraction are discussed in the following for an upstream Froude number 
Fro= 4.0. The Manning coefficient is varied with 0.001 (approx. 0) < n < 0.01 to study 
the dependence of the water depth on the roughness in the transitional stage. The water 
depths computed with the CSW are shown in Figure 5.1 along the channel side wall and 
the axis. 

The computed water depths differ primary in the position of shock waves, the differences 
increase with the channel length. However, a trend of up-or downstream shifting with 
increasing surface roughness may not be noted. Decreasing the Manning coefficient from 
n = 0.01 to n = 0.0078 yields an unexpected upstream shifting of the shock fronts. A fur
ther reduction of the Manning coefficient n < 0.0078 results in an expected downstream 
shifting of the shock fronts. This might be an effect of the invalidity of the Manning's 
coefficient for ' hydraulically smooth' stages or the non-linearity of the equations. 

The water depths simulated with the ESW are displayed in Figure 5.2. The friction effects 
discussed above for the CSW computations are even stronger for the ESW. The curves 
differ not only in position btit also in height, a trend of shock-wave shifting cannot be 
observed due to the extreme non-linear coupling of the equations. The computation for 
n = 0.01 indicates the most extreme influence of the surface roughness with a maximum 
wave-peak height and the steepest shock fronts. 

The influence of surface roughness on the water depth increases with the chute length and 
differences in position and height of shock waves can be clearly seen for both the CSW 
and ESW computations at the downstream end of the channel. All experimental data used 
for evaluation of the numerical model are only measured along the first shock wave at the 

50 



2.5 
Water depth along Side Wall 

- n=001 
- n:00078 

1.5 

~ 
- n--o0066 

I n--ooos 
- n=0002 

0.5 - n=0001 

0 
0 2 6 8 10 12 14 16 18 

xl(ho Fr, ) 

2.5 
Water depth along Axis 

1.5 

~ I 

0.5 

0 
0 2 6 6 10 

xl(h,' Fro) 
t 2 14 16 18 

fi g ure 5. 1: F 1ictio n e ffects fo r CSIV comput at io n s. 

35 
Water dep th along Side Wall 

3 

25 

~ 
2 

1.5 

- n=0002 

0.5 - n=0001 

0 2 6 6 10 12 14 16 16 
xl(h0 Fr0) 

35 
Water depth along Axis 

25 

i 2 

-" 1.5 

05 

0 
0 2 6 8 10 

xl(ho'Fro) 
12 t4 t6 t8 
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side wall and along the axis where friction effects arc less strong. Thus. fri cti on effects 
ar..: neglected in this work. r or rougher channels. modeling of prototypes and longer 
channels. friction effects cannot be neg lected. Liggctt and Vasudcv 1581 investigated slope 
and friction effects in two dimensional. high speed channel now. They concluded that tl1c 

common assumptions of friction less and 7.cro slope design is adequate for the real now. 

5.3 State of the Art 

Computations o f supercritical nows arc very challeng ing. 1\ detailed description o f tl1c 
literature is given in the com:sponding examples. M ost numerical investigations found 
in the literature treat shock waves in channel contractions or expansions. and hydraulic 
j ump computations were worked out. Until now. these problems arc sol ved applying the 
CSW. ' lb simulate the diffusi ve shape of the waves turbuh:ncc models were implemented 
or the grid was refined i n the w ave regiOn to obtain a better resolution of the steep water
depth gradients. e.g. Rahman and Chaudhry [701 and Causon er al. [ 13 j. However. no 
one successfully reproduced shock-wave pa11ern in its peak-like fom1. The differences in 
position and height between the computed and the measured water surface increase with 
the Proude number. only experimental data up to Froudc numbers P.r = 4.0 have been 
investigated and published in the literature. Hagcr er al. concluded that the hydrostatic 
pressure formulation included in the CS IV is a too suingcnt physical simpli fication of the 
problem and also air entrainment plays an imponant role in shock-wave computations. 
Ncvenhcless, no numerical investigation to analyzc tl1csc effects of pressure derivations 
from the hydrostatic assumption or the innuence of air comprcssibili ty arc avai lable. 

Numerical 20 CSW simulations concerning supcrcritical now in or near channel junc
tions arc al so not available in the literature. Some analytical investigations and ID CS \V 
computations arc available. but they arc not gcneralizablc to the cases investigated herein. 

Supcrc1itical pipe bend now involves. in addition to the shock waves, the numc1i cal di ffi
culty in handling drying and submerg ing of areas. This may be a reason that no research 
work is available. 
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Chapter 6 

Computations of Channel Contractions 

Channel contractions carrying supe rc 1iticalllows cause penurbations of the flow at geom
etry changes. The pcnurbations yie ld shock waves which inte ract and propagate down
stream. Figure 6.1 illustrates a typica l shock-wave pattem in channel contraction. 

Fig ure 6. 1: Typical shock-wave patte rn in channe l contraction (ES W computations). 

Several simulations of steady supcrcritical flow in channe l contrac tio ns based on the CSW 
can be found in the literature. Bagge and Herb1ich [41 calculated 2D flow in a spillway 
chute using the me thod of characte ristics by neglecting friction effects. T he solution by 
Tauben [90 [ is based on the theory o f small penurbatio ns by von Kanm1n. The procedure 
is an approxi mation with very crude assumptions. By the help o f a linearized form of 
the wave equatio ns, Lcnau [56 [ solved the same problem fo r supercliticalllow in channe l 
bends having rectangular and trapczoidal cross sections. Ellis and Pender [2 1 J used the 
same approach as Bagge. 

Lui and Li [59 [ calculated flow in channel bends us ing a finite- difference scheme and an 
cmpilical re lati on for the frictio n. Demuren [19 [ assumed the flow to be fully mixed in 
the venical di rectio n to neglect venical vmi ations. Therefo re, he implemented the mixing 
length theory of Prandtl into his fi nite-difference model. Jimenez and Chaudhry [401 in
vestigated two expli cit, finite-di lJerence schemes (Lax and MacConnack) and discussed 
the limitations of the shallow wate r equations regardi ng their applicability to the solution 
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o f superc litical nows. The MacCormack scheme was also employed by Bhallamudi and 
Chaudh1y [6]. "ll1ey conven ed the non-rectangular physical domain into a rectangular 
computational domain to allow an Oithogonal grid and an easier incl usion of side wall 
boundaries. Hag e r er al. [31 j conducted wate r depth and velocity fi e ld measuremems for 
various Froude numbers and wall de necLions. They compared the experimental with the 
numerical results of a MacCormack explic it finite-diffe rence scheme and conducted that 
the computational results arc only satisfact01y where the hydrostati c-pressure assumption 
is valid. The effective stresses were conside red by Molls and Chaudhry [62] by incor
porating a constalll eddy viscosity turbulence fi nite-di iTcrence model with a Beam and 
Warming scheme to approximate the turbulent Rcynolds stresses. Naf and Rutschmann 
1651 compared shock-wave computations obtained with a finite-element code and a fi nite
volume rode. Instead o f a fi xed grid. to bcucr resolve the shock front Rahman and 
Chaudl11y f701 implemented an adaptive giid which adjusts itself as the so lution evolves. 

Molls and Molls 163 j used a new numerical technique which diffe rs from the traditional 
methods. Tllis method uni fies space and time. is explicit and uses a staggered grid in 
time. lhey applied it for the ID Saint-Yen ant equations and compared the results with 
those from more conventional techniques, expe ri mental data and analytical solutions. An 
extension to the 2D equations is derived, trans fo nning the 2D into two JD problems. 
They applied the scheme to the oblique hydraulic jump and compared the results with 
an analytical solution. A 3D approach is proposed to simulate and study the effect of 
geometry on the free surface now over a tunnel spillway by Song and Zhou [86] . The 
solution procedure is divided into three steps. In the first step. aID steady now is assumed 
to obtain an approx.imatc free surface and mean-velocity distribution. Then the water
surface profi le is kept fixed and the 3D turbulent now field is computed. Finally the 
water surface is set free to move and generate the waves. Causon er al. 113] presented 
a method to solve the 2D equations using a cell-centered fi nite-volume approach. They 
employed MUSCL reconsuuction and an approx.imate Riemann solver to achi eve a high
spatial resolution of shock waves and the steep now features . Six. test problems are used 
to validate the now solver. 

The present numerical model is evaluated fo r two di fferen t channel contraction geome
tries. The first geometry is taken from the lite rature to quali tati vely compare the FEM
TOOL computations with the CSW and ESW with state of the att computations from Bhal
lamudi and Chaudhry [6] and Rahman and Chaudhry 170] as well as with expeiimental 
data from Coles and Slli ntaku 139]. The cxpeiimental data are acquired to r a Froude 
number F r = 4.0, this Froude number is also used for the numerical computations. The 
second geomeuy is based on the study of Reinauer [711 at VAW. He investigated sev
eral flow conditions and rroudc numbers. Detailed wate r-depth measurements exist for 
rroude numbers Fr = 4.0 and Fr = 6.0, which are used to evaluate the numerical mode l. 
f o r Fr = 4 .0, the computed water depd1s wid1 the CSW arc compared with CSW results 
of a re fined mesh from Blirgisser [ 111 and Kri.iger er al. 152] to m le out the innuences from 
the numetical scheme. Reinauer's geometry is al so used to compare d1e ESW computa
tions witJ1 the CSW computations on a re fined mesh and measurements. 1l1c computations 
with the ESW allow the investigation of the ve11ical velocities and the deviation from d1e 
hydrostatic-pressure pro file such that their order o f magnitude and innucnce on the shock 
waves may be analyzed. Finally, the computed and measured wate r depths are compared 
fo r Fr = 6.0. 
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6.1 General Definitions for Channel Contractions 

Figure 6.2 shows a definition sketch of a channel contraction, along with a definition of 
terms in the following examples of computations in channel contractions. 
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Figure 6.2: General definition sketch for a chute contraction. 

The upstream and downstream boundaries are connected by vertical side walls. The axis 
divides the contraction in two halves. Due to symmetry of shock waves in this channel 
contraction, only one half of the contraction need be considered. The area limited by up
stream and downstream boundaries, axis and side wall forms the computational domain. 

The contraction begins where the channel width begins to decrease. Likewise, the con
traction ends when the downstream channel width becomes constant again. 

6.2 Qualitative Comparison 

6.2.1 Geometry, Boundary and Initial Conditions 

Coles and Shintaku (lppen [39]) studied supercritical flow in the channel contraction pre
sented in Figure 6.3 (a). Figure 6.3 (b) shows the two longitudinal sections along which 
the measurements and computation of Bhallamudi and Chaudhry as well as Rahman and 
Chaudhry are given for comparison: section 1-1 along the side wall and section 2-2 in the 
axis. The numerical model with the applied boundary conditions is illustrated in Figure 
6.3 (c). The numerical model begins 20 cm upstream of the contraction to minimize the 
influence of the upstream hydrostatic-boundary condition. 
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Figure 6.3: Coles' and Shintaku 's chute contraction geometry (a), position of longi
tudinal sections for computational with experimental comparison (b) and computer 
model with boundary conditions (c) 

For comparison with the experimental data, the numerical model uses the same upstream 
boundary conditions as in the hydraulic model. The upsu·eam water depth (index 0) is 
defined with Dirichlet conditions to h0 = 0.0305 m. The upstream Froude number in the 
hydraulic model was specified to Fro = 4. The inflow is parallel to the x-coordinate, such 
that the y-component of discharge is zero. The upstream Froude number 

Fro =~ 
/9ii5 

(6.1) 

detemlines the upstream x-component of the discharge 

qo = Fro ;;;;;i = 0.0667m2/s. (6.2) 

Computations with the ESW require definition of the seven additional parameters (q10, r10, 

Wb0, W ho • 'ilio, p,0 and P20 , Chapter 2) at the upsu·eam boundary. Assunling an undisturbed 
flow pattem in the zone upsu·eam of the contraction enables the specification of hydro
static pressure at the upstream boundary which corresponds to the CSW, and all additional 
parameters equal to zero (Table 6.1). 
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Table 6. 1: Boundary and initial conditions for Coles' and Shintaku 's channel con-
traction 

vrui able dimension value 

Fr = 4.0 

csw ESW 

ho [m] 0.0305 

lio [m2/s] 0.0667 

f o [m2/s] 0 

q lo [m2/s) 0 

1'to [m2/s) 0 

Wbo [rn!s] 0 

Who [rn!s] 0 

'Wo [m/s] 0 

Plo [N/m2] 0 

P2o [N/m2) 0 

Assuming a flow parallel to the side walls and the chute axis, transformed boundary con
ditions can be applied for the classical flow variables q and f . For the ESW a second set of 
transformed boundary conditions is defined for the additional horizontal flow variables q1 

and r 1• For both the computations with the CSW and the ESW the nodes at the beginning 
(PI) and at the end of the contraction (P2 ) are excluded for the transformed boundary 
conditions (Figure 6 .3). The flow direction at these two points must not be defined by 
boundary conditions. At the downstream boundary, no b oundary conditions are specified. 

An identical depth, streamwise velocity, zero transverse and vertical velocities as well as 
hydrostatic pressure are specified at every grid point as initial conditions corresponding 
to the upstrean1 boundary conditions. Table 6.1 summatizes the boundary and initial 
conditions defined for the computations. 

6.2.2 Results and Discussion 

Meshes generated for FEMTOOL computations 

Different grids are generated for the computations with the CSW and ESW. Compru·ed 
with the ESW, the CSW have less vatiables which need be solved and need less memory, 
therefore. Thus, memory can be used for more grid points and e lements to obtain a finer 
resolution of the computational domain. 

The unstructured mesh applied for the CSW computations (Figure 6.4) contained 2 180 
points and 3958 linear elements and the unstructured mesh generated for the ESW simu
lations (Figure 6 .5) accommodated 1212 points and 2 1961inear elements. 

57 



Figure 6.4: Coles' and Shintaku's channel contraction with mesh for CSIV compu
tations. 

X 

Figure 6.5: Coles' and Shintaku's channel contraction with mesh for ESW compu
tations. 

Shock-wave patterns computed with classical and extended shallow water equations 

Figure 6.6 (a) presents the absolute water depth of the numerical steady-state solutions 
computed with the CSW on the lower and with the ESW on the upper contraction half and 
(b) illustrates the shock wave pattern depicted in a perspective view from the downstream 
towards the ups!J-eam boundary for the CSW on the left and the ESW computations on the 
right channel halves. 

In both the CSW and ESW computations, the discontinuity starts at the beginning of the 
contraction with a surface superelevation. The shock waves deflect towards the symmetry 
axis, form the first peak and are reflected with a further increase of the water height. The 
second reflection occurs in the region around the contraction end. The CSW computations 
yield a reflection and a water-depth increase upstream of the conu·action end. The con
traction end forms a new perturbation of the flow pattem and the water smface decreases. 
A third reflection occurs at the ax is and a fomth at the side wall. The ESW show a differ
ent flow pattem. The second reflection appears downsu·eam of the contraction end such 
that the third reflection at the axis is located further downstream as compared with the 
CSW computations, and the fourth reflection is downstream of the considered domain. 

Besides the differences in height and position, CSW and ESW computations also differ 
in the characteristic of the shock wave. The wave crests of the CSW computation are 
almost linear in plan view whereas the ESW show a curved and more diffusive form which 
appears more realistic to better represent nature [39], [7 1]. 

Figure 6.7 shows a comparison of CSW and ESW computations with data available in the 
literature (Ippen [39]) and state of the art computations of Bhallamudi and Chaudhry [6] 
and Rahman and Chaudhry [70]. Section 1-1 presents the water depths along the side wall 
and section 2-2 along the chute axis, scaling the absolute values by the constant upstream 
water-depth boundary condition (h0 ). The single star marks an experimental point which 
appears in the publication of Bhallamudi and Chaudhry but is neglected in the paper of 
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f-igure 6.6: Shock-wave paltem in Coles' and Shintaku's channel contraction com
puted with the CSW and £SW equations: plane (a) and perspect ive (b) view. Di f fer
ences in heighl. position. form and characteristic o f both computations. 

Rahman and Chaudhty . 

In a fi rst step, the FEMTOOL computations with the CSIV arc compared with published 
computat ions and measurements. In a second step, the FEMTOOL computations applying 
ES IV arc compared with CS IV computations and measurements. 

Comparison of FEMTOOL classical shallow water computations with published com
putations and measurements 

The publ ished computations by Bhallamudi and Chaudhry arc prcscmed with dotted li nes 
and Rahman and Chaudhty with dashed Iincs. T he thi rd CSW computation i s conducted 
with FEMTOOL (solid thin li nes). The points and the single star mark the measured data. 
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Figure 6.7: Water-depth comparison between experimental data [391. CSW 161 [70] 
and FEMTOOL (CSW and £SW) computations in Colcs' and Shimaku's channel 
contraction. FEMTOOL computations with the CSIV indicate less numctica l di f 
fusion and steeper shock froms than other CSIV computations. but all show a poor 
agrcemcm with measurcmcms in the immediate vicini ty of the shock-wave regions. 
FEMTOOL computations with the £SW match the shock waves in posi tion and 
height much bellcr than the CSW computations. 

All CSIV computations show ptincipally the same charactetist ic. Discontinuities. which 
elevate or diminish the water surface. occur in almost the same position vatying only in 
shape and height. 

Bhallarnudi and Chaudhry (dott ed lines) ptimary simulated shock waves in this comrac
tion geometry. They applied a uni form but rather coarse mesh. "lo dampen the high
frequency oscillations near steep water-depth gradients. ani ficial viscosity was added in 
regtons of large water-depth gradients while leaving smooth areas relatively undisturbed. 
Rahman and Chaudhry (dashed lines) used an adapted grid system (5 1 x 31 = 1581 poims) 
which adjusted itsel f in regions with a steep water-depth grad iem as the solution evolved. 
This improved the resolution o f the now pauem and sharper discontinuities were ob
tained. They also filtered the osci llations with anilicial viscosity. For computations witl1 
FEMTOOL an even finer mesh (2 180 points) as generated. This resol ved the shock fronts 
beuer than in tlle two otJ1er computations. 1\nilicial viscosity was not added. so it is pos
si ble that under- and overshooting in the shock-wave region may appear. but the shock 
fronts arc unsmcarcd and the steep gradients arc reproduced. 
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Compared with Bhallamudi 's and Chaudhry's as well as Rahman's and Chaudhry's com
putations, the simulations with the CS\V conducted in this work present less numerical 
diffusion and a good resolution of the steep water-depth gradients. However, the FEM
TOOL computations with the CSW indicate discrepancies in position and height with the 
measurements, which show a diffusive and non-plateau-like shape of the shock waves. 
This can be attributed to the oversimplified physics in the CSW because the assumption 
of hydrostatic pressure distribution is violated near the steep gradients. Moreover, air en
trainment in the region where the waves interact with one another can result in imprecisely 
measured experimental data and hence this factor should also be considered. 

Comparison of FEMTOOLcomputations extended and classical computations as well 
as measurements 

The FEMTOOL computations with the ESW (solid thick lines) are compared with the 
FEMTOOL computations with the CSW (solid thin lines), the least-diffusive CSW solu
tion. The ESW computations are also compared with measurements (Figure 6. 7). 

Along both the side wall (section 1-1) and the chute axis (section 2-2), the ESW simula
tions are distinguished from the CSW simulations especially in the shock-wave position 
but also in height and shape as already observed in Figure 6.6. These differences must 
be due to the additional parameters enabling a non-hydrostatic pressure and horizontal 
velocity variation over depth as well as vertical velocities. 

A comparison of the ESW computations with the experimental data indicates a fairly 
good agreement. Along the contraction length at the side wall (section 1-1), the simu
lated water depth undulates slightly around the measured data but the increase towards 
the wave is matched quite accurately as well as the position and amplitude of the waye. 
The decreasing pmt of the simulated wave shows discrepancies with measurements. The 
underestimation may be either due to the numerics or because of complicated measure
ments in the wave zone. The reflection at the side wall yields large air entrainment in the 
laboratory and the water surface is difficult to determine in between the air-water spray. 

Along the axis (section 2-2), the same effects can be observed. Until the first wave max
imum, the computed water depth matches the experimental data quite accurately. Down
stream of the wave maximum, a decrease of the measured water depth followed by a 
new but smaller increase is visible. This tendency is also present in the computed water 
depth. However, the position of the second wave peak downstream of the contraction end 
is poorly simulated. The improved yet still approximate physics in the ESW may be a rea
son as well as the neglected bottom and side wall friction and air entrainment effects. Air 
entrainment complicates determination of experimental data which yields in uncertainties 
in the measured water depth. The single star indicating an experimental data point is ne
glected in the publication of Rahman and Chaudhry [70], an uncertainty in detemuning 
the water surface in the wave region. 
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6.3 Quantitative Comparison for Fro = 4 

6.3.1 Geometry, Boundary and Initial Conditions 

The experimental data used for verification of the numelical model were obtained at VAW 
by Reinauer [71] during his doctoral work. Furthermore, the data along the side wall and 
in the chute axis for a Froude number Fr = 4.0 were available in digital fonn, facilitating 
a more accurate comparison with the numerical model. A detailed description of the 
experimental facilities may be found in [71], [72], [73]. 

