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Preface 

In the past, the analyses of floating ice plates were based on the 

theory of elastic plates under the assumption of an elastic foundation. 

The dynamic interaction with the sublaying flowing and standing water 

is only seldom accounted for. Furthermore, nonuniform distribution of 

the temperature, thermal stresses and viscoelastic behavior of the ice 

are usually not treated. 

It therefore seemed to be appropriate to reexamine the theme "float

ing ice-plates" in the sense of a basic study. The aim was t o derive the 

governing dynamic equations, which would fUrnish the basic tools to a 

broad variety of physical questions. The present report therefore empha

sizes clarity in the exposition of the basic assumptions, however, never

theless exemplifies the calculations to such an extent that questions 

motivated by practice oriented engineers and geophysicists may easily 

be attacked. It is our intention to treat such problems in a fUrther 

report. 

Professor Dr. D. Vischer 

- iii -



Abstract 

In the past, the analyses of floating ice plates were based on the 

theory of thin homogeneous elastic plates on elastic foundation. The 

dynamic behavior was only rarely investigated and more carefUl investi

gations, which would examine the reliability of the governing equations, 

are generally lacking. In this report therefore, an attempt is made, 

to examine the entire matter in its essentials and to present it in 

utmost generality, however with the intention of later practical appli

cability. 

Chapter l reviews the physical problem and, very briefly, also 

touches the mathematical methods used. The important literature which 

has had considerable impact on the approach used here is quoted. It 

has been tried, to the authors best knowledge to mention all important 

research articles, however completeness is not intended. 

In Chapter 2 the governing equations for the fluid layer bearing 

the ice plate are developed. Many of the results in this Chapter are 

known; in the method used here, which is based upon a regular perturba

tion approach, however, special emphasis is observed with regard to the 

boundary conditions valid at the ice water interface. These are of 

particular importance if the interaction of ice and water is taken in

to account. 

In Chapter 3 and all the subsequent derivation~ essentially new re

sults are obtained. Based on a three dimensional theory of nonlinear 

elasticity, starting from thermodynamic considerations, various plate 

theories are developed for the case that the temperature distribution 

in the ice plate may be nonuniform • Apart from deformations 
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in the plane o~ the plate, also various bending theories are obtained, 

such as what could be called a generalized Reissner and von Kàrmàn 

theory. Shear de~ormation and rotatory inertia and the nonuni~ormity 

o~ the temperature ~eld are included in the theory. The well known 

Kirchho~~-Love hypothesis, according to which line elements (directors) 

perpendiculár to the unde~ormed middle plane maintain this orthogonality 

during the course o~ de~ormation, is abrogated. Accordingly, in these 

plate theories all boundary conditions can be satis~ied without encounter

ing the boundary singularities o~ the Kirchho~~-Love theory. 

In Chapter 4, ~inaily, the viscoelastic plate theories, analogous 

to the ones presented in Chapter 3 are developed, under the same assump

tion o~ nonuni~orm temperature distribution. Based on methods used in 

the theory o~ high polymers, the viscoelastic plate theories are developed 

by assuming that ice satis~es the postulates o~ thermorheologicaiiy sim

ple materials. 

Practical results will be dealt with in a later report. 
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Zusammenfassung 

Die Berechnung schwimmender Eisplatten ist bis anhin mittels der 

Theorie homogener elastischer Platten auf elastischer Unterlage erfolgt. 

Nur selten wird auf dynamisches Verhalten eingegangen und eingehendere 

Untersuchungen, welche die Zuverlassigkeit der verwendeten Gleichungen 

uôerprüfen, fehlen fast vollstandig. Im vorstehenden Bericht wird 

daher der Versuch unternommen, den ganzen Fragenkomplex von Grund auf 

zu uôerprüfen und in moglichster Allgemeinheit, jedoch mit der Absicht 

spaterer praktischer Verwendung, darzustellen. 

Kapitel l gibt eine allgemeine Uebersicht uôer die physikalische 

Problemstellung und zeigt in Stichworten die verwendeten mathematischen 

Methoden auf. Soweit dem Autor bekannt, wird auf die vorhandene Litera

tur, welche im betreffenden Abschnitt von Bedeutung ist, eingegangen. 

Anspruch auf Vollstandigkeit wird selbstverstandlich nicht erhoben. 

Kapitel 2 behandelt die Grundgleichungen der dem Eis unterliegenden 

Flüssigkeit. Die meisten der in diesem Kapitel hergeleiteten Resultate 

sind bekannt, die hier dargesteLtte Methode, welche von der Storungsrech

nmg Gebrauch macht, nimmt jedoch speziell Bezug auf die an der Eis -

Wasser Grenze vorhandenenRandbedingungen welche im Rahmen einer dynami

sclEn Interaktion von Eis-Wasser von Wichtigkeit sind. 

Kapitel 3 und alle folgenden Untersuchungen hingegen enthalten wesent

lich neue Resultate. Es werden,von der 3 dimensionalen Elastizitatstheorie 

ausgehend,mit den Mitteln der Thermodynamik, verschiedene Plattentheorien 

hergeleitet fÜr den fÜr schwimmendes Eis wichtigen Fall, -dass das Tempera

turfeld im Eis nicht uniform verteilt ist. Neben einer Scheibentheorie 

wird auch eine verallgemeinerte Reissner- und von Kàrmàn-Theorie entwik

kelt. Scherverformungen und Rotationstragheit, wie auch die durch das 
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Temperaturfeld erzeugte Inhomogenitat sind also berücksichtigt in 

dieser Theorie. Die bekannte Kirchhoff - Lovesche Hypothese, gemass 

welcher materielle Linienelemente, welche senkrecht auf der undeformier

ten Mittelebene der Platte stehen,unter Verformung senkrecht auf dieser 

(verformten) Ebene bleiben, wird daher nicht getroffen. .Dementspcech

end konnen in dieser Plattentheorie alle Randbedingungen ohne die in der 

Kirchhoffschen Theorie bekannten Randsingularitaten erfüllt werden. 

Kapitel 4 gi 1t schliesslich die Herleitung der im Kapitel 3 auf

gestellten elastischen Plattentheorie für den viskoelastischen Fall. 

Aufgrund von Methoden der Polymerphysik werden die dem Kapitel 3 

analogen Theorien viskoelastischer Platten mit nicht uniformem Tempera

turfeld hergeleitet, indem angenommen wird, dass Eis die Voraussetzungen 

thermorheologisch einfacher Materialien erfülle. 

Auf praktische Probleme wird in einer weiteren Mitteilung eingegangen. 
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Résumé 

Le calcul des plaques de glace flottantes se faisait jusqu'a pré

sent à l'aide de la théorie des plaques élastiques homogenes reposant 

sur un milieu élastique. On ne s'est intéressé que rarement a leur com

portement dynamique et les expériences qui confirmeraient la validité 

des équations utilisées n'ont pratiquement jamais été réalisées. L'étude 

~aisant l'objet du présent rapport s'est attachée a vérifier depuis la 

base, un vaste ensemble de questions et a le décrire le plus générale

ment possible sans perdre de vue les applications pratiques ; 

Le chapitre l donne une vue générale de l'aspect physique du prob

leme et décrit brievement la méthode mathématique utilisée. L'auteur y 

mentionne toutes les ré~érences bibliographiques dont il a connaissance 

et s'étend sur les ouvrages qui ont leur place dans ce chapitre. La 

bibliographie citée n'a cependant pas la prétention d'être complete. 

Le chapitre 2 traite les équations ~ondamentales du liquide sur 

lequel repose la glace. La plupart des résultats auquels on aboutit 

dans ce chapitre sont connus. Toute~ois la méthode décrite ici qui est 

basée sur la méthode des perturbations, tient compte spécialement des 

conditions aux limites existant sur la sur~ace de contact glace-eau 

car celles-ci jouent un role important lors d'une interaction dynamique 

glace-eau. 

Le chapitre 3 et toutes les déductions qui suivent contiennent en 

revanche des résultats essentiellement nouveaux. A partir de la théorie 

de l'élasticité à 3 dimensions et en utilisant les moyens de la thermo

dynamique, di~~érentes théories des plaques ont pu G'tre établies dans 

le cas important pour la glace ~lottante ou le champ de températures 

n'est pas réparti uni~ormément dans la glace. Parallelement a une théorie 
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des parois, une théorie de Reissner et von Kàrmàn généralisée est aussi 

développée. Les déformations de cisaillement ainsi que l'inertie de 

rotation et l'inhomogénéité engendrée par le champ de températures sont 

également prises en considération dans cette théorie. On a pu laisser 

de c8té l'hypothese bien connue de Kirchhoff-Love d'apres laquelle les 

éléments matériels unidimensionnels situés perpendiculairement au plan 

moyen non-déformé de la plaque restent dans cette position apres la dé

formation de celle-ci. Ainsi dans cette théorie des plaques, toutes 

les conditions aux limites peuvent être remplies sans qu'appara!ssent 

les singularités aux limites qui interviennent dans la théorie de 

Kirchhoff. 