Figure 6.8 (a) shows the chute contraction with corresponding parameters. Figure 6.8 (b) 
indicates two longitudinal sections and one cross section: the measured data are available 
along the side wall (section 1-1) and along the axis (section 2-2). In the cross section 3-3, 
the wave maximum is expected to appear. In section 2-2 and section 3-3, the velocity and 
pressure profiles can be investigated. Figure 6.8 (c) illustrates the numerical model with 
the applied boundary conditions. Both numerical and physical models of shock waves in 
contractions are symmetrical about the flume centerline. This symmetry is exploited and 
only half of the channel is considered. The numerical model begins 20 cm upstream the 
beginning of the contraction to exclude any influence of stringent boundary conditions. 
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Figure 6.8: Reinauer's chute contraction geometry (a), position of longitudinal and 
cross sections for computational with experimental comparison (b) and correspond
ing computer model with boundary conditions (c), Fro = 4. 
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At all grid points of the upstream boundary (index 0), the three variables (h0 , 7j0 , f 0 ) 

are specified applying Dirichlet boundary conditions. The shock waves are simulated for 
Fr0 = 4.0 with a water depth h0 = 0.05 m to enable a comparison with the experimental 
data measured with this flow condition. The definition of the upstream Froude number 
FTo (6.1) involves the upstream discharge q0 for an inflow parallel to the x-axis by ne
glecting the y-component. Using (6.2) to detennine the x-component of the discharge 
yields 'ij0 = 0.1401m2/s. 

Computations with the ESW require additional information at the upstream boundary for 
the seven extra parameters (qJ0 , Tt0 , Wt>o, Who• Wo, P to and P20 , Chapter 2). In supercritical 
flow, small perturbations propagate only downstream, the upstream boundary is therefore 
uninfluenced by the contraction, hydrostatic pressure can be assumed at the upstream 
boundary and all additional paran1eters are set to zero. 

Along the side walls and along the axis of symmetry, a set of transformed boundary con
ditions is specified. For the classical flow variables 7j and fa flow parallel to the side walls 
and the axis is required. The ESW need an additional set of transformed boundary condi
tions for the extended flow variables q1 and r1• The grid nodes at the beginning (P1) and 
the end (P2 ) of the contraction are excluded for both sets of boundary conditions because 
the flow direction at these points must not be defined by the transformed boundary condi
tions. For supercritical flow no boundary conditions have to be defined at the downstream 
boundary. 

The initial conditions for all grid points over the entire domain correspond with the up
stream boundary conditions. Table 6.2 gives an overview of the applied upstream bound
ary and initial conditions. 

Table 6.2: Boundary and initial conditions for Reinauer's channel contraction, 
Fr = 4.0 

variable dimension value 

CSW ESW 

ho [m] 0.05 

7io [m2/s] 0.1401 

fo [m2/s] 0 

q lo [m2/s] 0 

Tto [m2/s] 0 

Wf>o [rn!s] 0 

Who [rn!s] 0 

illo [rnls] 0 

P lo [N/m2] 0 

P 2o [N/m2] 0 
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6.3.2 Results and Discussion 

The computed results obtained with the CSW and ESW are presented and the differences 
with the measurements are discussed. A further examination of the ve1tical velocities and 
pressure profiles given by the ESW is shown. 

Meshes 

The non-adaptive unstructured mesh containing 1240 nodes and 226 1 linear elements 
is presented in Figure 6.9. 1\vo restlictions are defined in the grid: one parallel to the 
side wall and another parallel to the axis, both with a distance of 0.025 m to the solid 
boundary. The restrictions allow a fine resolution along the side wall and the axis where 
the shock-wave maxima appear. 

Figure 6.9: Reinauer's channel contraction with mesh for CSW and ESW computa
tions, F T0 = 4.0. 

X 

Figure 6. 10: Reinauer's channel contraction with final refined mesh for CSW com
putations, Fro = 4.0 [11]. 

To rule out any influences of the numelical scheme the mesh was refined in regions of a 
high water-level gradient in an iterative way during computation. The computations start 
with a rather coarse mesh. Depending on the solution , each element of the starting mesh 
could be arbitrarily refined according to a maximum area criterion (the product of element 
area multiplied by the water-level gradient was essentially a constant). This means that 
the refined elements where not aligned to the shock fronts but that every element of the 
starting mesh was filled with new elements following the same maximum area criterion. 
Such elements were not only refined duling the computation cycle but also coarsened 
depending on the development of the water-level gradient. Updating of the mesh was 
performed approximately every five time steps. Figure 6.10 presents Reinauer 's channel 
contraction with the final refined mesh for the CSW computations. 
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Shock wave patterns computed with extended and classical shallow water equations 

Figun: 6. 11 shows the absolute water depth of the nume1ical steady-state solutions com
puted w ith the CSW and £SW. Both ligures show a typical shock-wave pall ern for a chan
nel contraction with the increasing water level at the beginning of the contraction and the 
lirst reflect ion at the axis. A new discontinuity stmts at the end of the contraction result ing 
in a decreasing water depth. it trends towards the axis unt il the interaction with the lirst 
wave yields a fun her penurbation of the water level. 

ESW 

a) 

csw 

water depth lml 

0.04 0.08 0.11 0. 14 

CSW ESW 

b) 

Figure 6. 11: Shock-wave pauern i n Reinauer's channel contraction computed with 
CSW and £SW: plane (a) and perspective back (b) view, Fr = 11.0. Significant dif
ferences in height and posi tion of both computations. CSW results are characterized 
by linear wave crests in plan view and plateau-like shape, ESIV results show cu1ved 
crests in plan view and peak-like form which is more reali st ic compared with nature. 

·111e two steady-state solutions illustrate signi ficant differences not only in height and po
sit ion but also in fonn of shock waves. Contrary to the ESW, hydrostatic-pressure fonnu
lat ion of the CSW retards shock waves which are reflected twice at the axis of the domain. 
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/\long the axis and side wall rencction points. the shock waves remain almost continu
ous in height resulti ng in the plateau-like fonn. The rencction of the discontinuities arc 

apparent from the linear trend of the crests in plan view. 

i\pply ing the ESW. the shock waves arc rcncctcd once at the axis and their height in
creases towards the axis and side wall rencction points. Computations with the ESIV 
indicate a more di fl'usive and peak-like shape of the shock waves. The rcnecuon of the 
discontinuitics indicate the more realistic curved wave-crest plan form. 

For fi.1rther examination. the relative water depths computed with the CSIV and ESIV arc 
compared with measurements along the chute side wall (section 1-1 ) and the axis (section 
2-2). The constant upstream water depth h0 is chosen to be the reference depth. In a fi rst 
step. two CSIV computations arc compared to investigate the innucncc of the numc•ical 
diffusion. one with the rather coarse mesh (figure 6.9) and the other with the refined mesh 
( Figure 6. 1 0). Both CSIV computations arc also compared with cxpc1imental data. In a 
second step. the ESIV computations arc compared with both. the CS IV computations with 

a refined mesh and Reinauer's laboratory data. 

Etl'ect of mesh size on classical computations 

In Figure 6. 12, two different CSW computations are compared along the side wal l (section 
1- 1) and the axis (scction 2-2): the computations using a coarse mesh arc illustrated w itJ1 
a dashed line and those using a relined mesh arc presented w ith a solid line. The points 
mark the experimental data. 

Both CS IV computations show the plateau-like character which is typical for CS IV compu
tations. ·n,c discontinuities. which increase or decrease the surface clevat ion. have almost 
the same position. Compared with a relined g1id, the CSIV computations with a coarse 
mesh show diffusive shock fronts and overshooting in shock-wave regions accompanied 
witJ1undulations. The finer resolution along the shock waves y1clds steeper shock fronts 
w ith less numelical diffusion and minor overshooting. 

/\long tJ1c contraction side wall (section 1-1) tJ1c water depth i s slightly underestimated in 
both CSIV computations. The start of the wave at the contraction end. which decreases the 
surface. is predicted in position but not in height T he now deceleration is accompanied by 
a water-depth increase in the physical model. the numerical model reproduces this effect 
with a steep shock front The wave height is grossly underestimated in the numerical 
model. 

The initial portion o f the water-level increase towards the first maximum along the axis 
(section2-2) i s quite adequately predicted. i\s along the side wall (section 1-1). the now 
deceleration in the experiments which is apparent as a peak-like wave i s reproduced w ith 
a steep shock wave followed by a plateau. How ever. the height of tl1c first maximum i s 

substantially underestimated with the CS\V model. 

Both simulations w ith CSW show that the wave crests are too low compared wi th the 
laboratOiy data. The waves in the numerical model arc steep and plateau-like in shape. 
and not peak-like as tJ1ey arc in the laborato1y. Using a relined mesh indicates that the 
solution is free of excessi ve numc1ical diffusion and so the results are very accurate results 
from a numerical point of view. However, computations witJ1 an adapted mesh show also 
that the characteristics of the numelical solution differ from the cxpe1imcnts. 
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Figure 6.12: Relative water-depth comparison between experimental data and CSW 
computations with a coarse and a refined grid [52], [11] in Reinauer's channel con
traction, Fr = 4.0. Steeper shock fronts with less numerical diffusion and minor 
overshooting with refined grid. Poor agreement with measurements in the shock
wave regions are evident with both computations. 

Comparison of extended with classical computations (refined mesh) and measure
ments 

Figure 6.13 compares the ESW computations (solid lines) with the CSW computations 
with a refined grid (dashed lines) and the experimental data (points) along the side wall 
(section l- 1) and the axis (section 2-2). 

A comparison between the water depth simulated with the ESW and the CSW indicates 
significant differences. In both sections, the waves computed with the ESW show less 
steep shock fronts, are more diffusive in shape and result in higher peaks which lie further 
downstream in the channel. 

Applying the ESW for the simulation shows the gradual increase and peak-like form of 
the waves as for the experimental data. The water depth along the contraction side wall 
(section 1-1) undulates in small waves. The wave trough at the downstream end of the 
contraction is too deep in the simulations, but the maxima downstream is close to the 
observations. However, the wave is more diffusive. 

The water-depth pattern including the deceleration phase up to the maxima in the chute 
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Figure 6.13: Water-depth comparison among experimental data, CSW computations 
(refined mesh) and ESW computations in Reinauer's channel contraction, Fro = 
4.0. ESW computations show improvement in simulating shock waves, simulations 
match the shock waves in height, position and peak-like shape. 

axis (section 2-2), is similar in height and position. However, the acceleration downstream 
of the shock-wave peak is too gradual which results in an underestimate of flow depth. 
This numerical effect is followed by an increase of the water depth until the measured 
plateau is reached. 

This comparison indicates an improvement in simulating shock waves in channel contrac
tions with the ESW approach. Note that the experimental data can be inaccurate unless 
measurement statistics are available. Shock wave coincide with air entrainment, compli
cating measurements with an indistinct water surface. 

The differences in the shock-wave pattern computed with the CSW and ESW must be due 
to the additional parameters of the ESW which describe a horizontal and vertical velocity 
profile as well as a pressure distribution. The influences of these distributions on the 
shock-wave pattern are discussed in the following section. 
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Pr·essure d eviation from hydrosta tic pressure over the bottom 

The deviation of the total bottom pressure related to the hydrostatic pressure is shown in 
Figure 6.14. The botto m pressure is calculated by the sum of the hydrostatic pressure and 
the additional pn:ssure parameter on the bo11 om p1. 

0.04 0.07 0. 11 0.14 

water depth I m I 

a) 

t max 

deviatjon from hydrostatic bottom pressure 1-1 

0.50 0 .90 1.30 1.70 

b) 

t max 

Figure 6. 14: Deviation of bottom pressure from hydrostatic pressure: plane view 
and com:latio n with con-csponding shock-wave pattem (a) and side view from the 
side wall (section 1- 1) towards the axis (b), FTo = 4.0. In shock-wave regions, the 
hydrostatic-pressure assumption is invalid. Exu-cmes o f the deviations a1-c apparent 
at the beginning and end of the contraction. 

1\ compa1ison o f the bottom-pressure deviation fm m the hydrostatic pl'CSSUI'C with the 
shock-wave pattern (Figure 6.14 (a)) shows an obvious con·elalion. Although the investi
gation is only qualitative because presslll-c was not measured, dilTerenccs from hydrostatic 
pressure arc signi ficant in regions wi th a high water-level curvature. The cxu-cmes appear 
at the beginning and at the end of the contraction where bottom pressure attains more 
than llve-third and one-half, respectively, of the hydrostatic pressure. Deviation increases 
with water-level curvature. and hydrostatic pressure ex ists only in regions with an a lmost 
horizontal water level. Along the water-depth supere levation, a bouom pressure larger 
than hydrostatic is visible, but along the shock-wave c rest, the bottom pressure is smal ler 
than the hydrostatic pressure. 
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T he hori zontal velocity (x- and y-component). vertical velocity and the pressure profi les 

along the computed wave along the ax.is (section 2-2) and over the channel width towards 

this wave (section 3-3) arc investigated in the following. T hese profiles arc mainly inter
esting in the regions around the wave. they arc illustrated in Figure 6.15 (a) for the wave 

along the axis (section 2-2) and (b) the cotTcsponding cross section (section 3-3). Both 

figures display the points (t\-K) in which the velocity and pressure dist ri butions arc com
puted. point E appears in both presented sections. The ho tizontal veloci ty disttibutions 
arc computed dividing the approximated linear disuibution for the horizontal now (2.3 1) 
by the cotTcsponding water depth. The quadratic disLtibuLtons (2.33) and (2.34) are used 
to determine the vcn ical velocity and the pressure pm files. 
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Figure 6. 15: Sections o r water depth with points for horizontal and vertical velocity 
and pressure profi le investig ation. Fro = IJ.O. 

The two arrows mark the inncctions P1 and 1'2 of the water depth. ·n1c inncctions char

acterize the poims in which the gradient of the water depth changes f rom increasing to 
decreasing (P1) or vtce versa (P2). 

The displayed patt of water depth along the axis (section 2-2) has a length of 1.7 m. ·n1c 
water depth over the w idth (section 3-3) i s shown. from the side wall to the axis (section 

2-2). ·n1c extended length of section 3-3 is necessary to display the profiles. but the axj s 
(secti on 2-2) crosses the width at y = 0.5m. 'll1c length scales of the displayccl variables 
dillc r due to the different chosen length scales of the cross sections. 
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Discussion of horizontal velocity profiles 

Figure 6.16 (a) presents the horizontal velocity profile of the x-component at the chosen 
points (A-G) of the wave along the axis (section 2-2). The lateral flow exchange parame
terized with they-component of the horizontal flow or velocity variable is zero along the 
axis and not displayed. Along the cross section (section 3-3), the x-component profile of 
the horizontal velocity is illustrated in Figure 6.16 (b) and they-component in (c) for the 
chosen points H-K and E. 
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Figure 6.16: Horizontal velocity profiles for Fr =o 4.0. Slight vertical variations 
of horizontal velocity, additional horizontal parameters are insignificant. 

The horizontal velocity is assumed to have a linear distribution over depth (Figure 2.2). 
All three figures indicate an almost constant horizontal velocity profile over the depth. 
The additional horizontal variables q1 and r~o or u1 and v1 respectively, parameterizing 
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the flow or velocity at the surface and contrary at the channel bottom, have small absolute 
values compared to the depth-averaged mean flow variables u and ii. 

Along the axis (section 2-2), u decreases slightly towards the peak from 'iiA = 2.8 m/sin 
point A to u6 = 2.6 m/s in point E. This signifies a deceleration of the horizontal flow. A 
decrease of the wave height yields a horizontal acceleration and an increasing velocity u. 
Between the two inflections (points D-F), the additional velocity u1 reduces the average 
velocity u at the surface for about 3%. 

Considering the horizontal velocity distributions in section 3-3, the x-component u and 
the y-component v both decrease with an elevation of the water depth. The additional 
parameters are insignificant due to the negligible moment of horizontal momentum. The 
velocity u varies only slightly, but v approaches zero along the axis. The additional vari
able u1 decreases the value of u at the surface with a maximum of about 3% along the 
axis (point E). The additional variable v1 increases as v decreases and obtains a maximum 
of 8% in point K. 

Discussion of vertical velocity profiles 

Figure 6.17 (a) displays the vertical velocity profiles at points A-G of the wave along the 
axis (section 2-2) and (b) at points H-K and E of the water depth along the cross section 
(section 3-3). 
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Figure 6.17: Vertical velocity profiles for Fro = 4.0. Vertical velocity in
crease/decrease correlates with elevation/diminishing of water depth. A small 
water-depth gradient signifies almost zero vertical velocities. 
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The vertical velocity is assumed to have a quadratic distribution over depth (Figure 2.3). 
The bottom of the chute contraction is assumed to be horizontal and therefore the vertical 
velocity at the bottom is zero which is visible in both sections. Both figures show that 
upstream the water depth increase, the vertical velocity w tends to zero, but as soon as the 
water depth increases, the flow accelerates vertically. The steep, positive vertical velocity 
gradient with the large values at the surface indicate the shock front. Around the wave 
peak, the vertical velocity reduces to zero at the top (point E). The decreasing shock wave 
in section 2-2 coincides with negative vertical velocity values marking the deceleration. 

The maximum values of the averaged vertical velocity w and the vertical surface velocity 
wh along the axis (section 2-2) appear at the inflections (P1 and P2) of the shock wave. 
The averaged vertical velocity at the inflections obtains values from Wp1 = 0.2m/s and 
w p., = O.lm/s and the vertical surface velocity tuhp, = 0.8m/s and Whp

2 
= -0.6m/s. Positive 

values signify a vertical acceleration which coincides with a horizontal deceleration. Con
trarily, negative values indicate a vertical deceleration which correlates with a horizontally 
accelerating flow. 

Discussion of pressure profiles 

Figure 6.18 (a) shows the pressure profile at points A-G of the wave along the axis (section 
2-2) and (b) illustrates the pressure profiles at the points H-K and E of the water depth 
along the cross section (section 3-3). 
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Figure 6.18: Pressure profiles for Fr = 4.0 showing the deviation from hydrostatic 
pressure in shock-wave regions, maximum at shock-wave peak. 
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The pressure is assumed to have a quadratic distribution over depth (Figure 2.4). In
creasing the water depth yields a deviation from hydrostatic pressure. Upstream of the 
inflection (P1 ) , the hydrodynamic pressure in the mid-depth and at the bed are larger than 
the hydrostatic pressure and increase with the water depth. Downstream of the inflection 
(P1), the pressure gradient at the bottom decreases, which yields a smaller pressure than 
the hydrostatic. Downstream of the shock-wave peak, the flow accelerates and increases 
the pressure, and downstream of the inflection (P2), the pressure is again larger than the 
hydrostatic pressure. 

Both Figures show that the maxima in the bottom pressure appears at the shock-wave 
peak (point E) with Pb ~ 950 N/m2• At this point, also the hydrostatic pressure is max
imized. However, when applying the ESW with the extra linear bottom-pressure term, 
the computed bottom pressure is reduced by about one third. The hydrostatic-pressure 
assumption is only valid in areas with an almost constant water depth. 

The above investigations of vertical velocity and pressure profiles indicated that the verti
cal velocity must not be neglected and that the hydrostatic-pressw·e assumption is invalid 
for shock-wave computations. Therefore, it can be concluded that the physics of the flow 
are not accurately reproduced by the CSW approach. 

6.4 Quantitative Comparison for Fro = 6 

6.4.1 Geometry, Boundary and Initial Conditions 

The data used for evaluation of the numerical model were obtained by Reinauer [71]. The 
data along the side wall for Froude number Fro = 6.0 are taken out from a figure of 
Reinauer's thesis [71]. The deflection angle and the contraction length are equal to the 
ones in the previous quantitative comparison for Froude number Fr = 4.0. However, 
the downstream channel is longer because the increased Froude number shifts the shock 
waves downstream. 

The chute contraction used for the evaluation of the numerical model is presented in 
Figure 6.19 (a) with corresponding parameters. Figure 6.19 (b) presents two longitudinal 
sections for comparison with measured data, section 1-1 along the side wall and section 
2-2 along the axis. Figure 6.19 (c) illustrates the numerical model with the boundary 
conditions. Symmetry is assumed and only half of the chute is considered. The numerical 
model begins 20 cm upstream of the contraction to minimize the influence of restrictive 
boundary conditions. 

As in the previous computations for Froude number Fro = 4.0, the simulations with a 
Froude number Fro = 6.0 are based on an upstream water-depth boundary condition ho = 
0.05 m (index 0). These conditions yield a discharge in x-direction (6.2) q0 = 0.210lm2/s. 
They-direction discharge 'i' is zero. Other boundary and initial conditions were set similar 
to the previous section with Froude number Fr0 = 4.0 and are summarized in Table 6.3. 
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Figure 6.19: Reinauer's chute contraction geometry (a), position of longitudinal 
sections for computational with experimental comparison (b) and corresponding 
computer model with boundary conditions (c), Fr0 = 6. 

Table 6.3: Boundary and initial conditions for Reinauer's channel contraction, 
F r0 = 6.0 

variable dimension value 

csw ESW 

ho [m] 0.05 

lio [m2/s] 0.2101 

fo [m2/s] 0 

q lo [m2/s] 0 

r,o [m2/s] 0 

wbo [rnfs] 0 

Who [rnfs] 0 

'ilio [rnfs] 0 

Plo [N/m2] 0 

P2o [N/m2] 0 
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6.4.2 Results and Discussion 

This section presents and discusses the differences of the water-depth measurements with 
CSW and ESW computations for Froude number Fr0 = 6.0. 

Meshes 

The unstructured mesh generated for F1· = 6.0 computations contains 1425 nodes and 
2587 linear elements (Figure 6.20). Both the simulations with the CSW and ESW are 
computed with the same mesh. Mesh refinement was not applied in this case. 

X 

Figure 6.20: Reinauer's channel contraction with mesh for CSW and ESW compu
tations, Fr0 = 6.0 

Comparison of extended with classical computations and measurements 

Figure 6.21 presents the computed water depth with the ESW (solid line) and with the 
CSW (dashed line) along the side wall (section 1-1) and along the axis (section 2-2). 
The points mark the experimental data. The water depth is measured along the side wall 
(section 1-1) in several points and in the axis (section 2-2) at only one point which defines 
the wave maxima. But as a design criteria to detennine the height of the side walls, the 
water depth along the side wall is more important than the water depth along the axis. 