Le chapitre 4 fait finalement appara!tre des résultats analogues à 

ceux du chapitre 3 obtenus pour les plaques élastiques, mais trouvés 

cette fois pour le cas viscoélastique. A l'aide de méthodes utilisées 

par la physique des polymeres, des théories analogues à celles du chapi

tre 3 sont élaborées; elles sont adaptées aux plaques viscoélastiques 

dont le champ de températures n'est pas uniforme. Pour cela on admet 

que la glace remplit les conditions thermorhéologiques des matériaux 

simples. 

Une publication ultérieure traitera les problemes pratiques. 
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0606111~ 

Pae~er&r rr~aBy~MX rro~oe ~&Aa rrpoBo nM~Meh no eMx rrop e 

ITOM Ofl1bW TEOpMM O.!i,HOpO.!i,HhlX yrrpyrMX TI~MT Ha yrrpyrol ITO.!i,-

~0)!(!{8, J3orrpoe&I .!i,MHaMvl~E eKOrO TIOB8.!i,8HM.fl OeBeqaJIMeb TOJibKO 

113p8.!i,Ka M 60JI88 ITO .llp06Hbl8 MeeJIE.llO BaHM.fl, ITpOBE]:J.fl!Ofl1!18 rrpa

BMJibHOeTb ITpMMEH.flEMhlX ypaBHEHMM ITO~TM eOBEplliEHHO OTeyTeT

ByKT. J3 rrpeneraEJIEHHO M e006 111E HM M ITpE .!i, ITpHH.flTa TI03TOMY ITO

miTKa ITOJIHOeT~W ITpOBEpMTb BEeb KO M ITJIEKe BOTip6eOB l1 

rrpe.!i,eTaBMTb ero ITO MEpe B 03MOlKHOeTH E ero eoBOKYITHOeTH, 

HE yrryeKaH O.!i,Ha KO !13 BHAY ITOe~EAYIOfl188 rrpaKTH~EeKOE Tip!1-

M8HEH!18 , 

fJiaBa 1 naeT 0Ôfl1!1Ü OÔ30p QJl13!1 ~8eKO iiÍ TI]:JOÔJIEW.aTHKH 

111 ITpEAE~bHO KpaTKO l/l3~araeT !IpHMEH8HHbl8 !.'ia TEMaT!Il~Ee KME 

METO.!i,bl, YITO!.'! JilHaETCH eyfl1EeTBYWfl1a.fl JIMTEpaTypa, l1M8Kfl1a.fl 

3Ha~BH!Il8 .!i.~.fl 3TOrO pa3.!i,E~a, TIOeKOJibKY OHa M3B8eTHa BBTO

py, KOTOphlM, pa3yME8 Te.fl, HE Bhl.!i,EHraeT !IpHT .fl3aHMM Ha He

~8piTbJEa!Cfl1MM en!lleOK Tp y.D.OB , 

f~aBa 2 paee!iaTplllEaET OeHOBHb!E ypaEHEHH.fl paeTIOJlO iKEH -

HOM non Jlb.!i.OM lKM.D.KoeTH. EoJI&WHHeTBO EbiBene HHbiX B aroti 

r~aBe pe3y.JlbT8.TOE YlKE l13EEeTHbl. ÜTIHeaHHD!ti METO.!i., KOTOpb!M 

ITOJIOlKEH B OeHOBy METO.!i,a B03MYfl18HHti, oeo6o eehlJI8.8Te.fl Ha 

xpaeB&re yeJioBH.fl, eyfl1eeTBYKfl1HE Ha rpa HH Jien-aona, KOTOpbre 

MMEIOT 3H8.~8Hl1E B paMKaX .!i,lllHaMH ~EeKOrO B3aHMO.D.EtieTBH.fl Jlb.!i,a 

M BO.!i,bl, 

f~aBa 3_ l1 Bee TIOeJIEAYIOfl11/l8 HeeJIE.!i,OB8.Hl1JI eoneplKaT, Ha-

ITpOTHB, ey111eeTB8HHO HO BbiE pe3yJI&TaTbl, 11eXO.!i,.fl !13 TpEX-

MEpHOI TEOpMH pa3 MEpHOeTH T80pl1!1 yrrpyroeTM , M e TIOMOfl1bW 

epeneTB T8pMO.!i,MHBMl1Kl1, BbiBE.!i,EHbl pa3~M~Hbl8 TIJIMTO~HbiE TEO

pMM B el3.fi3M e Ba)i(Hh!ll~ .IJ. JI .fi TIJiaBy~ero JibAa eJiy~aeM, ~TO TEM-

rrepaTypHOE TIOJIE HEpaBHO MEpHO paerrpEAEJIEHO BO ~bAY· Ha-

pH.!i.Y e .!i,~eKOBOM TEOpHEti pa3Bl1Ta TaKlKE 0606fl1EHHB.fl PetieHepa 

H cpo H KapMaHa reopM.fi. IecpopMaQI/lM enBMra M MHEpQHH Bpafl1e

Hlll.fi, a TaKlKE Bbi3BaHHa.fi TEMITEpaTypHbiM !IO~EM pa3HOpO.!i,HOeTh, 

TOlKE y~TEHhi B aroR reopvm. lií3Beer Ha.fi KHpxro<iJlpa-JloBe rlll

nore3a," eor~aeHO KOTOpOi/i MaTEpHa~hHbl8 Jil1H8tÍHbl8 3JIEM8HTbi , 