The computations with the CSW and ESW predict almost the same water depth in regions 
of the undisturbed ftow, e.g. along the contraction length in section 1-1 and along the 
axis (section 2-2) until the first increase towards the wave peak. In the region near the 
wave, extreme differences in the water depth are visible. The shock wave computed with 
the ESW lies further downstream with a more elevated peak than computed with the CSW. 
The ESW approach predicts a peak-like wave shape and the CSW indicates a small plateau. 
Both simulations yield very different wave shapes, the differences are most probably due 
to the hydrostatic-pressure formulation of the CSW. 

A comprui son of the CSW computations with the measurements along the side wall (sec
tion 1-1) shows a good agreement along the contraction length. An numerical overshoot
ing followed by an undershooting appears at the first discontinuity due to the beginning 
of the contraction. This is an effect of the rather coarse mesh. The diminishing of the 
water depth caused by the contraction end is similar to the measurements. However, the 
shock wave along the side wall is not matched. Also the shock front appears with an 
overshooting followed by an undershooting. The plateau is less distinct compared to the 
lower Froude number. The shock wave diminishes in height before the wave maximum is 
observed in the measurements. 

Comparing the CSW computed with the measured wave peak along the axis (section 2-
2) shows extreme differences in height. The computed wave attains only half of the 

76 



4 .---.-------W_a_te_r_De~p_th_a_t,o~ng~S_id_e_W_a_l_l(~s_ec_t_io_n_1_-~1)~,_Fr_=6 __ .o ____________ -, 
Measurements 

...... csw 
3 - -ESW 

- ·- • End of Contraction 

0 2 4 6 
xl(ho'Fro) 

8 10 12 14 

5
,_ ___________ w_a_t_er_D_e~p_th __ a_lo_n~g_Ax __ is_(~s_ec_t_io_n_2_-~2)~,_Fr_=6 __ .o ______________ _, 

4 

~3 
·-. -. 2 
1 

0+---~_,--~---r--~--r-~---+--~--~--~~--~---r--~ 

0 2 4 6 8 
x/(h0'Fr0 ) 

10 12 14 

Figure 6.21: Relative water-depth comparison between experimental data, CSW and 
ESW computations in Reinauer's channel contraction, Fr0 = 6.0. Discrepancies in 
the the amplitude and peak location of the shock waves are apparent when com
paring the CSW and ESW simulation, the ESW results are closer to the measured 
values. 

measured height. An undershooting occurs upstream of the steep wave front and an over
shooting with an undulation of the water depth along the plateau are visible. 

Applying the ESW, a good agreement between the simulated and measured water depth 
along the side wall (section 1-1) is attained. The water depth along the contraction length 
is closely matched. The wave trough caused by the end of the contraction is slightly un
derestimated as is the increasing wave part towards the first peak at the side wall (section 
1-1). The simulated wave crest lies slightly further downstream and more elevated than 
the measured. 

Along the axis (section 2-2), the measured maxima is well matched in height and position. 

This evaluation demonstrates an essential improvement for the application of the shal
low water approach. Using the ESW results in improved shock-wave prediction even for 
highly supercritical flows. 
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6.5 Conclusions to the Channel Contraction 

The application of the extended shallow water equations (ESW) shows a significant im
provement in simulating shock waves in channel contractions. Until now, the classical 
shallow water equations (CSW) have been applied to simulate such problems and char
acterize all state of the art computations. Comparisons for Froude number Fro = 4.0 
of experimental data with published computations using the CSW and the present com
putations with the CSW using an adaptive and refined grid have shown that appropriate 
numerical schemes add little numerical diffusion to the solution and that the shock fronts 
can be simulated with very steep gmdients. However, the shock-wave pattern cannot be 
reproduced. 

Using the ESW for the shock-wave simulations in channel contractions, the computed 
water depth is close to experimental data sets used for a comparison with Froude number 
Fro = 4.0. The shock waves are matched in position and height. The curved shape of the 
wave crests in plan view are also well matched. 

An investigation of the additional parameters in the ESW for Froude number Fro = 4.0 in
dicates that the hydrostatic-pressure assumption is only valid in regions where the change 
in depth is small, it is not valid in shock-wave regions where the bottom pressure is re
duced by one-third of the hydrostatic prc;ssure. In these areas, also vertical velocities 
increase. The averaged vertical velocity is about 8% of the averaged horizontal velocities, 
the ve1tical velocity at the surface can even be up to 30% of the averaged horizontal ve
locity. The minor deviations of the averaged holizontal flow on water surface and channel 
bottom indicate that the moment of horizontal momentum might be neglected. 

The application of the CSW to highly supercritical flow with a Froude number Fr = 6.0 
shows remarkable differences in position and height between the computed and measured 
shock waves. The approximated profiles introduced by the ESW suggest that this new 
approach is able to simulate these highly supercritical flow and the computed water depth 
is in a fairly good agreement with measurements. 
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Chapter 7 

Computations of Air Entrainment 

The configuration and interacti on of the waves in a multiple shock-wave pattern i nduces 
air entrainment. ' lne pure-water surface is tom and yields in an air-water spray which 
complicates the determination of the water surface. Often the air entrainment is so large 
that the shock-wave pattem is hardly visible and appears very diffusive, the shock waves 
seem to be damped. The volume of the now is increases by the entrained air. Figure 7 .1 
i llustrates computations with aerated highly supercritical now in channel contraction. 

Figure 7.1: Aerated highly supercritical shock wave now in channel contraction 
(ESW computations). 

The air entrainment in highly supcrcritical nows is studied in various i nvestigations, e.g 
Falvey 122 1. Cain and Wood 112]. Wood 1961, Rutschmann and Hager 180] and Chan
son [ 141. However, these projects considered mainly aeration and deacration as well as 
transpoll processes of ai r in non-contracted channels where no shock-wave phenomena 
appears. Fewer investigations concerning air-entrainment effects on shock waves in super
critical nows are available in the literature. Reinauer and Hager 1721 determined the effect 
of air-water now on shock waves both experimentally and analytically. They concluded 
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that the shock fronts arc ident ical for equal mixture and shock numbers. independent of 
tllc entrained air concentration. Herein, the shock number S is defined w ith 

S = ~)Fr (7. 1) 

with the wall deflection angle 8 and the Froudc number Fr of the air-water mi xture. 

This work is an extension of a preliminal)' numerical investigation of air comprcssibi lity 
on shock waves by Krtigcr [51[. ' ll1c homogeneous numc1ical model used in this work 
is unable to reprcscm the ai r-water spray along the transition from water to air such that 
only a steep wave results. For the simulations. the compressible formulation o f the CSW 
and ESIV was used. 

7.1 Geometry, Boundary and Initial Conditions 

T he geomelly and boundary conditions of the short contraction flume shown in Figure 
6.8 arc also used for the i nvestigation of comprcssibilit y effects. Expctimemal data for 
a compatison with tlle computations are not avai lable. such that the examinatiOn is only 
qualitative. 

The depth of air-water mixture h is the sum of the pure-water depth hw and the depth of 
entrained air ha 

h =h.,.+ h •. (7.2) 

Therefore. h increases with both the pure-water dcptl1 hw and tl1e air concentration ea and 
is dctenni ned by transforming (3. 16) to 

(7.3) 

For the computations with the CSW and ESW. the pressure at the upstream boundary is 
assumed hydrostatic and (7.3) may be simplified 

( 
Ca TJA ) h = hw l + - - . 

1- Ca PA + 1j 2p,qh". 
(7.4) 

The h01izontal velocity of the pure-water phase is a~sumcd to be equal to the hotizontal 
velocity of the air phase and equal to the holizontal velocity of the mixture 'ilw = 'ITa = n 
(Chapter 3). The hOJizontal flow of the mixture is computed with the h01izontal velocit ies 
u (x-componcnl) and v (y-component) and the mixture depth hand varies t11crefore with 
the air concentration Ca 

q='ilh and f = Tih. (7.5) 

At the upstream bounda1y, the h01i zontal flow i s parallel to t11e x-direction and the y
component of the hotizomal flow is zero. For an air concentration c. = 0.0. the mixture 
deptll is equal to tlle pure-water depth and the mixture discharge is equal to the pure-water 
discharge. 
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The general definition of the Froude number Fr as the ratio of flow velocity to wave 
velocity defines the relative importance of the velocity moving a particle to the weight 
of the particle. Depending on the particle considered two specifications of the Froude 
number are possible. The specification of the mixture Froude number Fr for the air-water 
mixture which depends on the air concentration Ca and considers the velocities moving 
the mixture 

Fr = u = _L_ 
,JgTi ..fih3. (7.6) 

The pure-water Froude number Fr w depends on pure-water depth and discharge, consid
ers the velocity of the pure-water phase only and is defined with 

Frw = _v_ = iiw . 
vgn;;; /9ii[, (7.7) 

To facilitate a comparison for the computations with varying air concentration c., either 
the upstream pure-water depth hwo and pure water discharge iiwo and therefore the up
stream pure-water Froude number Fr wo (Figure 7.2 (a)) or the upstream mixture depth 1!0 

and mixture discharge q0 and therefore the upstream mixture Froude number Fr0 (Figure 
7.2 (b)) must be kept constant. The first possibility investigates the influence of air en
trainment on the shock-wave pattern and the second examines the compressibility effects 
of air. Both possibilities are considered and presented in different test cases. 

a) b) 

:.::~:::::::::::t::: : 
air 

air 

::::::::::::::::::::r::::: 
sz 

water water 

L ' 

Figure 7.2: Possibilities of upstream boundary conditions to faci litate a comparison 
for computations with varying air concentration: upstream pure-water depth and 
pure-water discharge are kept constant (a) and upstream mixture depth and mixture 
discharge are kept constant (b). 
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In this work, the effects of varying air concentration Ca are investigated in six test cases 
(Table 7 .I). In test case one to five, the test case is split into subcases. The air concen
tration varies with the subcase but is constant over the computational domain within the 
subcase. For the numetical model, the air concentration Ca is defined as a nodal boundary 
condition. Test case one and test case two are based on the boundary conditions in Figure 
7.2 (a) and illustrate the influence of the air concentration Ca on shock waves with a con
stant pure-water Froude number FTwo and a varying mixture Froude number FTo at the 
upstreant boundary. Each test case consists of four subcases, which differ in air concen
tration c;.. The air concentration is varied with Ca = 0.0 - 0.3 but kept constant over the 
computation domain for each subcase. Test case one is based on a constant pure-water 
Froude number Frwo = 5.0 and test case two on Frwo = 8.0. 

Table 7.1: Overview over the six test cases 

test case ho Cio hwo Ciwo Ca 

[m) [m2/s] [m] [m2/s] [ -) 

vades 0.05 0.175 0.0,0.1 ,0.2,0.3 

2 vades 0.05 0.2801 0.0,0.1 ,0.2,0.3 

3 0.05 0.1750 varies 0.0,0.3 

4 0.05 0.2801 varies 0.0,0.3 

5 0.5 5.5368 varies 0.0,0.3 

6 0.05 0.1750 0.05 0.1750 increases from 0.0-0.3 

Test case three, four and five consider a varying pure-water Froude number Fr wa and a 
constant mixture Froude number Fro at the upstream boundary (Figure 7.2 (b)). The air 
concentration is set to Ca = 0.0 and Ca = 0.3. Test case three is based on a mixture Froude 
number Fro = 5.0 and test case four on FTo = 8.0, both with an upstream mixture depth 
h0 = 0.05 m. Test case five investigates the compressibility effects with an upstream 
mixture depth h0 = 0.5 m and an upstream Froude number Fro = 5.0. 

In test case six, an aerator is assumed. The air concentration Ca increases over the contrac
tion length from Ca = 0.0 - 0.3 for Froude number Fr wo = 5.0. The computations with 
increasing air concentration are compared with results without air concentration. At the 
upstream boundary, the air concentration Ca is zero, therefore the mixture depth is equal to 
the pure-water depth, the mixture discharge corresponds to the pure-water discharge, and 
analogous the mixture Froude number and the pure-water Froude number are identical. 

The boundary and initial conditions can generally be defined for all six test cases. The 
vadable values depending on the test case are summarized in Tables 7.2- 7.3. On the 
upstream boundary, the air-water mixture depth h0 and discharges q0 and f 0 need be de
fined, the latter is set to zero. The computations with the ESW require additional upstream 
boundary conditions (index 0) for the seven extra paran1eters (QJ0 , r10 , wbo , Who• wo, Pio 

and P2o). All additional parameters are set zero, corresponding to a hydrostatic boundary 
condition at the upstream boundary. 
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Along the side walls, tangential horizontal flow is assumed for the computations with 
both the CSIV and ESW. Therefore, a set of transformed boundary conditions is set for 
the mixture discharge variables q and f. For the ESW computations, a second set of trans
formed boundaries is defined for the additional flow variables q1 and 1·1 • No downstream 
boundary conditions are specified. 

The initial conditions over the entire domain correspond to the upstream boundary condi
tions with the mixture depth and discharge. 

Test case one 

Table 7.2: Boundary and initial conditions for varying air concentration c0 , test case 
one 

variable dimension Ca = 0.0 Ca = 0.1 Ca = 0.2 Ca = 0.3 

csw ESIV csw ESW csw ESW csw ESW 

Frwo [-] 5.0 5.0 5.0 5.0 

hwo (m] 0.05 0.05 0.05 0.05 

Qwo (m3/ms] 0.1750 0.1750 0.1750 0.1750 

Two [m3/ms] 0 0 0 0 

Fro [-] 5.0 4.75 4.47 4.18 

ho (m] 0.05 0.0555 0.0625 0.0714 

7io (m3/ms] 0. 1750 0.1944 0.2188 0.2500 

fo (m3/ms] 0 0 0 0 

uo [rn/s] 3.5 3.5 3.5 3.5 

q lo (m3/ms] 0 0 0 0 

Tto (m3/ms] 0 0 0 0 

Wbc (rnls] 0 0 0 0 

Who (rn!s] 0 0 0 0 

wo (rn/s] 0 0 0 0 

Pio (N/m2] 0 0 0 0 

P2o [N/m2] 0 0 0 0 

In test case one, the upstream pure-water Froude number is set constant Frwo = 5.0, 
independent of the air concentration c •. Therefore, the upstream pure-water depth is also 
constant hwo = 0.05 m as well as the x-component of the upstream pure-water discharge 
Qwo = 0.1750 m2/s. They-component fwo is zero. 

The upstream mixture depth h0 and discharges q0 and fo (Table 7.2) vary with the air 
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concentration Ca · With a constant upstream velocity u0, the effect of the decreased bulk 
density is to decrease the mixture Froude number Fr0 . The air concentration Ca is varied 
in four subcases with Ca = 0.0, 0.1, 0.2, 0.3. The boundary and initial conditions are 
summadzed in Table 7.2. 

Test case two 

Table 7.3: Boundary and initial conditions for varying air concentration ea, test case 
two 

variable dimension Ca = 0.0 Ca = 0.1 Ca = 0.2 Ca = 0.3 

csw ESW csw ESW csw ESW csw ESW 

Frwo [-] 8.0 8.0 8.0 8.0 

ilwo [m] 0.05 0.05 0.05 0.05 

iiwO [m3/ms] 0.2801 0.2801 0.2801 0 .2801 

fwa [m3/ms] 0 0 0 0 

Fro [-] 8.0 7.60 7.16 6.70 

ho [m] 0.05 0.0555 0.0625 0.0714 

iio [m3/ms] 0.2801 0.3113 0.3502 0.4002 

fo [m3/ms] 0 0 0 0 

'Uo [rn/s] 5.6 5.6 5.6 5.6 

Qlo [m3/ms] 0 0 0 0 

T!o [m3/ms] 0 0 0 0 

wbo [m!s] 0 0 0 0 

Who [rnts] 0 0 0 0 

wo [rnts] 0 0 0 0 

Plo [N/m2] 0 0 0 0 

P2o [N/m2
] 0 0 0 0 

Test case two is based on the same conditions as test case one, however the the pure
water discharge, and therefore the inet1ial forces of the pure-water phase and the upstream 
pure-water Froude number is increased to Frwo = 8 .0, independent of the assumed air 
concentration Ca· 

The upstream pure-water depth is constant hwo = 0.05 m as in test case one and the up
stream pure-water discharge is increased to iiwo = 0.2801 m2/s. The upstream mixture 
depth h0 and the upstream mixture discharge q0 increase corresponding to the air concen-
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tration c •. This test case consists in four subcases, in which the air concentration is varied 
with Ca = 0.0, 0.1, 0.2, 0.3 (Table 7.3). 

Test case three 

In contrast to the previous two examples, the upstream mixture Froude number is held 
constant with Fr0 = 5.0. Thus, the upstream mixture depth and the upstream mixture 
flow is also constant with h0 = 0.05 m, q0 = 0.1750 m2 /s and fo = 0.0 m2/s. 

The upstream pure-water depth hwo and the upstream pure-water discharge 7iwo vary with 
the air concentration c • . Two subcases are considered, in which the air concentration is 
set to Ca = 0.0 and Ca = 0.3 (Table 7.4). · 

Table 7.4: Boundary and initial conditions for varying air concentration c0 , test case 
three 

variable dimension C0 = 0.0 c.= 0.3 

csw ESW csw ESW 

Frwo [-] 5.0 5.97 

hwo [m] 0.05 0.035 

7iwo [m3/ms] 0.1750 0.1225 

Two [m3/ms] 0 0 

Fro [-] 5.0 5.0 

ho [m] 0.05 0.05 

7io [m3/ms] 0.1750 0.1750 

fo [m3/ms] 0 0 

'Uo [m/s] 3.5 3.5 

q lo [m3/ms] 0 0 

TJo [m3/ms] 0 0 

wbo [m!s] 0 0 

Who [m!s] 0 0 

wo [m!s] 0 0 

P to [N/m2] 0 0 

P2o [N/m2] 0 0 
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Test case four 

As in the previous test case, the upstream mixture Froude number is kept constant, but 
now with Fro = 8.0, the inertial forces of the mixture increase. With this definition, the 
upstream mixture depth and the upstream mixture discharge are specified to be constant 
with ho = 0.05 m and q0 = 0.1750 m2/s. 

The upstream pure-water Froude number Frwo changes with the air concentration c0 , 

which varies in the two subcases with c4 = 0.0 and Ca = 0.3. Hence, the upstream 
pure-water depth h0 and the pure-water discharge q0 depend on the air concentration c6 • 

Table 7.5: Boundary and initial conditions for varying air concentration C0 , test case 
four 

variable dimension Ca = 0.0 Ca = 0.3 

csw ESW csw ESW 

Frwo [-] 8.0 9.56 

hwa [m) 0.05 0.035 

liwo [m2/ms] 0.2801 0.1961 

fwo [m2/ms] 0 0 

Fro [-) 8.0 8.0 

ho [m) 0.05 0.05 

lio [m2/ms) 0.2801 0.2801 

fo [m2/ms) 0 0 

uo [rn/s] 5.6 5.6 

Qlo [m2/ms) 0 0 

T'Jo [m2/ms) 0 0 

W bo [rnls) 0 0 

Who [rnls) 0 0 

'ilio [rn!s) 0 0 

P1o [N/m2) 0 0 

P2o [N/m2
) 0 0 

Test case five 

As in test case three, the upstream mixture Froude number Fro = 5.0 is kept constant. 
Compressibility effects may increase with higher pressure. Therefore, the upstream mix
ture depth is elevated by a factor 10 to ho = 0.5 m. This elevation necessitates an increase 

86 



of all length scales by the same factor, also for the geometry contraction to maintain the 
reproduction of the shock-wave pattern. The upstream mixture discharge in x-direction is 
increased to q0 = 5 .5368 m2/s but for the y-direction it maintains with fo = 0.0 m2/s. 

The upstream pure-water depth hwo and discharge 7iwo vary with the air concentration 
c • . 1\vo subcases are considered in which the air concentration is defined to ea = 0.0 
(pure-water flow) and ea = 0.3 (Table 7.6). 

Table 7.6: Boundary and initial conditions for varying air concentration c., test case five 

variable dimension Ca = 0.0 Ca = 0.3 

csw ESW csw ESW 

Frwo [-] 5.0 5.97 

hwo [m] 0.5 0.35 

7iwo [m3/ms] 5.5368 3 .8758 

Two [m3/ms] 0 0 

Fro [-] 5.0 5.0 

ho [m] 0.5 0.5 

7io [m3/ms] 5.5368 5.5368 

To [m3/ms] 0 0 

:Uo [rnls] 11.1 11.1 

qlo [m3/ms] 0 0 

rlo [m3/ms] 0 0 

wbo [rn!s] 0 0 

Who [rn!s] 0 0 

'Wo [rn!s] 0 0 

Pto [N/m2
] 0 0 

P2o [N/m2] 0 0 

Test case six 

In test case six, the air concentration increases over the contraction length from ea = 0.0 
upstream of the beginning to Ca = 0.3 downstream of the contraction end. Due to the 
lack of entrained air at the upstream boundary, the upstream mixture depth corresponds 
to the upstream pure-water depth 110 = hwo = 0.05 m and the upstream mixture flow is 
the same as the upstream pure-water flow q0 = 7iwo = 0.1750 m2/s. The Froude number 
at the upstream boundary is equal for both the air-water mixture and the pure-water phase 
with Fro= Frwo = 5.0. 
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Table 7.7: Boundary and initial conditions for varying air concentration C0 , test case 
six 

variable dimension Ca = 0.0 - 0.3 

csw ESW 

Frwo [-] 5.0 

hwo [m] 0.05 

IJwo [m2/ms] 0.1750 

Two [m2/ms] 0 

Fro [- ] 5.0 

hb [m] 0.05 

IJo [m2/ms] 0.1750 

To [m2/ms] 0 

'Uo [rnls] 3.5 

qlo [m2/ms] 0 

r1o [m2/ms] 0 

WIJo [rn!s] 0 

Who [rn!s] 0 

'ilio [rn!s] 0 

P lo [N/m2] 0 

P2o [N/m2
] 0 

7.2 Results and Discussion 

Mesh 

The same computational mesh is applied for all test cases except case five and is shown in 
Figure 7.3 with 1207 nodes and 2195 elements. Due symmetry about the axis, only half 
of the chute is considered. 