KOTOph!E B8p THKaJihHO paC!IOJIOlK8Hbl B HE.!i,EcpOpMMpOBBHHOM 1.\EH

TpaJibHOili,rl~oeKOeTH ITJIMTbi, OeTaWTe.fl !Iplll .!i,EQJOpMaQM!Il B B Ep

THKa~hHO~ !IOJIOlKEHMH B 3TOM (AEcpOpM!IlpO E aHHOI)rrJIOeKOeTM, 

eJienoaare~&Ho, He Bhi.!i.EMraereH . CooTDETCTBEHHO, ara !IJIM-

TO~Ha.fi TEOpM.fl !I03BO~Jl8T Bhi!IO~HMTb Bee KpB8Bbi8 ye~OBIIlH, 

Ô83 M3EEeTHbiX !IO KHpXrOcj)cj)a TEOpMM rpaHH~Hb!X oeo6EHHOeT8M, 

- x -



fJiaBa 4 IIpv!BO.I\HT 3BT8M BhlBO.I\ Bhi.I\BHHYTOM B r.lJaBe 1 
yrrpy roiií IIJIHTO'iHOM T80)JI111 JJ,JIH CJiy<raB: BH3KOyrrpy roCTH. Ha 
OCHOBe M8TO.I\OB IIOJIHM8pHOiií QH311 K11 BhlB8.I\8Hhl 8.HBJIOrH trffil8 

rJiaBe 3 T80p!111 BH3KOyiipyrHX IIJIIIi T C HepaBHO M 8 p HhlM Te t.me 

pa TypHbiM IIOJieM, viCXO.D.H 11!3 rrpe.Il,IIOJIO:iK8Hvl.fi, tiTO Jl8.ll BhiiTOJI 

HJi8T rrpe.D.IIOCh!JIKH TepMopeOJIOr!i!tr8CKl1 IIpOCTbiX M8.T8pvl8.JIOB. 

ITpaKTH<reCKMe rrpo6Jie Mw paccMoTpeHw B rrocJieJJ.yw~eM 

coo6~eHIIll1. 
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Notation 

In this article symbolic and Cartesian tensor notation is used. 

Accordingly, Latín and Greek indi.ces assume the values l, 2, 3 and 1, 2, 

respectively. Einstein's summation convention is used according to which 

summation is understood over doubly repeated indices. Commas indicate 

differentiation with respect to a space variable, while dots denote total 

(material) time derivatives. 

Subsequently a list of symbols is given. 

A 

.A 
(n) 

a 

00 

e .. 
~J 

d~) 
~J 

-e ijkl 

"'(m) 
li ijkl 

D 

Cross sectional area per unit width 

Displacement vector potential 

Abbreviations connected with the normal strains per-

pendicular to the plate surface 

Banach space of dimension n 

Sound speed 

Strain functional under constant stress 

Abbreviations connected with the normal strains per-

pendicular to the plate reference plane 

Right Cauchy-Green deformation tensor 

Right Cauchy-Green deformation tensor of order m 

First order elastic constants of three dimensional 

anisotropic linear elasticity 

First order elastic constants of order m of two dimen-

sional anisotropic finite linear elasticity 

Plate bending rigidity of the generalized Reissner 

Theory 

Zeroth and first order plate rigidities 
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<J:)(O)(t), <j)(l)(t) 

!J)(O) ~(l) 
' 

Zeroth and first order extensional relaxation functions 

Zeroth and first order ~lexural rigidities 

~(O)(t), ~(l)(t) Zeroth and first order ~lexural relaxation functions 

Di j 

E 

Ei j 

é~) 
l. J 

'Ei j u( i, j) 

00 

~ (. ) 
s=O .. 

l. J 

00 * lf (. ) 
s=O 

xij 

00 

l (·) 
s=O 

F 

F, ... ~, ~, ~ 
~ p g 

00 

~ (·) 
s=O 

g 

Gijkl(t) 

Stretching tensor 

Modulus o~ elasticity 

Elongation tensor or Lagrangian strain tensor 

Lagrangian strain tensor o~ order m 

l 
-
2

(u. .+u .. ) 
J.,J J,J. 