X 

Figure 7.3: Contraction with mesh for all test cases except test case five. 
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Test case one 

The fi rst test case consists of lo ur subcnses in which the air concentratio n in each subcase 
is varied with ea = 0.0. 0.1. 0.2, 0.3. 'll1e shock-wave pnttems computed with the ES\V 
for test case o ne arc visualized for the first and last subcase with an air concentration 
ea = 0.0 and c, = 0.3 in Fi gure 7.4 to enable a qualit ative impressio n o f the now pattem . 
The first subcase with Ca = 0.0 COITeSponds to the pure-water now. "I11e pure-water depth 
and discharge arc constant in all subcases. ·n,c mi xture depth and, the refore, the wave 
velocity of the mi xture increase with the va1ied air concentration c • . 

Due to the inc reased ai r concentration. the mixture-wave patlem for Ca = 0.3 (right chan
ne l hall) is more super-elevated over the entire domain than the pure-wate r wave patte rn 
with c,. = 0.0 (le ft channe l half). lne reduction of the mixture Froude number fro m 
Fr = 5.0 (c,, = 0.0) to FT = ·1. 18 (ea = 0.3) yie lds an upstream shi rti ng o f tl1e shock 
waves due to the inc reased wave velocit y. The upstream shifting of the shock waves along 
the side wall yie ld a fully developed crest at the channel end for ea = 0.3 whereas only 
pan of the wave along the side wall is visible for c0 = 0.0. 

c, = 0.0 c.= 0.3 

absolute mixture depth [m] 

0.05 0.09 0.1 3 0.1 6 0.20 

Figure 7.4: Shock-wave pattern computed wi th ESW eq uations for test case one 
with air concentration ea= 0.0 (le ft channel ha ll) and Ca = 0.3 (li ght channe l hal l). 

For all four subcases with varying ai r concentration Ca. a detai led and quantitative com
palison of the absolute mixture depth h along the side wall (section 1-1) and a long the 
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allis (section 2-2) arc prcscmcd for the ~rst tcst case (rigurc 7.5). The pure-water Froudc 
number at the upstream boundary is constant ami independent of the air concentratio n 
with Fr,.0 ,; 5.0. The mixture depth increases with the air concentration. ll1c grey 
curves mark the CSW computations. the black curves the ESW. 

Test case one: Absolute Mixture Depth along Side Wall (section 1-1) 
0.2 ,----------------------------------------------~~~ 
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Test case one: Absolute Mix1ure Depth along Axis (section 2-2) 
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figure 7.5: Absolute mixture-depth compalison for test case one with varying 
air conccmrations ea, computed with the CSW (grey cu1vcs) and the ESW (black 
cutves). Mi xture depth increases with air concentration. shock waves shift up
stream. 

The changes in the channel cross section cause the shock waves , for the computations 
with the CSW they arc in plateau-li ke shape and for the computations with Lhc ESW in 
peak-like form (Chapte r 6). The simulaLions with the ESW yield generally higher wave 
maxima and the c rest lies f'unhcr downstream than those simulated with the CSW. 

The absolute mixture depth increases with increasing air concentration ea in both the 
CSW and ESW computations. Due to the reduced ratio of flow to wave velocity of the air
water mixture, also expressed in the mixture l.'roudc number Fr. the shock wave shifts 
upstream. 

The shock wave along the axis (section 2-2) indicates that the shock wave increases in 
height and becomes steeper shock fronts with increasing air concentration ea fo r both 
the CSW and ESW simulations. The computations wi th the CSW show a mixture depth 
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increasing in height along the axis at the end of the channel (section 2-2) for an air con
centration of Ca = 0.3. This is an effect of the shock-wave shifting upstream and indicates 
a second wave reflection along the axis (section 2-2) at the channel end. 

To analyze whether the mixture depth increases unifonnly with the air concentration c0 

and to eliminate the effect of the different upstrean1 mixture depth boundary conditions, 
the relative water depths h/ ho for varying air concentrations are compared. 

Figure 7.6 shows the relative mixture-depth comparison along the side wall (section 1-1) 
and along the axis (section 2-2) for the first test case with upstream pure-water Froude 
number Frwo = 5.0 and varying air concentrations c. = 0.0 - 0.3 for both the compu
tations with CSW (grey curves) and ESW (black curves). The absolute mixture depths h 
for different air-water mixtures are simply scaled by the upstream mixture-depth bound
ary condition h0 to compare the relative changes. The channel length x is referred to the 
product of the upstream mixture-depth boundary condition and mixture Froude number, 
which both depend on the air concentration Ca· The reference value (h0 F r0) increases 
with the air concentration c. and the length of the curves is reduced. 

4 ~----~T~e=s~t~==s~e~o~n=e~:~R~el=a=tiv~e~M~i~=u=r=e=De~p=th~a=l=o~ng~S=id=e~W=a=l~l(~s=e~ct=io=n~1-~1~) ____ , 

3 

~ 
2 

o+-~---+--~--r-~---r--~~~~--,_--~~--~--~ 

0 2 4 6 8 10 12 14 
xl(ho*Fro) 

4 ~-------T~e=s~t=~=•=e~o=n~e~:~R=e~la~ti~ve~M~i~==ur=e=De~p=th~al=o~n~g~Ax==is~(~s~ec=t=io~n=2~-~2)~----~ 
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~ 
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--ca=O.O 
---·ca=0.1 
...... ca=0.2 

-·-· ca=0.3 

Figure 7.6: Relative mixture-depth comparison for test case one with varying 
air concentrations c., computed with the CSW (grey curves) and the ESW (black 
curves). Increasing the air concentration effects the relative mixture depth primar
ily in the wave region with the wave shifting upstream for both and the wave-height 
diminishing only for ESW computations. 
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Both the computations with the CSW and ESW show the same behaviour for increasing air 
concentration accompanied with a relative damping of the shock-wave height. Referred 
to their corresponding upstream mixture depth, the shock waves increase less with the air 
concentration c0 • The shock-waves front and maxima shift upstream due to the increasing 
wave velocity of the mixture. The influence of the entrained air is primarily visible in the 
shock-wave zone. Increasing the air concentration yields a more compact wave, the wave 
peak is smaller, and less steep gradients are apparent. 

In the undistumed area upstream of the axis wave (section 2-2), the relative mixture depth 
is equal in height for both the CSW and ESW computations. The CSW computations show 
almost the san1e relative height for all considered values of air concentrations. This signi
fies that the shock-wave height increases uniformly with mixture depth in the undisturbed 
area and therefore with air concentration c •. The relative over- and undershooting of the 
mixture depth at the shock front is dan1ped with increasing air. The main differences with 
the CSW computations are in the position of the shock wave, which shifts upstream with 
increasing air concentration c • . 

The ESW computations show a significant influence of the air concentration c0 in the 
shock-wave region. As in the CSW computations, the upstream shifting of the shock 
waves with increasing air concentration c4 is clearly visible. But contrary to the CSW 
computations, the simulations also show the influence of air concentration on the relative 
wave height which diminishes with increasing air concentration. 

In this test case, the upstream pure-water Froude number Fr wo and the upstream pure
water depth !two are defined independently of the air concentration. For continuity rea
sons, the amount of water over the entire domain must be constant in the steady-state 
condition for all considered subcases. To investigate the influence of the varying up
stream mixture Froude number Fr0 on the pure-water depth ftw, the relative pure-water 
depth is considered for the four subcases. 

The relative pure-water depth hw for test case one is presented in Figure 7.7 for both the 
computations with the CSW (grey curves) and the ESW (black curves) along the side wall 
(section 1-1) and along the axis (section 2-2). The reference depth is the upstream pure
water depth hwo which is identical in all subcases. The contraction length is now scaled by 
the product of the pure-water depth and the pure-water Froude number (hwoFr wo) which 
are constant in all subcases. 

The investigation of the relative pure-water depth show for the computations with both 
the CSW and ESW an influence of the air concentration c0 on the shape of the curves 
particularly in the shock-wave regions. The relative pure-water depth hw shows the same 
behaviour as the relative mixture depth h. The pure-water depth computed with both the 
CSW and ESW presents an independence of the air-concentration in the undistumed area. 
The CSW computations show only an upstream shifting of the wave front with increasing 
air concentration but almost no influence on the relative pure-water depth. The ESW also 
show the upstream shifting , but additionally a diminishing of the relative wave height with 
increasing air concentration c4 • 
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Test case one: Relative Pure-Wate r Depth along S ide Wall 
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Test case one : Re lative Pure-Wate r De pth along Axis (section 2-2) 
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Figure 7.7: Purc-wa1er depth comparison fo r test case o ne with varying air con
centrations ea. computed with the CSW (grey curves) and the £SW (black curves). 
Relative pure-water depth coiTesponds with re lat ive mixture depth. Ai r concenu·a
tion an·ects pure-water depth panicularly in shock-wave regions. 

Test case two 

The second test case is based on the same conditions as test case o ne. However, the up
stream pure-water flow velocities and therefore the upstream pure-water Froude number 
is increased to F1·.,0 = 8 .0. In the subcases presented here in, the air concentration is also 
vatied with c" = 0.0, 0.1 , 0.2, 0.3. 

Figure 7.8 illustrates the shock-wave pattem computed with the ESIV for test case two 
with c. = 0.0 (left channel halt) and Ca = 0.3 (right channel half). The fi rst subcase with 
c. = 0.0 corresponds to the pure-water pauem. 

The air concentration increases the absolute mixture depth, thus that the right channel half 
(ea = 0.3) displays a more e levated wave pattern than the left channel half (ea = 0.0). 
l ne velocity increases with the discharge, the shock waves elevate in height and shirt 
downstream. This downstream shifting yie lds a longer shock wave and only the wave 
along the axis is simulated in the computatjonal domai n. This wave shows a very steep 
mixture-depth gradient and it is obvious that stability plays an enormous role in computing 
such nows. 

"lne upstream pure-water depth hwo is constant in all considered subcases of this test case 
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c.= 0.0 <;, = 0.3 

absolute mixture depth [m] 

0.05 0. 12 0.20 0.27 0.35 

Figure 7.8: Shock-wave pattern computed with extended (£SW) equations for test 
case two with air concentration Ca = 0.0 (left channel half) and c., = 0.3 (right 
channd half). 

two. The upstream mixture depth it0 i ncreases only with the air concentration ea such that 
also the absolute mixture depth h of the entire domain super-elevates. The computations 
of this test case behave generally similar to the computations in the previous test case one. 
Compared with test case one, the pure-water and mixture Froude number arc larger. For 
these reasons o f equivalence. only the relative mixture depth i s il lustrated for the subcases 
with varying air concentration ea . 

"ll1c relative mixture depths for vaJ)•ing air conccntrat.ions ea = 0.0 - 0.:1 arc illustrated 
along the side wall (section 1-1) and the axis (section 2-2) Figure 7.9. The grey curves 
depict the plateau-like mixture depths computed with the CSIV and the black cu•vcs the 
peak- like ones computed with the ESIV. The absolute mixture depths h for di fferent air 

concentrations Ca arc scaled by the corresponding upstream mixture-depth boundmy con
dition ho to enable a comparison o f the relat.ivc changes. The channel lcngtl1 x is scaled 
by the product of the upstream mixture-depth boundmy condition and mixture Froudc 
number. Both depend on the air concentration c11, the reference product (h0 Fr0 ) increases 
with tl1c air concentration ea and the cu1ve lengths arc decreased. 

The computations with both the CSW and ESW present tl1e same general characteli stie 
for relative mixture depth to be independent of tl1e air concentration Ca· The unpc11urbcd 
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Figure 7.9: Relative mixture-depth comparison for test case two with varying air 
concentrations C4 , computed with CSW (grey curves) and the ESW (black curves). 
For an increasing air concentration c4 , the CSW and ESW computations indicate an 
upstream shifting of the shock waves and a decreasing of the relative mixture depth. 
The relative mixture depth is independent of the air concentration in the undisturbed 
zones. 

zone upstream of the wave along the axis (section 2-2) shows that the relative mixture 
depth is independent of the air concentration. In this area, the relative mixture depth for 
the various subcases remains constant. As soon as a discontinuity in the mixture depth 
appears, the relative mixture depth depends on the air concentration and is diminished 
with increasing air concentration c4 • This effect was also observed in the previous test 
case. However, the relative mixture-depth dependence on the air concentration is stronger 
for the second test case. The upstream shifting is more pronounced with the higher Froude 
number. Thus, the effect of air concentration on the relative mixture depth increases with 
the mixture Froude number. 

The CSW computations with an air concentration Ca = 0.3 show an increasing of the 
relative mixture depth at the downstream end of the side wall (section 1-1) indicating the 
start of another shock wave along the side wall. 
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Test case three 

The third test case consists in two subcases in which the air concentration is varied with 
ea = 0.0 and ea = 0.3. The upstream mixture Froude number is constant in both subcases 
with Fro = 5.0, the upstream pure-water Froude number increases with the air concen
tration Ca from Frwo = 5.0 (ea = 0.0) to Frwo = 5.97 (ea = 0.3). This signifies an 
increase of the ratio flow to wave velocity. 

Figure 7.10 presents the absolute mixture depth along the side wall (section 1-1) and the 
axis (section 2-2) for both subcases computed with the CSW and ESW. The grey curves 
mark the plateau-like shock waves obtained with the CSW computations, the black curves 
denote the the peak-like computed with the ESW. 

Test case thrM: Absolute Mixture Depth along Side Wall 
(section 1-1) 

0 .2~----------------------------------------------------, 

0 .1 

--·--

0+-------~-----+------~------~------~-----+------~ 

0 x [m] 2 3 

Test case thrM: Absolute Mixture Depth along Axis (section 2-2) 
0.2~------------------------------~--~----~----~----~ 

--ca=O.O 

- · - · ca=0.3 
- · ·- contraction end 

0.1 

0+-----~~-----+------~------~------~-----+------~ 

0 x[m] 2 3 

Figure 7.10: Absolute mixture-depth comparison for test case three with air con
centrations Ca = 0.0 and c. = 0.3, computed with CSW (grey curves) and the ESW 
(black curves). For increasing air concentration c0 , CSW and ESW computations 
both overlay with the absolute mixture depth curves for ea = 0.0, compression 
affects can be neglected for this test conditions. 

The computations with both the CSW and ESW indicate the same effect for a constant 
upstream mixture Froude number and an increasing air concentration c •. The relative 
mixture-depth curves are almost identical, are overlaid and can therefore not be seen in 
Figure 7.10. Therefore, the mixture depth is independent of the air concentration Ca for 
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both approaches. 

In test case three, the compressibility effects, which would decrease the mixture depth, 
are small and can be neglected. The magnitude of the compressibility depends on the 
pressure (3.13) and is determined by 

(7.8) 

For the flow conditions of this test case three, the depth-averaged pressure pis very small 
compared to the atmospheric pressure PA such that compressibility tends to zero. 

It must be noted that there is no contradiction to results of the previous two test cases, Test 
case one and two are based on a constant pure-water depth and a mixture depth increasing 
with the air concentration. These conditions yield an increasing absolute water depth and 
an upstream shifting of the shock waves. Test case three assumes a constant mixture depth 
and a pure-water depth decreasing with the air concentration. For these conditions the 
computations show that air compressibility effects can be neglected because the mixture 
depth is identical for both considered subcases with varying air concentration. Thus, the 
air can be treated as water and the effects of a reduced mixture density on the mixture 
depth can also be neglected. Therefore, the increasing mixture depth and the upstream 
shifting of the shock waves (test case one and two) must be due to the additional volume. 

Increasing the pure-water discharge and/or the pure-water depth increases the depth
averaged pressure and therefore compressibility. The following two test cases investigate 
an increase of the pure water and mixture discharge. 

Test case four 

The fourth test case is based on the same assumptions as test case three but the upstream 
mixture Froude number is increased to Fro = 8.0. The results using two air concen
trations, ea = 0.0 (pure-water case) and ea = 0.3 are computed. The air concentration 
ea increases the upstream pure-water Froude number from Frwo = 8.0 (ea = 0.0) to 
Frwo = 9.56 (ea = 0.3). 

The absolute mixture depth computed with the CSW (grey curves) and ESW (black curves) 
are presented in Figure 7.11 along the side wall (section 1-1) and in the axis (section 2-
2) for air concentrations c0 = 0.0 and ea = 0.3. The increased flow velocity results in a 
longer shock wave, which is situated further downstream, and has a higher crest elevation. 

As already observed in the previous test case three, the computations with the CSW and 
ESW show an equivalent effect for increasing air concentration. A compressibility effect, 
which decreases the mixture depth, presents only a small difference in the mixture depth 
of both considered subcases. This difference is negligible for the observed flow condition 
with highly supercritical flow and a small upstream mixture depth boundary condition of 
only h0 = 0.05 m. 
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Test case four: Absolute Mixture Depth along Side Wall (section 1-1) 0.15 .----------------';__ _ _;:;_ ___ _;__ __ __:._-, 
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Test esse four: Absolute Mixture Depth along Axis (section 2-2) 
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Figure 7.11: Absolute mixture-depth comparison for test case four with air concen
trations ea = 0.0 and ea = 0.3, computed with the CSW (grey curves) and ESW 
(black curves). Increasing the air concentration ea, both the CSW and ESW com
putations show a mixture depth independent of the air concentration and indicate a 
negligible compression of the air phase for the observed flow conditions. 

Test case five 

The fifth test case is based on the same conditions as test case three. However, the mixture 
depth is elevated by a factor of ten and therefore all the length scales have to be multiplied 
by the same factor. The horizontal flow is also increased to maintain the Froude number 
F r = 5.0. For both the CSW and ESW computations, two subcases are considered. In the 
first one, the air concentration is Ca = 0.0 corresponding to the pure-water flow. In the 
second subcase, the air concentration is to ea = 0.3. 

The absolute water depth computed with the CSW (grey curves) and ESW (black curves) 
are displayed along the side wall (section 1-1) and along the axis (section 2-2) for both 
subcases. 

As in the previous two test cases, the CSW and ESW computations show a very small 
compressibility effect if air entrainment is considered. The differences in the mixture 
depths of both examples have a magnitude of millimeters which is less than 0.1% and are 
negligible also for natural flow conditions. 
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Test case five: Absolute Mixture Depth along Side Wall (section 1-1) 
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Figure 7.12: Absolute mixture-depth comparison for test case five with air concen
trations ea = 0.0 and ea = 0.3, computed with the CSW (grey curves) and the ESW 
(black curves). The comparison indicates negligible compressibility effects on the 
mixture depth for both the CSW and ESW computations for natural flow conditions. 

A comparison of the depth-averaged pressure which is responsible for the air compression 
gives an impression of the influence of compressibility. 

The part of the depth-averaged pressure which compresses the air phase (3. 15) is illus
trated in Figure 7.13 along the side wall (section 1-1) and along the axis (section 2-2). 
The grey lines present the CSW computations, the black lines the ESW. 

The CSW computations show an almost constant difference of the pressure curves be
tween the simulations with and without air entrainment. The computations with the ESW 
exhibit pressure oscillations which are due to a coarse grid discretization with an ele
ment length of about 0.4 m. Contrary to the CSW computations, the ESW computations 
show non-constant differences in both simulations. The extremes occur along the side 
wall (section 1-1): the maxima at the beginning of the contraction and the minima with 
a negative pressure at the end of the contraction. At the shock-waves peak, the pressure 
depth-averaged part of the pure-water depth obtains near-zero values which are due to 
highly curved streamlines. The comparison indicates also, that the hydrostatic-pressure 
approach of the CSW computations cannot reproduce the pressure extremes at the begin
ning or end of the contraction. 
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Test case live: Depth Average Pressure along Side Wall (section 1·1) 
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Figure 7.13: Depth-averaged pressure part applied for calculation of compressibil
ity for test case five with air concentration Ca = 0.0 and ea = 0.3, computed with 
CSW and ESW. Depth-averaged pressure responsible for compression is insignifi
cant compared to atmospheric pressure responsible for air entrainment. 

The part of the depth-averaged pressure p responsible for the air compression is based on 
the pressure arising from the pure-water phase. The depth-averaged pressure p is small 
compared with the atmospheric pressure, which is responsible for the compression of the 
air phase (Chapter 3). The atmospheric pressure PA = 98100 N/m2 is more than ten times 
larger than the maximum of the depth-averaged pressure of the pure-water phase. This 
indicates that air compressibility effects on the mixture depth are negligible. 

Test case six 

In test case six, the air concentration Ca increases linearly over the contraction length 
from 0.0 ~ ea ~ 0.3. The upstream mixture Froude number is equal the upstream pure
water Froude number with Fr0 = Fr wo = 5.0. The mixture depth increases with the air 
concentration. 