Strain functional 

Isothermal strain functional at the particle X 

Functional ~or the internal energy 

Stress function 

Functions describing bounding sur~aces 

Displacement gradient 

Functional ~or a typical variable ~ 

Body ~orce per unit mass 

Body ~orce o~ order m (per unit area) 

Gravity constant 

Stress-strain relaxation function o~ anisotropic-

viscoelasticity. 
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H 

h 

i 

J 

L 

m, m 

M ,M x y 

M 
xy 

N. 
l. 

n. 
l. 

Stress-strain relaxation fUnction o~ anisotropic 

viscoelasticity 

Water depth 

Thickness o~ the plate 

Constant in "macroscopic plane stress" situation 

imaginary unit 

Moment o~ inertia o~ order p 

det F . . , ,Tacobian determinant o~ the motion ~l·) 
l. J 

Functional, o~ which an extremum is sought 

Density o~ kinetic energy 

Re~erence length 

Averaged stress strain relaxation fUnction o~ order 

p in isotropic ~nite linear viscoelasticity plates 

Mass densities 

Averaged shear relaxation fUnction o~ order p in 

isotropic ~nite linear viscoelastic plates 

Averaged shear modulus o~ order p in isotropic ~nite 

linear elastic plates 

Bending moments 

Twisting moments 

External normal vector in the re~erence con~guration 

External normal vector in the present con~iguration 

"Generalized Poisson's ratios" 

Tensor valued fUnction having value zero 
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e 
i j 

p 

00 

11- (. ) 
s=O 

00 

(l (. ) 
S= o. 

l. 

s 

00 

G(·) 
S=Ü 

T .. 
l. J 

00 

:t (.) 
s";;"o •. 

l. J 

u 

Orthogonal Transformation 

Pressure 

Functional for the free energy 

Isothermal free energy function àt the particle X 

Heat flux (Lagrangian) 

Heat flux (Eulerian) 

Shear forces 

Functional for the heat flux vector 

Complex variable for the Laplace transforms 

Surface area 

Surface load of order p 

Static moment 

Functional for the entropy 

Stress vectoz: 

Extra stress (Deviation from equilibrium stress) 

Extra stress (Deviation from equilibrium stress) 

Functional for the first or second Piola-Kirchhoff 

stress tensor 

velocity in the x
1
-direction 
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u. 
l. 

v 

v. 
l. 

w 

X,Y 

€ 

Ei j k 

TJ u3 
(o) 

TJ 

!P -m (l) 

<l> 

!l! 

xC.) 

~ = 
(l) 

-u2 

1jr 

'!.' 

Displacement vector 

Acceleration vector ot order m. 

Velocity in the y-direction 

Velocity vector 

Volume 

Normalization velocities 

Velocity component in z-direction 

Velocity vector at the plate - ice interface 

Particle label 

Strain at constant stresses 

Averaged shear modulus 

Kronecker delta, unit tensor,õ . . 
l. J 

o if i _L • 5 i j = , r J 

l, if i 

Perturbation parameter, internal energy 

Lévi-Cività tensor, permutation symbol 

Zeroth order displacement 

Entropy 

First order displacement in the x-direction 

Velocity potential, Stress fUnction 

Empty set 

Temperature time shift function 

First order displacement in the y-direction 

Free energy 

j and 

Potential function for P! or the displacement field 
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p 

T 

(j) 

o 

Lamé's constants, or material constants for a Navier-

Stokes fluid, or isotropic relaxation functions in 

viscoelasticity 

Averaged Lamé's constants of order p 

Density of the fluid 

Absolute temperature 

Temperature resultants of order m 

Pressure at the plate-water interface 

Nondimensional time, relaxation time 
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Chapter l: statement and Motivation of' the Problem 

In the past, the analyses of' f'loating ice plates subjected to 

static and dynamic loads were based on the theory of' thin homogene

ous elastic plates, although in actual f'loating ice plates the mater

ial constants may vary strongly with depth. The reason for the varia

tion of the material constants is chief'ly due to a nonunif'orm distri

bution of' the temperature with depth, but also due to a nonhomogeneity 

induced by the freezing process. In addition, the material behavior 

may be more complex than the simple linearly elastic response which 

is generally assumed in ordinary plate theories. In f'act, it has 

been shown by Nevel [l] that moderaúDy slow processes should be des

cribed by a material model which takes dissipation into account. 

With regard to the elastic behavior A. Assur has suggested that 

the elastic plate theory may be applied in f'loating ice plates pro

vided the plate constant (Young's modulus) is replaced by a quantity 

which is averaged over the depth of' the ice plate. This conjecture 

has been substantiated by Kerr and Palmer [2], who on the basis of' 

linear elasticity theory show that the usual plate theory emerges 

when the pertinent equations are averaged over the thickness of' the 

plate. Kerr and Palmer's result, however, is based on the tacit as

sumption that Poisson's ratio does not vary with depth, an assumption 

nowhere justified in their article. Moreove.r, they do not take thermo

dynamic arguments into account. These, so we believe, are nontheless 

important, because the temperature varies f'rom one material point to 

another. 

- l -
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A reinvestigation o~ the entire matter seems to be necessary, 

because, apart ~om the above reasons, various e~ects have not been 

studied in the past. First, it is not clear a priori that the non

uni~ormity o~ the temperature distribution can simply be interpreted 

as a nonhomogeneity o~ the material constants. In fact this is cer

tainly not so in the viscoelastic theory. Second, dependent upon the 

local air temperature the corresponding temperature distribution in 

the plate will change and so do the local material constants and 

the averaged constants as well. Third, thermal stresses are induced 

through the temperature variation. These thermal stresses, in gen

eral, will causé de~ormations in the plane o~ the plate. A proper 

derivation thus should include thermal stresses. Fburth, the situa

tion is not too rare where displacements are o~ the order o~ or 

larger than the thickness o~ the ice plate. It there~ore also seems 

to be justi~ed that the von Kàrmàn plate theory is investigated with 

regard to its validity in the situation o~ ~loating ~ce plates. 

While ~or considerably ~ast processes it generally s~ces to 

assume that the material response is elastic, this assumption must 

be abandoned ~or quasistatic processes and replaced by a more appro

priate hypothesis, which takes dissipation into account. I~ the same 

generality as in the elastic theory is kept then a simple linear theory 

o~ viscoelasticity must ~ail, because it does not include the analogue 

to the v9n Kàrmàn theory. Moreover, the temperature variation o~ the 

relaxation or creep fUnctions o~ linear viscoelasticity generally in

duce a nonlinearity in the governing equations. Because our interest 

is not in a ~ coupled theory o~ thermoviscoelasticity and we only 
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search ~or a theory which takes a nonuni~ormity in the base tempera

ture into account, the basic thermodynamic theory, which is very di~

~icult, must be simplified. Fortunately, such a simplified theory 

is already aw.ilable in the literature o~ high polymeric materials. 

The key idea is that the temperature dependence o~ the material con

stants is trans~ormed in to a time dependence; this behavior i s known 

as the temperature time shifi property and the material is re~erred 

to as being thermorheologically simple. By assuming that ice does 

satisfy the postulates o~ thermorheologically simple materials, rein

vestigating existing theories o~ high polymers, it is then possible 

to carry over the calculations o~ elastic plates into those o~ vis

coelastic plates. In this way we then arrive at corresponding 

plate theories valid ~or viscoelastic materials. As a side result 

o~ these calculations, the basic question as to whether the ordin

ary material constants (as determined by the material scientists) 

or other constants must be chosen, is naturally answered. 

Thus ~ar, only the behavior o~ the plates has been considered. 

An equally important part o~ the description o~ floating ice is the 

one o~ its underlying water, because it determines the boundary ~or

ces at the inter~ace plate-water. While this interaction is generally 

only taken into account by assuming that the water pressure is pro

portional to the plate deflection, a moments thought shows that this 

is only correct in the static situation. Dynamic processes are much 

more complex. In particular there are various physical situations 

~or which a di~erent set o~ di~erential equations applies. Gen

erally, lake and sea ice requires a di~~erent treatment o~ the ~luid 
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equations than ice on rivers. And even then other situations can arise as in 

the interaction o~ ice and water in the tidal motion. While ~or all 

the preceding situations the ~luid sublayer may be assumed to be an 

incompressible viscous or inviscid material, compressibility must 

be taken into account when seismic studies on ~loating ice are per-

~ormed. 

The ~oregoing considerations thus make it desirable to list 

brie~ly the governing equations o~ the ~uid together with a carefUl 

investigation o~ the boundary conditions on the plate-water inter

~ace and the ~ree sur~ace. Contrary to the plate equations, however, 

a temperature variation in the liquid layer needs not be taken into 

account. With regard to the physical situation, the ~ollowing cases 

may be di~~erentiated: (i) lake- and sea-ice: The motion o~ the water 

particles is con~ined to small perturbations about an equilibrium 

position. Viscosity is unimportant. (ii) Tidal waves: In this case 

the shallow water assumption is justi~ed. (iii) Rivers: The water 

is in pronounced motion and viscosity must not be neglected. 