Figure 7.14 displays the shock-wave pattern computed with the ESW for test case six 
without air entrainment (left side) and with a linearly increasing air concentration (right 
side). The CSW computations are not illustrated. The computations behave in the same 
manner as the test cases one through four. Increasing the air concentration Ca yields a 
superelevation of the mixture depth and an upstream shifting of the shock waves. 
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C3 = 0.0 Ca = 0.3 

absolute mixture depth lml 

0.05 0. 10 0. 14 0.19 0.24 

Figure 7. 14: Shock-wave pattern computed with £SIV equations for test case six 
with air concentrati on c" = 0.0 (left channel half) and a linearly increasing air 
concentration ea = 0.0 - 0.3 over the comraction length (right channel hall). 

f-igure 7.15 shows the relative mixture-depth comparison, computed with £SIV for Frw = 
5.0, with (so lid line) and without air entrainment (dashed line) along the side wall (section 
1-1) and along the axis (section 2-2). The absolute mixture depth h is scaled by the up
stream mixture depth boundary condition /z0 = 0.05 m which con·esponds to the upstream 
water-depth boundary condition hwo and is equal in both simulations. 

Compared to the configurat ion without ai r entrainment, the relative mixture depth in
creases with air concentmtion because o f the additional air volume. With an equal inflow 
pure-water depth, the wave-height damping due to air does not occur as in the test cases 
one and two. Again, the wave peaks shift upstream when ai r i s included in the flow. 
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Figun; 7.15: Relat ive mixture-depth comparison for for test case six with air con
centration Ca = 0.0 and linearly-increasing air concentrations c,. = 0.0 - 0.3, com
puted with ESW. ' ll1e relative water depth increases with air concentration ra and 
shock waves shift upstream. 

7.3 Conclusions to the Air Entrainment 

Both the computations wi th the extended shallow water equations (ESIV) and the classical 
shallow water equati ons (CSW) have shown an equivalent change in the mixture depth 
when air entrainment is considered. 

Keeping the pure-water depth constant at the upstream houndary. the mixture depth super
elevates with increasing air concentration. Due to the decreased ratio or now to wave 
velocity. the shock waves shi rt upstream and show a lower peak elevation with increasing 
air concentration. 

Contnuily, keeping the upstream mixture depth constant and dt:crcasing the upstream 
pure-water dt:pth wi th increasing air concentrat ion yields almost no changt:s in the shock
wave paucrn. This suggests tl1at comprcssibi lily effects and density reduction of the 
air-water mixture can oc neglected even for natural now conditions because the depth
averaged pressure is of minor importance compared to the atmospheric pn;ssure. Tht: 
increasing mixture depth and the upstream shifting of the shock waves must then only oc 
due 10 the increased volume. 
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The ESW approach enables the simulation of the shock-wave height and position if the 
concentration of the entrained air is known. Thus. the side walls height for spillway chutes 
can be determined. 
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Chapter 8 

Computations of Channel Junctions 

Channel junct ions can be regarded as two joining contractions where the lateral chan
nel brunch modilies the now field in a manner analogously to the way the water-surface 
waves arc dcnected by the walls in a channel contraction. The shock waves occur due the 
beginning and end of the connection of the lateral and upper branch (figure 8. 1 ). 

Figure 8. 1: Typical shock-wave pan ern in channel junction (ESIV computations). 

Schwalt and Hager [821 tried to experimentally localize areas in which non linear elTccts 
between w ater depth and now velocity must be considered when detennining the shock 
pauem at an abmpt wall denect ion. Garcia-NavatTO and Saviron [25] investigated open 
channel now with discontinuities in the w ater depth through j unct ions. They decomposed 
the junction into two upstream branches and the downstream channel. Compatibility 
condi tions have been applied for the correct treatment of the intemal boundaty conditions. 
Following the theory o f charactetistics, they explained that this is a val id approximation 
for low Froude numbers but impossible to apply in other general cases. Garcia-Navanu 
1261 developed a one-dimensional model to route superctitical nows and forecast shocks 
in junctions. 
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In this work. cxpcrimcmal data from two different junctions were used for evaluation 

of the numerical model. Hagcr 1291 mcasun:d the water surface in a small channel and 
Schwalt 1811 examined the wave maxima and the separation zone in a large junction. so a 
quant itative evaluation of the numcJicalmodcl is possible. 

8.1 General Definitions for Channel Junction 

Some terms dclimng the junction gcomelly arc o ften used in the fo llowing work and can 
be generally delined (Figure 8.2). 

dcllecuon angle 

downstream channel 

nght side 

Figure 8.2: General delinition sketch for a channel junction. 

The beginning of the connucncc is delined as the point upstream where both branches arc 
connected, the downstream end of the connucncc is the point where both branches arc 
j oined in a si ngle channel. The denection angle describes the angle with which the lateral 
branch joins the upper branch. 

Both the lateral and the upper branch have an upstream bounda1y specifying tl1c in now for 
the numerical model. The out now is at tl1c end o f the downstream channel. Following the 
now direction in the upper branch. the right side connects the upstream boundary o f the 
upper branch with the downstream boundary by a side wall. The left side combines the 
upstream upper bounda1y with the downstream bounda1y. Tllis includes tl1c imaginary 
line between the beginning and the end of the branch connection. ·n1c entire domain 
contains the area o f the upper and lateral branch as well as the area o f the downstream 
channel. 

8.2 Qualitative Comparison 

/\n analytical sensitivity estimation of the laboratory setup used by Hag er 1291 showed ex
treme changes o f the wave maximum for only small changes in water depth and d ischarge 
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at the upstream boundaries due to their very small magnitudes. As a result, the boundary 
conditions were difficult to reproduce. Therefore, his water-surface data may allow only a 
qualitative comparison of the shock-wave pattern and its characteristic patterns with those 
calculated from CSW and ESW computations. 

8.2.1 Geometry, Boundary and Initial Conditions 

The geometry presented in Figure 8.3 (a) is used for numerical simulations. A confluence 
angle of 22.5° is considered. The numerical model begins 0.08 m upstrean1 of the con
fluence to include upstream changes in the flow pattern and to minimize the influence of 
hydrostatic-pressure boundary conditi ons at the upstream boundary. Figure 8.3 (b) shows 
the position of the three longitudinal sections in which computations with CSW, ESW and 
measurements are compared. The transformed and Dirichlet boundary conditions applied, 
the flow direction and the two points (P1 and P2 ) connecting both channel branches are 
illustrated in Figure 8.3 (c). 

y 

a) 
E 

0 X 

0.08m 0.26m 0.34m 

b) 

c) 

transforn1ed 

Figure 8.3: Junction geometry (a), longitudinal sections for comparison of measure
ments and computations (b) and boundary conditions (c) for Hager 's junction. 
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Dirichlet boundary conditions are specified at the upstream boundary for the three clas
sical variables water depth h, depth-averaged horizontal flow in x-direction q and y
direction f . For the experimental setup a gate was installed at the upstream boundary 
resulting in a water-depth contraction. Personal notes from Hager [30] were available and 
the measured water depth of h = 0.0268 m at both upstreant boundaties could be applied 
as boundary condition. The total horizontal velocities were also noted, V tot. = 2.3-1 mls 
for the upper branch (index u) and Vtot, = 2.38 mls for the lateral branch (index l). The 
total horizontal velocity Vtot need be split for the numerical computations into coordinates 
pm·allel x- and y-components (Figure 8.4). 

lt 

Figure 8.4: Splitting of the total horizontal velocity in its components. 

The flow of the upper branch is parallel to the x-coordinate such that the total horizon
tal velocity is equal to the x-component Vtot. = U,. = 2.34 mls and Vu = 0.0 mls. The 
total horizontal velocity of the lateral branch needs to be decomposed into the two compo
nents. The angle a corresponds the confluence angle of 22.5°. Applying the trigonometric 
definitions yields tit = v1011 cos a = 2.2 m/sand 'Ut = V tot. sin a = 0.91 m/s. 

The resulting depth-averaged horizontal discharges q and f are calculated with the hor
izontal velocities and the water depth to qu = 'iiuhu = 0.0627 m2 /s, fu = 'Uuhu. = 0.0 
m2/s, q1 = u1h1 = 0.0589 m2/s and f 1 = v1h1 = -0.0244 m2/s. The Froude numbers F1·u 

and Fr1 are defined with 

and (8. 1) 

The computations with the ESW require additional information for the seven extra param
eters (qto • ~"to• tubo, tuho • Uio, P to and P2o• Chapter 2) at the upstream boundaries (index 
0). The extra parameters are set to zero for both inflow branches, assuming hydrostatic 
pressure and neglecting vett ical velocities at the upstream boundaries. 

Transformed boundary conditions are applied along all side walls defining a flow parallel 
to the boundaries for the horizontal main-flow variables q and r. The ESW also require 
transformed boundary conditions for the additional horizontal flow variables q1 and r1• 

However, the two nodes P1 and ?2, where the upper branch joins the lateral chattnel, are 
free of transformed boundary conditions. Including node P1 would create a backward 
flow in one of the two branches depending on the main flow direction. A transformed 
boundary condition on node P2 would unrealistically enlarge the separation zone which 
is situated downstream of the branch confluence. No boundary conditions were applied 
at the downstream boundary. 
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Table 8.1: Boundary and initial conditions for Hager's channel junction 

variable dimension value 

upper branch lateral branch Point P 1 Point P2 

CS IV ESW csw ESIV CS IV ESW csw ESIV 

FTo [-] 4.56 4.64 4.56 4.56 

ho [m] 0.0268 0.0268 0.0268 0.0268 

Cio [m2/s] 0.0627 0.0589 0.0627 0.0627 

ro [m2/s] 0 -0.0244 0 0 

q,. [m2/s] 0 0 0 0 

,.,. [m2/s] 0 0 0 0 

Wbo [m!s] 0 0 0 0 

w,,o [mts] 0 0 0 0 

wo [m/s] 0 0 0 0 

Plo [N/m2
] 0 0 0 0 

P 2o [N/m2
] 0 0 0 0 

The initial water depth for all grid points over the entire domain was constant COITespond
ing to the upstream boundary conditions. The initial flow in the upper branch was set 
equal the upper upstrean1 condition with a flow only in the x-direction. In the lateral 
branch the flow converged continuously towards the upper channel. The initial conditions 
for the additional parameters in the ESW were set to zero according to their Dirichlet 
boundaries. 

8.2.2 Results and Discussion 

Mesh 

The unstructured mesh contains 824 nodes and 1464 linear elements (Figure 8.5). Three 
longitudinal sections are defined to enable comparison with expe1imental data along these 
sections. The first section is specified along the right channel side wall (section 1- l ), the 
second along the longitudinal axis of the upper and downstream channel (section 2-2) and 
the third connects the left side of the upper branch with the downstream channel (section 
3-3) (Figure 8.3). 
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Figure 8.5: Hager's junction with mesh for CSW and ESW compUiations. 

Shock-wave pattern computed with the extended and classical shallow water equa
tions 

The experimen!ally-measured free-surface elevations (in cm) are presen!ed in Figure 8.6. 
The pronounced long-su·etched and standing wave along the right channel wall and the 
extend of the separation zone at the opposite left side are visible. The separation zone 
appears downstream of the end of the confluence. Due to the direction of flow in the 
lateral branch, the flow is separated immediately downstream of the confluence and the 
water depth decreases. 

Figure 8.6: Measured free-surface elevation for Hager's junction. A separation zone 
appears on the left side wall immediately downstream of the confluence and a long 
stretched wave forms on the right side wall. 

Figure 8.7 illustrates the water depth of the numerical steady-state solutions obtained 
with the CSW and ESW. In both the plane and the perspective view, a typical shock
wave pattern in channel junctions with a slight different Froude number in both branches 
is apparent. The first discontinuity in the water SUiface appears at the beginning of the 
confluence. The discontinuity trends towards the right channel side wall, fonns the first 
peak and is primarily reflected towards the left side wall. The downstream end of both 
branches is a second change in the geometry and yields a new discontinuity where the 
flow separates and the water depth decreases. In the downstream channel, both disconti
nuities trend from one side wall to the other, interact with each other and are superposed. 
The wave reflection and the separation may also be seen in the measured surface pattern 
(Figure 8.6). 
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Figure 8.7: Shock-wave pattern in Hager's junction computed with CSIV and ESW: 
plane (a) and perspect ive (b) view. Both computed shock-wave pattem differ enor
mously in he ight and posi tion. The CSW predict <tn unnaturally linear o tientation 
of the wave crest and the ESW the more cutved orientation which is similar to the 
measured one. 

Besides discrepanc ies in he ight and position of the shock waves in both steady-state so
lutions. the principle difference is visible in the water-depth patterns in the downstream 
channel. "l11e CS IV computations show an almost linear trending shock wave downstream 
of the first renection resulting in a second renection at the left channel wall. Alo ng the 
right wal l, the water depth decreases downstream. Contratily, the ESW approach pre
dicts a typically curved crest in plan-v iew with a lo ng, e longated shock wave at the tight 
side wall and an increasing water depth at the left wall but without second reflecti on. 
The measured downstream pattem resembles the simulated pattern of the ESIV but large 
differences with simulated panern of the CSW. 
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Compari on of extended wiU1 classical shallow water computations and measure· 
ments 

Figure 8.8 illustrates the relative water depths along the right and lert upper channel side 
and along the axis. The upstream water depth 1!0 is the same in both branches and chosen 
to be reference depth. A ll three figures illustrate the observations that the CSW simulate 
a too nat and plateau-like shock wave at the right side and the unnaturally high second 
shock wave at the left side. 
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Figure 8.8: Relative water-depth compatison of measurcmems and computations 
with CSIV and £SIV in Hager ' s j unction. Unrealistic simulation o f the shock-wave 
pauern with CS IV computations. £SIV simulations indicate a substallli al improve
ment. 
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The simulations with ESIV show a retarded shock wave at the right side and a quite ac
curate predicted water level along the axis. Along the left side, the water depth begins to 
increase too far downstream. The long, stretched wave along the right side (section 1- l ) 
and the separation zone downstream of the confluence end along the left side (section 3-3) 
are two zones in which the measurements are more complicated to conduct. The air en
trainment occurs in both areas and the water Slllface is difficult to detennine and measure. 
Scale effects may also be relevant in tltis small junction with a channel width of b = 0.10 
m and a water depth of lt0 = 0.0268 m. 

A qualitative comparison between measurements and computations presents an underes
timation of the maxima with the CS IV along the right side (section 1-1) and along the left 
side (section 2-2). Compared with the CSW, the ES\V computations indicate an improved 
simulation of the water surface and better agreement with the principal shock-wave ori
entation. 

Estimation of sensitivity 

The computations presented in this qualitative comparison with measurements were made 
using the boundary conditions listed in Subsection 8.2.1. Hager [29] noted an instmment 
accuracy for his gauge point of ± 0.1 mm and for the propeJler velocity meter ±3 cm/s. 

Table 8.2: Analytical sensitivity estimation for Hager's junction, lateral branch 

error water depth horizontal velocity Froude number 

h [m] Vtot [m/s] FT[-] 

0.0268 2.38 4.64 

h ± 0.1 mm 0.0269/0.0267 2.38 4.63/4.65 

Vtot ± 3 cm/s 0.0268 2.41/2.35 4.70/4.58 

h ± 0.1 mm, vel =t= 3 cm/s 0.0269/0.0267 2.35/2.4 1 4.59/4.7 1 

Table 8.3: Analytical sensitivity estimation for Hager's junction, upper branch 

error water depth horizontal velocity Froude number 

h [m] Vtot [m/s] FT [-] 

0.0268 2.34 4.56 

h ± 0.1 mm 0.0269/0.0267 2.34 4.55/4.57 

Vtot ± 3 cm/s 0.0268 2.37/2.3 1 4.62/4.5 1 

h ± 0.1 mm, vel =t= 3 cm/s 0.0269/0.0267 2.3 1/2.37 4.50/4.63 

A possible inaccuracy of the measured surface profile is unimpmtant for the comparison 
with the computations. The effect of air entrainment in the shock-wave regions on the 
experimental precision is more important than the gauging accuracy. However, the in-
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strument precision may have a significant influence on the upstream boundary conditions, 
the water depth h and the depth-averaged flow variables q and f. A slight variation in the 
boundary conditions may change the position and height of the shock wave. An analytical 
sensitivity estimation for the en-or extremes is undertaken to illustrate the changes in the 
Froude number which detenuines the shock-wave pattem. 

A sensitivity analysis of both branches indicates that the upstream Froude number Fr 
reacts primarily on an en·or in the horizontal flow velocity. An en-or in water depth has 
a much smaller influence on the Froude number. TransfelTing the results of the sensitiv
ity estimation on the wave height and position would yield improved results for reduced 
boundary conditions of the water depth at the upstream boundaries and/or reduced bound
ru.y conditions of the discharge at the upstream boundru.ies. 

8.3 Quantitative Comparison 

Compared with Hager's junction from the previous section, Schwalt's was larger includ
ing lru.·ger water depths. A quantitative compru.·ison is possible for the wave maxima along 
the right side wall and in a cross section. The previous qualitative comparison indicated 
large discrepancies for CSW computations in channel junctions, therefore only the ESW 
are applied for numerical simulations of Schwalt's junction. 

8.3.1 Geometry, Boundary and Initial Conditions 

Schwalt [81] investigated several test cases with varying confluence angles and different 
branch widths. Figure 8.9 (a) presents the geometry chosen for numedcal simulation with 
a confluence angle of 30° and a width of 0.50 m for both the lateral and upper branch. 
Figure 8.9 (b) illustrates the two cross sections in which the ESW computations and the 
measurements ru.·e compared. At both the lateral and upper boundary of the upstream 
branches Dirichlet conditions are defined for all vru.·iables and transformed boundary con
ditions are set along the side walls (Figure 8.9 (c)). The two points P1 and P2 show the 
upstream and downstream ends of the confluence, the two points P3 and P4 define cross 
section 2-2. 

At the upstream boundary, Dirichlet boundmy conditions are used for the water depth 
with h0 = 0.05 m and the flow variables q0 and fo co1responding to the noted Froude 
number Fro = 4.0. The relation between Froude number Fr, water depth h and the 
hmizontal flow q and f is given with 

(8.2) 

where the horizontal flow q and fare defined cmresponding to their velocity components 
presented in Figure 8.4. Due to numedcal difficulties dudng the computational process 
with the separation zone at the downstream end of the confluence (point P2, Subsection 
8.3.2) the discharge at the upstream boundaries (index 0) is increased slowly from Fro = 

114 



y 

a ) 

~ I L_ __________________________________ _J-L~-~ 
X 

0.30m LOO m l.SOm 

2 

b) 

2 

c) 
PJ transfonned 

2 

transformed P4 

Figure 8.9: Junction geometry (a), longitudinal and cross sections for comparison 
of measurements and computatjons (b) and boundary conditions (c) for Schwalt 's 
junction. 

3.5 to FTo = 4.0 accordjng to (8.2). The horizontal flow is increased simultaneously in 
both branches. The increase is shown for the lateral branch in Figure 8.1 0. 

The additional parameters (q,0 , 1't0 , wbo, w, 0 , 'ilio, Pro and P2o• Chapter 2) of the ESW 
computations are set to zero corresponding to the hydrostatic pressure and the neglecting 
vertical velocities. 

Transformed boundary conditions are applied for the depth-averaged flow variables q 
and f along the side walls of both branches and the downstream channel. Transformed 
condjtions are also employed for the additional flow variables q1 and r 1 of the ESW. As in 
Hager's junction, nodes P1 and P2 are excluded with transfonned boundary conditions to 
avoid a prescribed flow direction. At the downstream channel end no boundary conditions 
are specified. 

Table 8.4 presents the variables and Froude numbers at the upstream boundaries and par-
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Figure 8.10: Increase of horizontal flow with time for computation at the upper 
branch boundary. 

ticular nodes of the numelical model. The horizontal flow valiables and Froude numbers 
at the upstream boundruy ru·e valid for the first step of computation and increase from 
Fro = 3.5 to Fro = 4.0. The initial water depth over the entire domain was constant 
h = 0.05 m. The initial flow changes continuously between the defined points (PI> P2, 

P3 and P4). All additional valiables of the ESIV are set to zero. 

Table 8.4: Boundary and initial conditions for Schwalt's channel j unction 

variable dimension value 

branch Point 

upper lateral channel pl p2 p3 p4 

Fro [-] 3.5 3.5 3.5 3.5 3.0 2.6 3.5 

ho [m] 0.05 0.05 0.05 0 .05 0.05 0.05 0.05 

7io [m2/s] 0.123 0.106 0.123 0 .106 0.091 0.091 0.123 

fo [m2/s] 0 -0.061 0 -0.061 -0.053 0 0 

Qlo [m2/s] 0 0 0 0 0 0 0 

rlo [m2/s] 0 0 0 0 0 0 0 

wbo [m/s] 0 0 0 0 0 0 0 

Who [m!s] 0 0 0 0 0 0 0 

'Wo [m/s] 0 0 0 0 0 0 0 

Pto [N/m2
] 0 0 0 0 0 0 0 

P2o [N/m2] 0 0 0 0 0 0 0 
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8.3.2 Water Depth Limitation 

The separation zone downstream of the connucncc (point P2) is caused by the lateral 
branch now. '!11c higher the Froude number in both branches or the more dominating the 
f"roude number in the late ral branch. the larger the separation zone 18 11. The wate r depth 
in thi s area is very low and is accompanied by a rccirculation w nc. In the numc•ical 
s imulation, the cells repeatedly Rlternatc between we t and dry as long as the soluti on is 
unsteady. The continuous welling and d1y ing of cells yie lds numerical difficulties which 
occur for the dried cells in form of unreali stic negative water depths. 'll1c dried cells 
require special numerical treatment. 