Speci~cally, the paper is divided into ~our Chapters. Chapter 2 

deals with the equations ~or the ~uid. Starting with the basic bal

ance laws o~ mass and linear momentum and the basic constitutive equa

tions ~or a compressible and incompressible ideal or viscous ~luid 

we develop the basic governing equations ~rst ~or the compressible 

inviscid ~luid under small perturbation ~low. Contrary to the usual 

treatments (see any book on hydrodynamics [3],[4],[5]) we show how, 

in principle, an entire hierarchy o~ di~erential equations and boun

dary conditions can be obtained, by per~orming a regular perturbation 
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expansion. We derive the potential equations of the first order which 

apply when the density is nonuniform and then turn our attention to 

the incompressible inviscid fluid; using a similar regular perturba

tion expansion, the well known smali amplitude approximation, valid 

for lake- and sea-ice is developed. In contrast to the foregoing 

treatments the derivation of the governing equations of the shallow 

water theory, are obtained by a singular perturbation expansion. The 

procedure applied here follows Stoker [6] and it turns out that a 

reasonable set of equations, describing the interaction of large ice 

plates with the tidal motion is obtained. Chapter 2 ends with an 

investigation of the viscous equations valid in rivers when being 

covered by ice. In all the aforementioned calculations special care 

is observed with regard to the boundary conditions, valid at the plate

water interface. 

Chapter 3 deals with the derivation of the basic dynamic equa

tions of plates with nonuniform temperature distribution. In spite 

of various significant contributions in the recent literature a com

plete nonlinear theory of elastic (or viscoelastic) plates, which pro

vokes further developments and enables ene to make plausible assump

tions is not currently avail able. An attempt is thus made to develop 

a fully nonlinear theory of plates within the framework of three dimen

sional elasticity and viscoelasticity. 

The earliest works on plates may be traced back to Kirchhoff [7]· 

This theory i s reported by Love [8]. These works are bound to linear 

elasticity and are formulated by means of ad hoc assumptions. In this 

respect the reader is reminded of the familiar Kirchhoff-Love hypothesis 
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according to which planes normal to the middle surface maintain this 

orthogonality under def'orma.tion. Attempts to alandon this hypothesis 

are to be f'ound in two dif'f'erent directions. One approach is based 

on the theory of' oriented media and may be summarized as the theory 

of' Cosserat surfaces (f'or an account see Truesdell and Toupin [9] 

and Truesdell and Noll [10] ). This approach is axiomatic and we do 

not see how it could be generalized to deliver a theory f'or plates 

with nonunif'orm temperature distribution in a f'orm which would deter

mine this temperature dependence f'rom the 3 dimensional constants. 

Another apparently more f'ruitf'ul approach starts f'rom the three di

mensional theory of' nonlinear dynamics. These equations are then 

averaged over the thickness of' the plate, thereby reducing a three 

dimensional problem to a two dimensional one. This branch of' research 

has been initiated by Mindlin and Medick [11]. Various authors such 

as Nigul [12], Kalinin [13] and Koiter [14] discuss the method. A 

comprehensi ve survey o f' the technique is gi ven by Gol' denweizer [ 15]. 

The technique was applied to specif'ic plate problems, using techniques 

such as the direct method, the asymptotic method and the series expan

sion method by various authors, see [16], [17], [18], [19], [20] . 

In our investigation the series expansion technique is used. The 

method involves the expansion of' all variables in terms of' the ap

propriate coordinates. These series are either in terms of' orthogonal 

polynomials or ordinary Taylor series. The method converts three 

dimensional approximate equations of' elasticity (or of' more complicated 

material behavior) into a hierarchy of' two dimensional approximate equa

tions by the use of' a variational principle or the method of' integration. 
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It not only furnishes the governing two dimensional equations for the 

plate motion but also the characteristic constants (flexural and exten

sional rigidities) as functions of the base temperatura distribution. 

The temperatura variation with depth and its dependence upon the sur

rounding air temperatura is important in floating ice plates. Its 

influence on all occuring constants in the various plate theories is thus 

investigated for the most important case that the temperatura varies 

linearly with depth. 