Computed negative water depths may have va1ious reasons which need to be c a1f ully stud
ied. Often these negative water depths a rc due to nume rical oscillations and the wiggles 
disappear with an approp1iate upwind scheme or with a line r resolution in this reg ion. A 
low computed wate r depth may also yie ld negat ive wate r depth values and may be ac
companied by extreme pressure nuctuations which result in a pn.:mature temunation o f 
the program. Adding anificial diffusion solves the problem, however. it also s mooths the 
shock front s. Eliminating the cells with a negative water depth is time consuming be
cause frequent remeshing and changing of the bounda.ics is neccssmy until a steady-state 
solution is obtained. 

Therefore, a linutation depending on the water depth was implemented. Fo r a wate r depth 
lower than h = 0. 1 mm the water depth was automatica ll y set h = 0.1 mm and the now. 
velocity valiables. and the pressure were set to zero. If a higher wmcr level was computed 
in the next iteratio n step, tl1e vmiables obtain the new values. l n is limitation was easy to 
employ and conservation o r mass is guaranteed. 

8.3.3 Wave Breaking 

Schwalt distinguished between two types of waves: a compact one witl11css entrained air 
and a breaking one mising along the wall with a steep water-depth gradient. The wave 
type depends on the Froude number. Highe r f"roude numbers yie ld a wave a•ising along 
the wall. Air is enclosed if the wave breaks towards the channe l axis. With decreasing 
wave height the second type turns into the first type. The compac t wave is not clearly 
visible in the surface pa11e rn of model tests because the transit ion from the wave to tl1e 
less disturbed flow is almost continuous. 

When applying the CSIV, only the compact wave type can be simulated. The previous 
CS IV computations indicated in a ll examples a plateau-like wave type, the oversimp lified 
physics arc unable to predict a steep water-depth e levation along the wall. Contnuily, 
both wave types may be computed with tl1e ESW. However, the growth a long the wall 
is scnsit.ive to the g1id size. A coarse mesh smooths the shock fmnts and the wate r
depth gradients arc reproduced as too planar. 1\ fine mesh enables the simulation of steep 
gradients. For ve ry steep gradients, the computation te rminates prcmatur.: ly due to large 
pressure nuctuations corresponding to wave b reaking in physical models. Figure 8. 11 
illustrates the extreme wate r-depth gradients before the computation tem1inates without 
obtaining a steady-stale condition and tl1e dependence o f the wave width and he ight o n 
the glid size. 
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Figure 8. 11 : Shock-wave pattem before wave breaking : plane (a) a nd perspective 
(b) view. 

A pre mature termination of' the program may be avoided by adding numerical di f'fusion 
in th e form of a coarse grid in regions with extreme water-depth g radients. However, the 
nume rical solution should be independent of' the grid and a line resoluLion is parlicularly 
desireable to simulate the steep gradients in shock-wave regions. 

The re fore. numelical diffusion in the fo rm of the viscous o r turbule nt di ff usion terms is 
added to the COtTcsponding equations (Appendi x A a nd 13) by int roducing a nume rical 
d iffusion coef'fkient Jln· This coefficie nt Jln may only be e ffec live in regions with a steep 
wate r-depth g radie nt in the other regions it should be zero. With these require ments Jl,. 
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can be determined with 

p,=pgl~~l (8.3) 

where 119 is a global diffusion factor constant over the entire domain. The water-depth 
gradient in the y-direction is employed because the computations break down due to this 
gradient. Approaches such as considering the diffusion only locally and neglecting it in 
the other areas or using the square of the gradient have also been tested. However, these 
approaches resulted in premature computation termination due to pressure fluctuations 
because the mass balance was not maintained. 

Employing this numerical diffusion approach results in large diffusion coefficients p, 
due to large gradients which could, theoretically, be infinite. Therefore, a limiter c5,. is 
introduced to determine the maximum value of numerical diffusion. A variation of the 
diffusion coefficient and the lirniter is shown in the next subsection. 

Physical wave growth along the wall and wave breaking changes the wave type from 
the steep into the wider compact wave type. A wave height reduction must yield more 
diffusive waves due to the principle of mass conservation. This transformation in nature 
is accomplished through physical diffusion which describes the physical wave breaking 
by a reduction of the wave height to a wider wave with much enclosed air. This physical 
diffusion and justifies the approach of adding numerical diffusion terms. 

8.3.4 Results and Discussion 

Shock waves in Schwalt's junction were simulated using the water-depth limitation and 
the numerical diffusion model. If physical wave breaking is encountered the numerical 
solution may correctly predict it. However, the program process terminates prematu rely 
before the shock-wave pattern is developed. Thus, numerical diffusion is added. Four 
examples, varying both the global numerical diffusion coefficient p9 and the numerical 
diffusion maxima 8, were considered (Table 8.5). Decreasing /-lg or c5, yields wave break
ing. 

Table 8.5: Global numerical diffusion coefficient p9 and numerical diffusio n max
ima o, used. 

example /-lg o, 
[kg/ms] [kg/ms] 

one 4 4 

two 5 4 

three 3 5 

four 3 4 

119 



Mesh 

The computational mesh containing 1026 nodes and 1878 linear elements was applied for 
all four examples (Figure 8. 12). For comparison, a cross section was defined in a section 
where Schwalt measured the wave depth at several points (Figure 8.9). 

y 

X 

Figure 8.12: Schwalt'sjunction with mesh. 

Development of the shock-wave pattern 

The variation of the numerical diffusion coefficient and its maxima are limited. Adding 
too much diffusion smears the shock waves and diminishes the wave peak too much. A 
coefficient which is too small yields wave breaking because the wave-peak height during 
computation is higher than the steady-state peak. The shock-wave height increases with 
the fommtion and diminishes with the reflection due to the conservation of mass. The 
development to the steady-state of the shock-wave pattern is illustrated in Figure 8.13 
for the first example. The other examples behave similarly. The noted time refers to the 
discretized time for computation until the steady-state is obtained. 

The fmmation of the shock-wave pattern stmts with the first discontinuity at the upstream 
end of the confluence. At the confluence the water surface is higher than in either upstream 
branch (Figure 8.13 (a)). The discontinuity trends towards the end of the confluence zone 
and also towards the right side wall where a first peak super-elevates (Figure 8.13 (b)). 
This peak is reflected towards the opposite side wall and increases the water depth there 
(Figures 8.13 (c)). The discharge stopped increasing after 0.75 s (Figure 8. 10) and the 
flow field is fully developed in both branches. The separation zone at the downstream 
end of the confluence is formed and the wave at the right side wall obtains its maximum 
height (Figure 8.13 (d)). The wave shifts downstream and decreases in height until the 
accelerating forces are in an equilibrium with the pressure. The wave peak at the left 
side wall increases in height and obtains its maxima (Figure 8.13 (e)). The wave shifts 
further downstream, diminishes in height until the forces there are in an equilibrium and 
the steady- state is obtained (Figure 8.13 (f)). 
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a) t=0.375s, q=0.123m
2
/s 

b) t=0.675 s, q =0.137 ni Is 

c) t=0.975 s, q=0. 140 m2/s 

r:igurc 8.13: Development of shock-wave pa11cm in Schwalt's channel j unction 
computed with ESW. 
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d) t=l.215 s. q=0. 140 ,lts 

c) t=2.325s. q=0. 140nlts 

f) 1=4.185 s, (j=O.I40 m2/s 

absolute water depth I m I 

0.00 0.12 0.24 0.36 

Figure 8. 13 continued: Development ol' shock-wave pauern in Schwah 's channel 
junction computed with the ESW 
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Comparis on of extended shallow water computations and measurements 

The relative water depths of of the steady-state in all four examples arc compared with 
the measur.:mcnts along the right channel side (section 1-1) and along the cross sect ion 
(section 2-2) in f'igu re 8.14. The points mark the expe rimental data. the lines denote 
the computed water depths of the four examples. The upstream depth is equal in both 
branches and applied as a reference va lue. 
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Relative Water Depth along Right Side Wall (section 1-1) 
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Figure 8.14: Relative water-depth comparison of measurements and ESIV compu
t<ttions for Schwalt's junction. ·n,e small differences among the four computed 
examples are due to diffusion terms. All computed wave peaks except the wave 
maxima over the width (section 2-2) are accurately simulated. 

Both figures show few diiTer.:nces among the four simulatio ns; this is due to the similar 
diffusion terms. /\s expected, the diffusion terms increase tl1eir influence on the shock 
waves with the numerical diffusion coefficient (8.3) in the shock-wave region, where the 
water-dept h g radient is steepest. The now pattern reacts more sensitive on a variation 
of the g lobal numetical diffusion coefficient Jlg than on the variation of the numetical 
diffusion maxima 011 • 

1\ compmi son between computed and measured maxima alo ng the tight side (section I
I) shows d iscrepancies of about Ll.:r :::::: 0.20 m in position and Ll.h:::::: 0.03 m in height. 
For an upstream water depth of h0 = 0.05 m, the re lative difference is 60%, and when 
refen·ed to the measured wave maxima 7%. This discrepancy might be an effect of t he nu-
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rncrical diffusion added to avoid wave breaking. But the error need not only be due to the 
numcrics, Schwalt noted dif'ficu ltics in rneasllli ng d1e wave maxima. Physical modelli ng 
of shock waves in channel junctions is accompanied by large amoums of air entrai nment 
and continuous up- and downstream migration of the shock wave. complicating the mea
surements. The transitio n from water to air is fo llowed by a spray making the definition 
of the water surface difficult . The applied numerical equations arc not able to reproduce 
spray now so that the surface is computed too low. 

The water depth along the c ross section (section 2-2) traverses the wave maxima. !\long 
this c ross section. Schwalt measured the wate r depth at three points. 'll1e refo re. the same 
discrepancy is visible. In the other two measurement points. the water depth is simulated 
quite accurately. 

Estimate uf the numerical sensitivity of the numeri cal diffusion on the shock-wave 
patte rn 

Figure 8. 15 illustrates the con'Ciation of the shock-wave patte rn (a) with the diffe rence in 
the absolute wate r depth between simulations without and with numeri cal dif'fusron (h) for 
the same time step. bcf'on: the wave bn:aks and therefore before a steady-state condition 
is obtai ned. Positjve values sig nify a water-depth reduction and negat ive values a water 
depth e levation if diffusion is added. 

0.00 0. 11 

absolute water depth lml 

a) 

b) 

difference in absolute water depth [m] 

-0.12 0.01 0. 11 0.22 

Figure 8. 15: Corn:latio n of shock-wave patte rn (a) with the difference in absolute 
wate r depth between simulations without and with numerical diffusion (b). Din·u
sion is primaty added along the steep water-depth gradients. 

124 



The water-depth differences plot indicates the typical shock-wave forn1 and therefore the 
correlation with the shock-wave pattem. The water-depth difference spectrum of -0.12 
m $ 6.h ~ 0.22 m appears in the zone of the wave peak. The minima of the water-depth 
difference is due to an oscillation related to the steeper shock front in the case without 
numerical diffusion. The undershooting of the water-surface elevation is smeared by nu
merical diffus ion. The maxima of the water-depth difference occur along the shock-wave 
crest. Adding numerical diffusion yields reduction in the height of the peak, the shock 
front is less steep combined with minor undershooting. Both side wall waves are obvi
ously reduced in height. At the separation zone at the downstrean1 end of the confluence. 
small negative values in the water-depth differences signify a slight water-depth increase. 
The zone limiting the water depth is less notable when numerical diffusion is added. 

In the largest area of the considered domain only small water-depth differences are vis
ible. Compared with errors arising from the simplified physics (the ESW are only an 
approximation towards the 3D case) and laboratory measurement en·ors, the water-depth 
reduction and shock-front smearing are negligible and this approach of adding numeri
cal diffusion may be reasonable for the applications considered herein. Computations for 
higher Froude numbers may need more nume1ical diffusion and a larger numerical diffu
sion maximum due to steeper waves. The application of lower Froude numbers may need 
less or none diffusion because the waves are less steep and may not break. 

Estimate of the analytical and numerical sensitivity of the upstream bow1dary con
ditions 

The comparison presented an error in position and height among the computed and mea
sured shock-wave peak. A sensitivity estimation is unde1taken to investigate the influence 
of cumulative errors in measurements. Two types of experimental errors are possible: the 
instmmental error as presented in the sensitivity estimation for Hager 's junction (Section 
8.2.2) and the gauge error being considered in tllis estimation . 

The gauge error may concern every measured point. However, the error estimation is 
not conducted for the measurements in the shock-wave region, but -as before- for an 
error in the given value for the upstream water depth and therefore the assumed boundary 
conditions. This error would influence the entire shock-wave pattern. From this point of 
view, the gauge error may be either due to the oscillating water surface in supercritical 
flows or to an irregular water surface as an effect of a curved channel at the inflow of the 
experimental setup. 

The measured upstrean1 boundary conditions consist of water depth h0 and horizontal 
discharge q0 and fo which could a ll be inaccurately determined. The realistic gauging 
en·or of the water depth can be estimated with h0 ± 1 mm and for the total horizontal 
discharge .,fij0 + f o ± 1 - 2%. However, their errors can amount to even h0 ± 2 mm and 
.,fij0 + f o ± 5%. To consider the entire error spectrum, which also includes the realistic 
values, the maxinlized differences are applied for the sensitivity estimation. 

The sensitivity estimation is conducted in two steps. ln the first step the upstream values 
are determined analytically. Their values are presented in Table 8.6. ln a second step these 
values are applied as new upstream boundary conditions for the ESW computations and 
the variations and influences on the water depth are displayed and discussed. The possible 
impact of a curved channel at the laboratory inflow is not considered in the numerical 
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model , the upstream boundary conditions are fmther considered to be constant over width 
and depth such that hydrostatic pressure and neglecting vettical velocities can still be 
assumed. 

Table 8.6 presents the sensitivity estimation for the upstream boundary at the upper branch 
with a zero y-component of the horizontal discharge. The lateral branch is affected in the 
same way, the discharge is split into the x- and y-components cotTesponding to Figure 
8. 10. 

Table 8.6: Analytical sensitivity estimation for Schwalt's junction 

en·or water depth horizontal discharge Froude number 

ho <io Fro 

[m] [m2/s] [-] 

0.05 0.1401 4.00 

qo ± 5 o/o 0.05 0.147110.133 1 4.20/3.80 

h0 ± 2.0 mm 0.052/0.048 0.1401 3.77/4.25 

ho ± 2.0 mm, q0 =F 5 % 0.052/0.048 0.1331/0.147 1 3.58/4.47 

The error estimation yields a change in the Froude number Fr which reacts almost equiv
alent to the considered change in the water depth and discharge and therefore the Froude 
number changes uniformly. However, a gauge error in the discharge changes the approach 
flow velocity. Contrary, a gauge enw in the water depth influences the approach wave ve
locity in the Froude number. The worst en·or would affect both the water depth and the 
horizontal discharge and could yield a finther reduction or increase of the Froude number 
or the ratio of flow to wave velocity. 

For the numerical sensitivity estimation, the gauge etTor is assumed to affect either the 
water depth or the discharge. A modification of only one of them enables a direct con
clusion conceming the sensitive reaction of height, position, orientation and shape of the 
shock wave. A modification of both the water depth and horizontal discharge results in a 
complex interaction due to tl1e change in flow velocity and wave velocity in the Froude 
number. 

A global numerical diffusion coefficient ~t9 and the numerical diffusion maxima On are de
fined to avoid numetical wave breaking and premature program termination. To estimate 
the influence of the numerical diffusion coefficient ~9 in the numerical sensitivity anal
ysis, two examples with different coefficients are conducted. Example one and example 
four of Table 8.5 are selected. Both add least numerical diffusion of all examples. 

Figure 8. 16 and 8. 17 illusU'llte the numerical sensitivity estimate for a gauge error in 
the measurements followed by fau lty upstreant horizontal discharge boundary conditions. 
The error is assumed to concern both the lateral and upper branch similarly. The relative 
water depths are computed with the numerical diffusion coefficients and diffusion maxima 
of example one (Figure 8. I 6) and example four (Figure 8. I 7) and presented along the 
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right side wall (section 1-1) and over the width (section 2-2). The dashed lines display the 
water depth simulated with the upstream boundary condition noted by Schwalt, the dotted 
lines represent a higher and the solid lines a lower value. The absolute water depths hare 
simply scaled by the correct upstream boundary condition h0 = 0.05 m with the Froude 
number FTo = 4.0 for the undisturbed flow condition. 
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Figure 8.16: Numerical sensitivity estimation of the shock waves on a faulty up
stream boundary condition of the horizontal discharge for different numerical dif
fusion coefficients for example one. 

All four figures clearly present the dependence of the wave on the discharge. The relative 
wave height increases with the horizontal discharge, the wave shi fts downstream (section 
1-1 ). A larger discharge yields higher flow velocities such that the water depth super
elevates to increase the resisting tenns. This effect is accompanied by a downstream 
shifting and decelerating of the wave. The contrary effect is visible for a smaller dis
charge. The flow is slower, the resisting terms balance the flow velocity further upstream, 
the wave is lower in height. 

The shock wave is also visible at the left side of the cross section (section 2-2). The 
wave shape changes along the side wall in both examples. The lower horizontal discharge 
yields the compact wave type (Subsection 8.3.3) with a wide wave crest. Increasing the 
discharge reduces the width and the wave arises along the channel wall due to the higher 
flow velocity which must be balanced. At the right side of this cross section (section 2-
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Figure 8.17: Numerical sensitivity estimation of the shock waves on a faulty up
stream boundary condition of the horizontal discharge for different numerical dif
fusion coefficients for example four. 

2), the separation zone is visible for an increasing hmizontal discharge. The water depth 
in the separation zone diminishes with growing horizontal discharge due to the further 
reduced pressure in this zone. 

The differences in the water depth due to the different numerical diffusion coefficients in 
example one and four occur primary in the cross section (section 2-2). The water-depth 
gradient of the shock wave is steeper with less numerical diffusion and the water depth in 
the separation zone is more diminished. 

Figure 8.18 presents the numerical sensitivity estimate for an imprecise upstream water
depth boundary condition due to a gauge en·or in the measurements for the numerical 
diffusion coefficient of example one. The relative water depth is displayed along the right 
side wall (section 1-l) and over the width (section 2-2). The dashed lines show the relative 
water depth of a correct upstream boundary condition, the dotted lines mark a higher and 
the solid lines a lower value. The reference depth is the upstream boundary condition 
lt0 = 0.05 m given by Schwalt and assumed to be correct, the reference Froude number 
is the corresponding value Fr0 = 4.0. 

A gauge error in the upstream water-depth measurements presents only a small change in 
the water depth, even at the shock wave along the side wall (section l-l). Increasing the 
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Figure 8.18: Numerical sensitivily estimation of the shock waves on a faulty up
stream boundary condition of the water depth for different numerical diffusion co
efficients for example one. 

horizontal discharge yields a downstream shifting of the wave. 

The cross section (section 2-2) indicates only a slight variation of the water depth due 
to an upstream change. A lower water depth yields a more compact wave type, a higher 
water depth increases the wave height along the side wall. The separation zone on the 
right side is more visible with a diminished water depth. 

Both numerical sensitivity estimations show the same tendency: increasing the Froude 
number and therefore the ratio of flow to wave velocity increases the wave height and 
decreases the water depth in the separation zone. However, the effect for an upstream 
variation in the water depth is less pronounced than a change in the upstream horizon
tal flow. Along both the right side wall (section 1- 1) and over the width (section 2-2), 
the computed water depth using the higher discharge improved the agreement with the 
measurements. 

8.4 Conclusions to the Channel Junctions 

A qualilative comparison of the shock-wave pattern in a small channel junction presented 
extreme differences between the classical shallow water (CSW) computations and mea-
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surements. The oversimplified physics of the CSW with the hydrostatic-pressure assump
tion and neglecting vettical velocities yields the unnatural linear shock-wave crest orien
tation with steep shock fronts and a plateau-like shape. Perhaps due to this unrealistic 
prediction of the extremely complex shock-wave pattern, no numerical work on these 
problems has been published. Applying the extended shallow water equations (ESW) to 
this kind of problem improves the numerical capability to numerically predict the shock
wave pattern with its curved crest mientation. 

Downstream of the confluence, supercritical flow yield a pressure reduction accompanied 
with a water-depth decrease. The water-depth decrease may even yield unrealistic neg
ative values in the ESW computation, tenninating the program prematurely. This may 
be avoided by implementing a water-depth limitation (e.g. h = 0.1 nun), and the flow, 
velocity and pressure vruiables ru·e set to zero to simulate a dty ru·ea only for the case with 
negative values in water depth. The nodes may be submerged in the next computation 
step. 

Wave breaking is often encountered in physical models for the shock waves arising along 
the side walls. The ESW simulate the increase in depth, and extreme water-depth gradients 
and pressure terms ru·e obtained. The computations may also terminate prematurely due to 
large pressure fluctuations. Premature program temunation may be prevented by adding 
numerical diffusion in the zones of steep water-depth gradients. The numetical diffusion 
coefficient is user-defined and should be specified with the least possible values such that 
the shock waves are not smeru·ed too much. 

Combining the ESW with the water-depth limitation and adding numelical diffusion to 
avoid a premature progran1 termination, the simulations predict not only the curved and 
peak-like shock waves but also the position and height of the wave peak. Adding numer
ical diffusion influences the shock waves height, shape and position insignificantly. 

The migrating waves and in·egular water depths in highly supercritical flows make the 
laboratmy measurements difficult to conduct. A measuring etTOr in the upstream flow 
field would effect the assumed upstream boundruy conditions. A numetical sensitivity 
estimation for a variation of ±2 mm in the upstream water depth and ±5% in the upstream 
hmizontal flow indicated a more sensitive reaction on a discharge valiation than on a water 
depth valiation. Notable chru1ges of position, height and shape of the shock waves can be 
clearly seen. The analysis also showed that the solution is more sensitive to errors in the 
upstream boundru·y condition than on a vru·iation of the numerical diffusion coefficient. 
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Chapter 9 

Computations in a U-Shaped Channel 
Bend 

Shock waves in supcrc1itical bend flows occur at the outer bend wall and arc then reflected 
towards the inner bend wall. An irregular cross section enhances the strength of secondary 
flows and therefore produces strongly JD effects. Such a typical shock-wave pattern in a 
U-shaped channel bend is illustrated in Figure 9. 1. 

Figure 9. 1: Typical shock-wave pattern in U-shapcd cannel bend (ESW computa
Uons). 

Reinauer and Hager [74] considered superc1itical flow in rectangular channel bends theo
retically and expelimentally. They introduced the bend number B defined by the product 
of the square root of the relative cu •vature 8a and the approach Froudc number Fro 

13 = /8:,Fro (9. 1) 
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where the relative curvature e. = b/ u. is the ratio of channel width h 10 centerl inc radius 
F/0 • Gisonni and Hagcr 1271 considered supcrcri tical now in tunnel bends with a deviation 
ang le of43°. Del Giudicc et al. 1181 considered supcrclitical flow in U-shaped bend shafts 
for dcficcllon angles o f 15• and go• and a typical relative curvatur..: /J / R. = 3 where D 
is the pipe diameter. ·n1cy determined the surface profi les along the inner and outer bend 
walls and typical velocity distributions along the shaf t. 

The commonly used can csian coordinate system creates difficuhics for numerical com
putation in conduits or pipes. for example the reproduction of the U-shaped cross section. 
These problems could be circumvented by a transformation form cancsian to cylindrical 
coordinates. In a cancsian coordinate system. the nodes arc dclincd by the x-. y- and z
dircctions. In the present case. a cy lindlical coordinate system would introduce instead of 
the x- and z-dircclion the radius r and the ang le c.p . The y-dircction need not he changed 
for this transformation. However. two differcm codes then would be necessary one each 
coordinate system. In this work they are ci rcumvented by using a line mesh with a canc
sian coordinate system. 

Simulating now in a U-shapcd channel introduces a three-dimensional geometry because 
the bottom is Clllvcd. The shallow water equations (SW£) applied for computations of the 
bend flow arc based on a depth-averaging process which results a loss of inf{mnation over 
the depth. Even i f the extended shallow water approach (£SW) allows a disuibution of 
horizontal discharge. vcnical velocity profiles and a non-hydrostat ic pressure over depth. 
the approa~.:h is still a simpli fication of the physics compared with the 3D approach. To 
enable simulat ion with the 2D SW£. addi tional simpli flcat ions arc necessary because the 
equations arc based on a holizontal projection of the geometry onto the x-y plane. The 
derivation of tl1c equations introduces the z-coordinatc as the bed elevation Zb. Thus. 
the U-shapcd cross section is involved by defining the !.-di recti on or each node with the 
bo11om level. TI1c bed level is contained in the right hand side terms of the equations 
(Appendix B) which arc not involved in the solution of any vatiablc of the present iteration 
step. the terms arc determined with values from the previous iteration step. 'lllcrcforc. the 
cross profile is mathematically and numcti cally treated as a slope. 

9.1 General Definitions for Channel Bend 

Figure 9.2 presents a dc llniti on sketch and int roduces terms relating to tl1c channel bend. 

'l11c upstream boundary is defined at the inflow o ft he channel opposite o f the downstream 
boundary at the outflow of tl1e channel. The boundaries arc cor111e~.:tcd by the side walls. 
The axis corresponds to the channel ccnterlinc. 

The bend side wal ls consists o f the outer bend wall with a larger radius and the inner 
bend wall with a smaller radius. T he upstream end of the bend defines the cross section 
in which the channel gcomcuy begins to be cutvcd. 'll1c downstream end of the bend 
signi fies the cross section where the channel geometry ends to be curved. 
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Figure 9.2: General definition sketch for a channel bend. 

9.2 Geometry, Boundary and Initial Conditions 

The U-shaped profile and the boundary conditions used by Del Giudice et al. [18) for 
their studies was applied for the numerical simulations. However, the deflection angle is 
reduced to 30", compared to 45" and 90" for reasons explained in Section 9.5. 

The 30" channel-bend geometry employed for the numerical simulations is displayed in 
Figure 9.3 (a). The model begins 0.06 m upstream of the beginning of the bend to exclude 
influences from the upstream boundary conditions. The inner wall has a radius r = 0.60 
m. The U-shaped cross section has a diameter D = 0.24 m followed by the side walls. 
The boundary conditions employed for the numerical model are illustrated in Figure 9.3 
(b). The bed elevation Zb is maximized for point P5 and all the points along the axis. The 
half circle is chosen for reference level and describes the elevation of the water-surface 
level Zh , positive values signify a water surface above the lower half circle, negative 
values a water surface below the lower half circle. The water depth h is the sum of bed 
elevation Zb and water-surface elevation zh· Along the outer and inner bend walls, the 
water depth h is equal to the water-surface level z1,. 

At the upstream boundary, Dirichlet conditions are defined for all variables. Depending 
on the bed elevation Zb, the water depth h0 at points P1-P9 (Figure 9.3 (b)) is set to 
maintain a constant surface level Zh = 0.132m. The upstream horizontal velocity is split 
into the x-component Uo and they-component v0 and specified as constant u0 = 0 mls and 
vo = 2.128 m/s corresponding to an approach Froude number in the axis of Fro = 1.87. 
The definition of the Froude number Fr0 in U-shaped channel bends is taken from Del 
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Figure 9.3: U-shaped channel-bend geometry (a) and boundary conditions (b). 

Giudice et al. [18) with 

(9.2) 

With the water depth and velocity, the main flow variables q0 = u0h0 and 'fo = v0 h0 can 
be calculated for every inflow node (Table 9.1) . The extra seven parameters (ql> r1 , Wb , Wh, 

w, p1 and p2, Chapter 2) are set to zero at the upstream boundary (index 0) conesponding 
to an undisturbed inflow with hydrostatic pressure condition. 

Along the inner and outer wall, two sets of transformed boundary conditions are specified: 
the first set for the main flow variables q and 'f and the second set for the additional flow 
vmiables q1 and r 1• No boundary conditions are defined at the downstream boundmy. 

The bottom level zb of each node is calculated according to its coordinate. Then the initial 
water depth h is defined cotTesponding to the constant water-surface level Zh . With the 
constant velocity over the entire domain, the main flow vm·iables can be dete!Tnined for 
each point. Table 9.1 summm·izes the applied boundary and initial conditions. 
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Table 9.1: Boundary and initial conditions for U-shaped channel-bend flow 

variable dimension value 

Points 

P, = P9 P2 = Ps p 3 = p7 p4 = p6 Ps 

Zb [m] 0.1200 0.0406 0.0041 0.0039 0.0000 

ho [m] 0.0120 0 .0914 0.1 159 0. 128 1 0.1320 

iio [m2/s] 0 0 0 0 0 

fo [m2/s] 0.0255 0.1945 0 .2466 0.2728 0 .2809 

Qlo [m2/s] 0 0 0 0 0 

r,o [m2/s] 0 0 0 0 0 

wbo [m/s] 0 0 0 0 0 

W ho [m!s] 0 0 0 0 0 

wo [mls] 0 0 0 0 0 

Plo [N/m2] 0 0 0 0 0 

P2o [N/m2
] 0 0 0 0 0 

9.3 Drying and Submerging 

Supercritical flow in curved U-shaped channels is characterized by a superelevation of the 
water surface along the outer bend wall , and a con-esponding drop along the inner wall. 
The magnitude of this effect depends on the relative curvature and the Froude number, as 
defined in the bend number. 

Numerical d ifficulties result if the water level decreases below the lower hal f circle (Figure 
9.4) in which the far right grid node, limiting the inner bend wall, becomes dry and later 
may be submerged again. As long as no steady-state solution is obtained , the drying and 
submerging process can be repeated. As already mentioned for the separation zone in 
channel junctions (Section 8.3.2), d ifferent solutions are possible, for example excluding 
these nodes by a continuous remeshing. 

For the drying and submerging of nodes, the water-depth limitation, introduced for the 
separation zone in channel junctions, is also applied. If the water depth is lower than a 
predefined value, the water depth is automatically fixed to keep the nodes wet. The flow 
variables and the additional parameters are then set to zero. In the next iteration step, the 
nodes can be submerged again, depending on the new flow condition. For simulating flow 
in a curved U-shaped channel, the water-depth limitation is specified ash = 0.1 mm. 
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Figure 9.4: Drying of nodes applying a stmctured grid. 

9.4 Geometry Reproduction and Grid 

Using the isoparametric concept as implemented in FEMTOOL, the same accommoda
tion for the variation of variables and for the element geomelly are employed (Subsection 
4.2.4). In the previous examples, all variables and therefore also the geometry are linearly 
approximated. Computing supercritical flow in a curved U-shaped channel with the com
bination of an unstl1lctured gtid and linear shape functions implies a rough geometrical 
reproduction due to the vruying bed elevations of the nodes which are then linearly con
nected (Figure 9.5). These disturbru1ces yield oscillations which cannot be stabilized by 
the upwind scheme. 

Figure 9.5: Geomelly reproduction applying an unslluctured grid and linear shape 
functions. 

1\vo different possibilities were tested to exclude these oscillations. The simplest is to 
compute the supercritical flow in a U-shaped channel with a regular mesh. Figure 9.6 
presents the computational mesh employed for 30° pipe bend simulations containing 736 
elements and 423 nodes and applying linear shape functions. 

Seven equidistant longitudinal lines are defined along the bend, discretized 0.03 m, corre
sponding to the number of nodes defined at the upstream boundruy. Along the inner and 
outer bend walls and along the longitudinal lines, the same number of nodes is defined. 
The nodes along the axis are spaced about 0.03 m apart. The nodes in the outer bend wall 
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Figure 9.6: 30° curved U-shaped channel with mesh. 

have a larger strearnwise spacing than the nodes along the inner bend wall. Applying this 
mesh pattern, all nodes lying on a longitudinal line have the same bottom elevation zb 

neglecting the variable oscillations along the bend. The constant number of nodes along 
all lines guarantees the same cross section in every row. Therefore, a kind of peliodic 
disturbances may only appear in a cross section if linear shape functions are applied. A 
fmther description of the U-shaped cross section is given in the Section 9.5.1. 

A more elegant solution is available with the finite element method. The utilization of 
quadratic shape functions allows the reproduction of the U-shaped cross sections which is 
almost perfectly matched. In the computational mesh (Figure 9.6), the number of nodes 
increases to 1581 due to the use of quadratic elements. Using both linear and quadratic 
shape functions, the linearly approximated variables are interpolated on the mid-edge 
nodes. A more detailed description to the application of the quadratic shape functions is 
found in Section 9.5.2. 

9.5 Results and Discussion 

All numerical computations in a 30° U-shaped channel bend are simulated using the pre
vious presented finite-element mesh. In a first attempt, linear shape functions were ap
plied to reproduce the variation of the variable and the geometry. To eliminate the prob
lems which prematurely terminate the simulation process, the geometrical reproduction 
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is modified by the use of quadratic shape functions. Both results are presented and the 
difficulties in simulation are discussed. 

Only the extended shallow water equations (ESIV) are applied for the numerical simu
lation of the U-shaped channel bend flow. No anempts with the classical shallow water 
equations ( CSW) are conducted because flow in a U-shaped channel is strongly dominated 
by 3D effects which the CSW are unable to simulate. 

9.5.1 Linear Shape Functions 

Figure 9.7 illustrates the linear reproduction of the U-shaped cross section for the appli
cation of linear shape functions and the origin of the bed elevation Zb· The dotted lines 
mark the position of the seven nodes between the bend walls. The grid is projected in the 
horizontal plane as required from the shallow water theory. Lines with steep graclients 
connect the boundary nodes with the inner nodes. At the inner nodes, problematic areas 
result due to the discontinuities in transition of the graclients. Using a finer mesh with 
more nodes in a cross section smooths these transitions. However, instead of abolishing 
them, the problematic areas are shifted towards the bend walls with even steeper gradi
ents. An infinite discretization of the cross section is theoretically able to resolve linearly 
the U-shaped profile but this is impractical due to the large number of nodes required. 

Figure 9.7: Linear approximation of U-shaped cross section. 

Figure 9.8 presents the water-surface level zh computed with linear shape functions in a 
plane (a) and perspective view (b). The inflow is at the upper boundary. The zero level is 
defined in Figure 9.8. Negative values result from the origin definition of the bottom level 
zb and indicate a surface level below the maximum diameter. The computational process 
terminated before the steady-state is obtained, the result is presented one cliscretized time 
step before the program terminated prematurely. 

At the beginning of the bend, the superelevation along the outer bend wall and the surface 
depression along the inner bend wall are visible. Along the inner bend half, the surface 
level obtains negative values inclicating a water-surface level below the half circle. The 
computed sutface increases towards the outer boundruy wall where zero values are ob
tained. This is a natural effect in the computational results due to water-depth limitation 
(Section 9.3) and dry nodes with a depth of 0.1 mm are indicated. 
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Figure 9.8: Water-surface level computed with linear shape functio ns: plane view 
(a) and pe rspecl ive view (b) 

The upstream end of the shock-wave reflectio n from the oute r to the inne r bend wall can 
be slightly seen at the downstream end of the pipe. The shock wave is re flected towards 
the inner wall and sinks downstream of the shock wave at the oute r wall. However. a 
typical and natura ll l8] shock-wave separation from the outer wall is not predicted. 

The computation te rminates due to large fluctuations in all additional va1iables a long 
the longitudinal lines next to the inner bend wall where the largest discontinuity in the 
reproduced U-shaped geomelly occurs. "lb ese geometry iJTegulalities combined with the 
shock wave reflection result in inc reasing ve locity and pressure valiables in tl1e cross 
section. tenninating the computation prematurely. 
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9.5.2 Quadratic Shape Functions 

Changi ng to a quadratic geometry reproduction implies the introduction of quadratic 
shape functions. Accommodating the vatiation of a ll ten v<niablcs by quadratic shape 
functions is time consuming and unncccssmy . As known from the Navier-Stokes equa
tions (NSE). quadratic shape funct io ns arc often used for the velocity variables only. How
ever. the combined use of the NSE and the Galcrkinflcast squares (GLS) upwind scheme 
(Section 4.3) a llows the use of linear shape functions o nly. 

In this work. the GLS upwind scheme was also applied for the ESW. omitting quadratic 
shape functions for all valiablcs. To allow quadratic reproduction of the U-shaped cross 
section. at least one vmiable must be valicd quadratically. The use of mi xed shape func
tions is possible in FEMTOOL. The kinematic boundary condition at the bed defines the 
ven.ical velocity at the bottom wb by the slope (Chapter 2). Therefore, this valiablc is 
speci fied with a quadratic variation. In a hotizontal channel (no slope) the vertical veloc
ity at d1c bottom is zero and th e quadratic shape function may be omitted. 

figure 9.9 illustrates the quadratically-approxi mated U-shaped cross section and the oli
gin of the bottom level Zb. ll1e dashed lines define the corner nodes of an clement and 
d1c dotted lines mark the additional mid-edge nodes. No itTcgularitics due to a gradient 
change at the inner node points appear. 

Figure 9.9: Quadratic approx.imat.ion of U-shaped cross section. 

The surface level computed using a quadratic geomet ry reproduction is presented in Fig
ure 9. 10 with a plane (a) and pe rspective (b) view. The computation process terminated 
before the steady-state is obtained, the di splayed result is obtained one discrctizcd ti me 
step before the premature program tcrmi nation. As for tJ1c linear gcometty reproduction, 
negative values may appear as a result of the water-level sinking below the diamete r. 

The beginning of the shock-wave f01mation can be clearly seen. The water level increases 
along tJ1e outer wall and sinks along the inner wall as an effect of the bend geometry. The 
increase in water level from the low point towards the inner wall is an e ffect due to the 
limited water depth as discussed in Section 9.3. T he shock wave is separated from the 
oute r bend wall and is reflected towards the i tmer wall, a water-level increase is already 
visible at t11c downstream end at the right side wall. 

Water-depth flucntations downstream of the shock wave at the outer bend occur and can 
be clearly seen in Figure 9.10 (b) . T he fluctuations cause a premature termi nation of the 
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Fig ure 9.10: Wa1cr-surfaec level compuled wilh quadralic shape func1ions: plane 
view (a) and pcrspec1ive view (b). 

compu1a1ion. The wave separmion of !he OLller bend wall resuhs in a rccirculalion zone 
in which the now direclion changes. This i s an c f fec1 which can also be seen in nmure 

and expctimenls 11 8]. In the complllalions, 1l1c recirculmion zone begins 10 fonn with a 
waiCr-dcpl h decrease downs! ream 1he shock wave. Due 10 1he shorl channel lcng lh, I he 
wmer-deplh decrease slatt s a1 I he downs! ream boundaty o f I he channel followed by a vor
lex which changes 1he now direclion. ·n1e vot1cx increases and extends along 1he olller 
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channel wal l. Unnatural computational osci llations not only in the water depth (f'i gurc 
9.10 (b)) but also in all now and pressure variables occur and cannot be damped by the 
upwinding scheme so the computation process terminates premature ly. Lengthening the 
channel displaces the vo11ex at the other side of the channel end which is a natural cf!Cct 
because a shock wave increases then at the inner bend wall and is separated fu11hcr down
stream and rcnccted towards the outer bend wall. However. the separation of the shock 
wave at the inner bend wall is then followed with unnatural computational oscillations 
which then terminate the numerical simulation prematurely. 

To circumvent the problems dcscli bed above. the innucncc or the clement configuration 
at the corner or the downstream boundaty were investigated and arc shown in Figure 9. 11 . 
The left configuration yields a fas t program tcnnination because the corner node receives 
no cross infonnat.ion resulting in an unstable solution. Therefore. the right configuration 
leads to improved stability. 

w ----
~----

Figure 9. 11: Possible elcmcm configuration in a corner. 

The above two examples considered a deviation angle of 30°. Compuling now in pipe 
bend with a larger deviation angle increases the effect explained and yields an earlier 
tennination of the program. l l1crefore. no compatison with the measurements presented 
by Del Giudice et al. 118] can be conducted. The expcti ments show an extremely large 
shock wave along the outer bend followed by the recirculalion zone and a shock-wave 
rencclion towards the inner wall. "ll1is tendency is also visible in the ESIV computations 
using a quadratic resolulion of the U-shapcd cross section. Therefore, the pipe-bend 
approximations arc a first step and provides substantial basis for full her research work. 

9.6 Conclusions to the U-Shaped Channel Bend 

Flow in a U-shaped channel bend is strongly dominated by 3D effects which cannot be 
reproduced by the classical shallow water equations (CSIV) so the simulations arc only 
conducted applying the extended shallow water equations (ESIV). 

The concept for dtytng and submerging areas is adopted from the cham1el junction. Nat
w·ally dty areas occur at the downstream end of a shock wave due to the now separation. 
These areas arc characterized in the computation by unrealisti c ncgat.i ve water depths 
which yield large osci llations in all now and pressure vatiablcs. To avoid a premalllrc 
program tcnnination. an automatic water-depth li mitation sets the limi t water depth to 
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h = 0.1 mm and the corresponding discharge, velocity and pressure variables equal to 
zero. 

Computing supercritical flow in a curved U-shaped channel introduces a complicated 
cross section which needs special numerical treatment. Applying only linear shape func
tions, the geometry of the half circle is also reproduced linearly. Tllis involves irregular 
transitions of the gradients. Applying the linear geometry resolution for the U-shaped 
cross section yields a prematme program termination due to extreme pressure fluctua
tions along these in·egular transitions. The fluctuations vary from computation step to 
computation step increasingly. The shock-wave separation along the outer bend wall and 
the reflection towards the inner bend wall are not reproduced. 

The vertical velocity at the channel bottom is expressed by the horizontal slope. Approxi
mating the vettical velocity variable at the channel bottom with quadratic shape functions 
enables the realistic reproduction of the U-shaped cross section. The shock-wave forma
tion along the outer bend wall and its reflection towards the inner bend wall is reproduced. 
The separation and recirculation zone involves strong fluctuations of all variables due to 
a change in the flow direction at the downstream channel boundary. The fluctuations oc
cur between both the nodes and computation steps and cannot be damped by the upwind 
scheme such that the program tetminates prematurely. However, the qualitative simula
tion of the 30° pipe bend is in general agreement with experimental data of Del Giudice 
et al. [18] collected in 45° and 90° bends even if computations with the larger radius are 
not conducted. 
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Chapter 10 

Conclusions and Recommendations 

10.1 Conclusions 

The application of the shallow water equations for shock-wave computations in super
critical flows is common. However, the classical approach indicates limitations in the 
reliable prediction of these complex flows. The purpose of this work was to show the lim
itations of the classical equations, to study the reasons and to modify the approach such 
that the computations yield improved results. This modified approach was implemented 
into a finite element toolbox and - together with an appropriate upwinding scheme for 
numerical stabilization- a robust tool was obtained. The numerical model was tested for 
different supercritical flow conditions in various geometries such as rectangular channel 
contractions and junctions as well as a U-shaped channel bend. The computations were 
compared with experimental data. A significant improvement compared with the classical 
shallow water equations i( CSW) was achieved using the extended shallow water equations 
(ESW). 

10.1.1 Mathematical Model 

Depth-averaging the Navier-Stokes equations (NSE) yields the two-dimensional shallow 
water equations. The further derivation of (CSW) simplifies these equations by assuming 
depth-averaged horizontal velocities, a hydrostatic pressure distribution and neglecting 
of the vertical velocities. The CSW are commonly employed for shock-wave computa
tions. However, comparing the numerical solutions with experimental data shows large 
discrepancies for flows with steep water-level gradients or high water-surface curvature. 
Introducing three- dimensional effects, the extremely curved streanllines cast doubt upon 
the oversimplified physics on which the equations are established and therefore on the 
application of the CSW to such problems. 

Based on the principle one-dimensional approach of Steffier and Jin [87], Niif [64] de
rived the extended shallow water equations (ESW) for the two-dimensional case in non
conservative incompressible form. This idea incorporates vertical information by a linear 
horizontal velocity distribution and quadratic vertical velocity and pressure profiles ex
pressed in parameters. In addition to the continuity equation, momentum relations and 
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kinematic boundary conditions, four additional moment equations are provided to solve 
for ten unknowns. Tlus yields a set of highly nonlinear coupled partial differential equa
tions and numerical stabilization techniques are therefore essential to achieve conver
gence. 

However, the non-conservative fommlation of the 2D ESW was an unsuccessful approach 
to simulate the shock waves because the non-conservative formulation resulted in uncon
u·olled oscillations. These problems can be circumvented with the conservative fOimula
tion which uses the horizontal discharge instead of the hotizontal velocities as variables. 
In the present work, the 2D ESW are derived in conservative form to reproduce the correct 
wave velocity. 

Air entrainment plays an important role in supercritical flows. Frequently surface ten
sion effects are overcome and air is naturally entrained or air entrainment is mtificially 
provided as to avoid cavitation in spillway chutes. To consider compressibility effects of 
the air-water nlixture, the conservative compressible fonnulation of the ESW are detived. 
The compressible formulation of the ESW introduces an additional nonlinearity with the 
air-water nlixture density. This nonlinearity is solved by treating the air-water nlixture 
as a homogeneous single-phase flow such that the universal gas law is valid and can be 
applied. 

10.1.2 Nwnerical Model 

The resulting set of equations is incorporated on an element matrix level into FEMTOOL, 
derived at VAW by Rutschmann [78] [79]. FEMTOOLapplies finite elements for both 
space and time discretization. The present work uses irregular and regular unstmctured 
grids for space discretization. To achieve numerical stabilization, a dissipative Petrov
Galerkin upwind scheme is implemented in the modified version of Hicks and Steffier 
[34]. Tlus upwind scheme was detived for the CSW and stabilizes only the continuity 
and horizontal momentum equations. Combining this dissipative upwind scheme with 
the ESW and applying the nume1ical model to shock-wave computations in a channel 
contraction, a significant improvement compared to the CSW is obtained. The shock 
waves are not only reproduced in their peak-like shape, but also the position and height 
are matched quite accurately compared with experimental data. Even so, for simulation of 
confluences in channel junctions the ESW computations diverge due to large oscillations 
in the tenns which are uninfluenced by this upwinding technique. 

Therefore, the Galerkin!least-squares upwind scheme, derived for advection/diffusion 
problems by Hughes et al. [37], is developed and employed for the simulations with the 
ESW such that all equations are stabilized with the upwinding effect. The Galerkinlleast
squares upwind scheme presents a further improvement because the upwind scheme sta
bilizes the highly superctitical flow and enables computations not only of flow in channel 
conu·actions but also of more complex shock-wave pattems that occur in channel junc
tions. 

Physical shock-wave modeling involves separation and recirculation zones and wave 
breaking. The numetical simulation of such areas is problematic and special numeri
cal treatment is required. The present numerical model treats dry areas with an automatic 
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water-depth limitation to predefined value and sets the flow and pressure variables equal 
to zero such that the zone is wetted and may be submerged in the next iteration step. Wave 
breaking is prevented numelically for extremely steep water-level gradients by adding lo
cal numerical diffusion. The magnitude of the diffusion is governed by the water-level 
gradient such that zones with steep gradients receive extra diffusion while other zones are 
unaffected. 

Various engineeling applications require a numelical model which is able to reproduce a 
curved bed or channel bottom. To avoid unnatural crosswise slopes due to linear triangu
lation, the bottom is reproduced with quadratic shape functions. The flexible numerical 
model delived in the present work enables the computation of various complex flows and 
engineering applications in which 3D effects are important and can not be neglected. 

10.1.3 Applications 

The limitations of the CSW are manifested by the application of an adapted and refined 
grid which allows an appropriate resolution and minimizes numerical errors. Despite 
these eff01ts measurements indicated discrepancies in position and height of shock waves. 
These discrepancies increase with the Froude number and therefore 3D flow effects such 
that the error must be due to the oversimplified physics. This is also perhaps the reason 
why literature on the numerical simulation of shock waves with the CSW are only avail
able for Froude number smaller than Fr = 4.0. Using the ESW for the simulations, the 
computed water depths match the experimental data sets more accurately and more reli
ably predict the waves in position, height, shape and horizontally curved form even for 
highly supercritical flows with a Froude number F1· = 6.0. 

An investigation of the additional parameters introduced by the ESW indicated that the 
assumptions of hydrostatic pressure and neglecting vertical velocities are only valid in 
regions of an undisturbed water SUiface. Along and across a wave, 3D effects should 
not be ignored, the pressure is non-hydrostatic and the ve11ical velocities increase their 
influence. 

Considering air entrainment, comparison of computations with both the CSW and ESW 
indicate an equivalent increase of the air-water mixture depth and an upstream shifting of 
the shock waves due to the increased volume and therefore gravity forces. Compressibility 
effects are negligible in all investigated models. These results are in good agreement with 
observations in hydraulic models. 

10.2 Recommendations for Future Research 

For the drying of nodes and the separation zones, a water-depth limitation is currently 
applied. A more sophisticated approach would include moving boundaries to restrict the 
computational to the physical domain and mesh adaptation and refinement to optimize 
solution quality and computational efforts. 

Due to the long computation process and limited number of nodes, a coupled system of 
the classical and extended equations is desirable. The classical shallow water equations 
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could be applied for computations in areas where their less complicated physics are valid. 
[n other zones the extended shallow water equations would then be used for computations. 

Besides the verification with measurements, the extended equations are only compared 
with the classical equations in this work. The advantages are illustrated by the improved 
results but the main disadvantage is the larger computation time due to the solution of 
the additional variables and equations. Their extreme nonlinear coupling involves more 
iteration steps to achieve convergence. For economic reasons, this code should be com
pared with the fully three-dimensional Navier-Stokes equations which contain an addi
tional nonlinearity caused by the iterative determination of the water surface. Thus, a 
comparison of efficiency would be interesting. 

The extended approach may be employed for engineering applications where the tradi
tional shallow water theory is not valid and the hydrostatic pressure assumption is a too 
stringent simplification or where the wave height is on the order of the flow depth. Ap
plications may be given by waves generated by landslides or avalanches, surges in rivers 
caused by flood waves, power plant operation or ship movement as well as flow over weirs 
and spillways. 

Some problems in simulating supercritical pipe bend flow are still unsolved. A decou
pling of geometry and variable approximation allows the application of a quadratic pro
file reproduction and a linear variable variation. This process necessitates a change in the 
finite element program. The simplest solution is to compute linear and quadratic shape 
functions in every case, independent of the predefined variable approximation, a more 
complicated solution is to detennine the quadratic shape functions and their derivatives in 
an extemal module. 
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Appendix A 

Linearized Formulation 

A.l Classical Shallow Water Equations 

The linearized formulation of the classical shallow water equations (3.17)-(3. 19) reads 

a/ k a-k a-k 
-~ _!L _ r _ _ I k- 1T k-1 - k- 1Tk-1 -k- 1T k-1 
a +a +a -1 t + q "'+r v t X y 

(A. 1) 

ac/ zt-' ahk 2qk-1 a</ llk - 1 rk-1 ah' r•-1 aq• qk-1 ark k-1 ahk 
-- - --- + ---- - + - --- + ---- + gh - = at h2H ax hk- 1 ax h2>-l ay hk- 1 ay hk- 1 ay ax 

a - 2•- ' - k- 1-k-1 h2•- • 
_ I k-1~ + -k-1T k- 1 + _q_ T k-1 + q r T '-1 + _9 _ _ Tk- 1 

9 I ax q t hk-1 x hk-1 V 2 X 

I k- 1 ( ahk- 1 <>=--k-1 al k-1 <>:--k-1 ) I ~-1 hk- 1 uTz:r; ~-1 ~ 1 k- 1 UTzy k-1 (A 2) +-, k-1 r"'"' -a-+ -a--+ rxv -a-+ ~ -a--+ rb:r; . 
Pw ~w X X y y 

A.2 Extended Shallow Water Equations 

Linearizing the continuity and momentum equations (3.21)-(3.24) results in 
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-k-1ahk 1k-1 aui -k- lacl -k-l awk 1( k-1 k-l)aqt 
w at + ~ at + w ax + q & + 3 wh - wb ax 

q~- 1 a(wk-wt) =k- 18fk -k-lawk 1( k- l k- l)art 
+ 3 ax + w 7iY + r ay + 3 wh - wb 7iY 

rk-l a(wk- wk) hk- l . 
+-\- h b - ---pk -

3 ay Pwh~- l I -

(3-k-1 -k-1 k-l( k-l k-l)) 
-k- 11 k- lrk- l + q w + ql wh - wb Tk-l 
w ~ t 3 " 

+ 1 w r 1 wh wb yk- l + -~-- 'G"-1 __ (3-,k- l-k-l + k- l( k-1- k-1)) fk - 1 ( ahk- l 

3 y Pwh~- l ax 

<>=----k- 1 ahk- 1 <>=----k-1 a a ) 
l k-1 U.Iz:z: -k-1 hk-l UTzy k-l Zb k-1 Zb + ~ -a--+ r.y -a-+ -a--+ rb, -a + r by -a 

X y y X y 

The linearized kinematic bed and surface boundary conditions can be written 

k qk-1 - 2qf-1 azb fk-l - 2r~- 1 azb 
w = + - - ,----'---

b hk- l ax hk-l ay 
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fJhk + (qk-1 + 2q~-1 ) fJh" + (rk-1 + 2r~-1) fJhk - w~ = 
fJt hk 1 fJx hk 1 f)y 

(qk-1 + 2q~- 1 ) fJzb (rk- 1 + 2~-t- 1 ) fJ zb 
Jtk-1 fJx Jtk-1 f)y 

(A.9) 

After linearizing the moment of continuity (3.25) is divided by hk- 1 

1 fJhk (3qk-1 + 2q~- 1) fJhk 1 fJq~ (3fk-1 + 2rt- 1) fJhk 1 fJrt -k 
- -+ + --+ +---w = 2 fJt 6hk- 1 fJx 3 fJx 6hk- l fJy 3 f)y 

-k-1 f) - k-t f) 1 k-t k-1 k-1 
Q Zb T Zb 1 Tk-1 Q1 Tk-1 T1 Tk- 1 ------+- +- +-Jtk-1 fJx hk-1 f)y 4 t 3 x 3 Y 

(A. lO) 

the moment of horizontal momentum (3.26)-(3.27) are multiplied by hk- 1 
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and the moment of ve11ical momentum is divided by hk-l 

where 

(A. l4) 

and 

(A.l5) 
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AppendixB 

Weak Formulation 

B.l Classical Shallow Water Equations 

The weak fromulation of the classical shallow water equations (3.17)-(3.19) results in 

(B.1) 
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B.2 Extended Shallow Water Equations 

The weak formulation of the continuity and momentum equations (3.21)-(3.24) can be 
wtitten 

(B.4) 
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n• [ ( n• " JN· " [-k-1 aNi 1· k+-k-t aNJ=-"+-k-t aNi.:,k+~( k-1_ k-t)aNi ·k. 
L., ' L., w a t) w a q) w a 1 J 3 w,, wb a . ql) 
. I . I t .'1: y X 
r= fie J= 

1( k-1 k-l) aNj ·k ('k- laN.j -:~<-I aNi -k-laNj) _,_k +3 wh - wb ay r1i + t 8t + ,, fu + r ay wi 

L_"_i ~-"-j ( · k. - •k. ) - --N··k -
( 

k - 1 a~r k-1 a•r) hk-1 ] 
+ 3 a + 3 a whJ wbJ I k-t JPt -

X Y Pw lw 
(3- k-1-k-1 k-1( k-1 k-1)) 

- k-1 1 k-tr.k-1 + q w + ql wh - wb Tk-1 
W l t 3 X 

(3-k- 1-k-1 k-1( k-1 k-1)) hk-1 ( a a ) r w + T1 wh - wb Tk-1 k-1 Zb k-1 Zb 
+ 3 Y + -,k-1 T~n: -a +rby -a Pw lw X y 

+-- ----+2-+----+2- dl2 
vhk- 1 (awk- 1 ahk-1 aul awk-1 ahk-1 avl )) 
Pwh~- 1 ax ax ax ay ay ay e 

J vh2'-' (aN; EJwk-l aN; EJwk-t ) ] - -- ---+ --- dr2 
Pwh~- 1 ax ax ay ay e 

r, 

(B.7) 

for the kinematic bed and surface boundary conditions (2. 1 0)- (2. 1 1) 
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_(qk- t +2qt-1)azb _ (fk-1 +2Tt-1)azb) dn 
hk-t ax hk-1 ay e (B.9) 

and for the moment of continuity and momentum equations (3.25)-(3.28) 

~ J N (~ [(~ aN; (3qk-t + 2qt-
1

) aN; (3fk-l + 2Tt-
1

) aN; ) h,k 
L I L 2 at + 6hk-l ax + 6hk- 1 ay 3 + 
•=1 n, J=l 

~aN; ·k. ~aN; ·k _ N-~k] _ 
3 ax qlJ + 3 ay T1j 1 W; -

_ _ q _ _!l:. _ _ T _ _!I:. _t_y k-1 Cf..!.._yk-1 "j__yk-1 -k - 1 a -k- 1 a 1 k -1 k -1 k -1 ) 

hk- 1 ax hk- 1 ay + 4 t + 3 "' + 3 y 
(B.lO) 
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tJ N; (t [(( (3wk-t - wt -
1 
+ w~- 1 ) aN, 

i = l n, j=l 6 ot 

(
-k- 1(6-k- 1- k- 1 + k- 1) k- 1(6 k- 1- 5 k- 1 + 5 k- 1) ) '"1" · q w wb wh q1 W0 wb tuh V ' ' J + + -12hk-l 30hk- l OX 

+ 1 tu wb wh + 1 1 tu0 wb wh _ 1 itk 
(

..,k- 1 (6-k- 1 _ k-1 + k-'l .k- 1(6 k- 1 _ 5 k- 1 + 5 k- 'l ) oN · ) 

12hk- l 30hk I 8 y ] 

(w:- 1- w~- 1 ) aNi .::.k (w:-l- w~- 1 ) aNi .::.k tu:-1 aNi · k w!-1 oNi .• k 
- 12 OX qj - 12 oy rj + -5- O."C q,, + - 5-81/ 1 11 

- (hk-1 aNi ( qk- 1 - q}-' ) aNi ( i'k- 1- 7·}-') aNi 
12 at + 12 15 ax + 12 15 ay 

_ _ k- 1 _ _ k- 1 _ __ ill · · k ____ J __ _1_ _1 
( 

2 1 wk-1 ) ) (hk-1 DN· ( -qk-1 qk-1) oN · 
15 tub 30 wh 10 1 ] wbj + 12 ot + 12 + 15 ax 

(
-k- 1 k-1 ) a ~r ( 2 1 -k- 1) ) 

+ ~+~ ~~i - 15w~-~ -30w:- l _ w10 N, w~, 

L~ ~-i- _- k- 1_ wb +w,, ill · ..o.k ___ ~ __ ·k . -
( 

k-1 , ., k- ' aN ( 6 k- 1 k- 1) ) 2 1k- 1 ] 
+ 5 ax + 5 8y 5 w 10 1 1 wi 3 Pwh~- l p21 -

q w q1 tub - wh uzb r w r 1 wb - tu11 uzb 
(

-k-1-k-1 k-1( k- 1 k-1) ) , ( -k- 1-k- 1 k- 1( k- 1 k-1) ) , 
- hk- 1 - 3hk- l ax - hk- 1 - 3hk- 1 ay 

_ 1 wb - wh yk-1 _ q wb - w, _ q, Wa y k- 1 I k- 1( k- 1 k-1) (-k-1( k- 1 k-1) k-1 k- 1) 

12 t 12 5 X 

r wb - wh r, wa y k-1 ~ k- t zb k- 1 Zb ( =~<-' ( k- 1 k- 1) k- 1 k- 1) 1 k-1 ( a a ) 
- - + - - r - +r -12 5 y 2pwhw b:r ax by ay 

vhk- l ((Erui-l u~- 1 ) a ( hk- 1
) +--- --- + 2-- - Zb + - -

Pwh~- l ax h 8 x 2 

+ - - + 2-1
- - zb+ - - - -(tu, -tub) dn. (

&wk- 1 vk- t ) a ( hk- 1) 2 )) 
oy h ay 2 h 

(B.l3) 

w here 

(B.l4) 

157 



Appendix C 

Matrix Formulation 

,au au au 
G- +A-+ B- +CU + F = 0 at ax ay (C.l ) 

in which 

U = ( h q r QL r1 Wb wh w Pt P2 ) T (C.2) 

0 0 0 0 0 0 0 0 0 

0 1 0 0 0 0 0 0 0 0 

0 0 1 0 0 0 0 0 0 0 

-~ 0 0 2 0 0 0 0 0 0 h 

_h 0 0 0 2 0 0 0 0 0 
G= h 

(C.3) 
0 0 0 0 0 0 0 0 0 0 

1 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

w 0 0 0 0 0 0 h 0 0 

~- k(wb- wh) 0 0 0 0 
,, h 0 0 0 -12 i2 
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0 0 

-~- ~~+gh+ a+~ ~ 0 h 3 h 2p 3p h 

-~-~~ r !1. 
h h 

-~+1!1.+~ :ili 0 h 2p p h 

-~-w 0 ~ 
A = h 

0 0 0 

*+~ 0 0 

~~ + * 0 0 

0 w 0 

~(!if!!- ~~(wb - w,.) ) -12*(wb- wh) + k~ -12(wb - wh) 0 

0 0 0 0 0 0 0 

§.!I!. 0 0 0 0 h 2h 
3 h 2P 3P 
:!!1. :!!J.l.. 0 0 0 0 0 3 h 3 h 
~ 0 0 0 0 h 0 h -2P 
0 ~ 0 0 0 0 0 h (C.4) 
0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

2 0 0 0 0 0 0 3 

- ~ (wb- wh) 0 _!IJ. !I!. q 0 0 3 3 

~ 0 -& + Tt fi+ft !I!. 0 0 5 5 

0 0 

-~-~2ft- r !1. 
h h 

r 2 4 r
2 f 1!1. ~ 0 2r 

- /j'I - 3 ~ + g ! + 2p + 3p h 

-~-~ 
h' h' 

kL 0 h 

B = 
-w+u+~ 0 ~ h 2p p h 

0 0 0 

k+~ 0 0 

~~ + ;; 0 0 

0 0 w 
~ (9[-- W(wb- wh) ) -12k(wb- wh) + k~wa 0 -12(wb- wh) 
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0 0 0 0 0 0 0 

:!!:1. i'll 0 0 0 0 0 3 h 3 h 

0 ~u 0 0 0 h 2h 
3 h 2P JP 

2r 0 0 0 0 0 0 h 

0 2r 0 0 0 h 0 h -2P 
(C.5) 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 2 
3 0 0 0 0 0 

0 -~(wb- wh) _u u r 0 0 3 3 

0 ~ -fi + fk fi+fk u 0 0 s 5 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

C= 
0 0 0 0 0 0 0 

0 0 0 0 0 -1 0 

0 0 0 0 0 0 -1 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 0 0 :fa( -4Wb + Wh + 3w) :fo(wb - 4wh + 3w) 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 
(C.6) 

0 0 0 

0 0 0 

-2 0 0 

0 _ l. 0 p 

fo(wb + w,,- 12w) 0 2 -JP 
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F= 

where 

-hTt- qTx- Try 

(gh + !!1.)~ +!!!.:.- qT, - 9.:.r - ! if.T -?Er, - 'l.li..!.T, - fl!:!_T p {)x p t h X 3 h X h y h y 2 X 

(gh + !!1.)~ + ~- rr, - ?i!.T - H l!.lT -er, - if.r, - ~T 
p/Jy p thX3hXhYhY zx 

il!l~ + 3!1!.:.- 4q, - 3ijr, 
p 8.t p 2 t 

:!J!l~ + 3~ _ 4r 1 -3Fr, 
p IJy p 2 t 

( !1. - ~)~ + (!. - kl)~ 
h h IJx h h IJy 

( !1. + ~)~ + (!. + kl)~ 
h h IJx h h IJy 

!!~.~ + k~- !lr,- !!.!l.i.T - !lli.r, 
hiJx hiJy 2t JX 3Y 

!!!.:.~ + ~~ _ whT. _ qwTw _ q,(w, - w,)T _ 'FiiJT _ rt(w, - w,)T 
p {)x p IJy t X 3 X y 3 y 

( '!.!£- l<ll(w - w ))~ + (d£- !!..l(w - w ))9- !(!!!.:.~ + ~~) 
h 3 h b h IJx h 3 h b h IJy 2 p IJx p IJx 

+h(w; -wh)T, + ij(w;- w,)T _ 'lli!!!!.T _ F(w,- w,) r, + !:I.!£Jo'T' 
12 t 12 X 5 X 12 Y 5 ' y 

_ Wb W h 
Wa =w+3+3 
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