To SUJllllB.rize the results of Chapter 3, mention must be made of 

two different cases. If Poisson's ratio is not a function of the 

temperatura, then, loosely spea.king, all results known from the vari

ous classical elastic plate theories may be adopted, if only the mater

ial constants are replaced by appropriate averages over the thickness 

of the plate. This is, strictly spea.king, however, only correct in 

the static situation. In the bending theory of elastic ice-plates 

with nonuniform temperatura distribution, an acceleration term occurs 

which in spite of its numerical insignificance, makes the equivalence 

only approximate. We thus conclude that the validity of Assur's con

jecture approximately goes far beyond the case investigated by Kerr 

and Palmer. It is, however incorrect when Pbisson's ratio cannot be 

assumed to be independent of the temperatura. 

Chapter 4 gives an account on the viscoelastic theory of plates 

under the same general assumptions as in Chapter J. Hereby, only the 

constitutive theory of finite viscoelasticity must be newly developed, 

because this is the only element of Chapter 3 which changes when a 

viscoelastic body is considered. Unfortunately the theory of visco

elastic materials with nonuniform temperatura distribution is extremely 
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complex. This is easily seen when one is investigating the tempera-

ture dependence of the relaxation or creep fUnctioris. The integral 

of these functions over the plate thickness generally again furnishes 

a fUnction of time. Only in special cases (which may be considered 

* unphysical) does this fUnction reduce to a constant fUnction. If 

this property would exist then similar results to the purely elastic 

theory would be observed. But this is not so. Hence, in general, 

a viscoelastic plate theory with nonuniform base temperature is 

governed by a different set of equations fromthe corresponding iso-

thermal (homothermal) plate theory. Since no systematic measurements 

of the temperature dependence of the relaxation functions are pre-

sently available and since no order of magnitudes of this influence 

does exist, we are unable to go fUrther in neglecting terms which 

might become significant. 

On the other hand it seems worthwhile to note that apart from 

an interest in floating ice, the above difference in the behavior of 

plates with uniform and nonunifor.m temperature distribution calls 

for an investigation of a standard example to be solved, which clearly 

would show limits under which situation the same set of equations 

could be used in both situations. This, among other things will be 

dealt with in a later article. 

* The only physical case occurs when the temperature distribution is 
symmetric which is a very rare situation for ice. 



Chapter 2. Basic Eguations of the Fluid Sqblayer 

Because the response of floating ice plates to external loads 

is basically described by an interaction of the plate with its under

lying fluid layer, it seems to be natural that a proper description 

must take into account both the behavior of the f.luid and of the 

plate as well. In this Chapter we present the basic equations for 

the liquid. 

As it was already mentioned in the Introduction, there is a 

basic difference between sea-, lake- and river-ice. Accordingly, 

with regard to fluid motions one must differentiate between neigh

boring states of standing water and water in pronounced motion. 

To substantiate this statement consider the situation as illustrated 

in Fig. 2.1, that is, consider shallow water which to the left of 

the reference coordinate x = O possesses a free surface while being 

covered with an ice plate to the right of x = O. 

y 

free surface ice plate 

x 

H 
ground Fig 

Loosely speaking, in standing water there is no difference in the 

2. l 

basic physical behavior of the layer for x S O and for x > O. Neither 

at the free surface nor at the fixed bottom surface is there any major 

boundary layer to be significant. In rivers, however, or more generally 

9 -
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when horizontal velocities are large, it is known that boundary layers 

are important. In fact, ~or a rigid ice sheet the ~low pattern far 

downstream must be the well known Couette ~low. In short, while sea-

and lake-ice interaction phenomena can be determined accurately enough 

~om a theory based on an ~ ~luid assumption, there is a de~nite 

need to treat the ~uid as viscous in all those cases where horizontal 

* dri~t velocities are substantial • We there~ore treat the ~luid as 

viscous ~om which the ideal ~luid can be easily obtained by speciali-

zation. Moreover we do not asstime, in general, that the ~uid be in-

compressible, because in so doing one loses the important property 

that dilational disturbances propagate with ~nite speed. Hence, the 

response o~ ice sheets and o~ the sublaying water to seismic waves 

would not be .described. Nevertheless, it seems to be clear that the 

dynamics Ó~ ice plates under seismic pulses belong to another class 

o~ physical problems than the response o~ ice plates to oceanic waves 

which may be caused by wind, or the response o~ the entire system to 

external dynamic loadings. It there~ore seems to be justi~ed to 

divide the entire topic into three groups 

* 

(i) Compressible inviscid ~luid - smal1 perturbations under 

standing water conditions (propagation o~ seismic pulses) 

(ii) Incompressible inviscid ~luid (sea- and lake-ice) 

(iii) Incompressible viscous ~uid with large dri~ing velocities 

parallel to the unde~ormed plate (rivers) 

The inviscid approximation as used in the air~oil theory, described 
by the Prandtl-Glauert equations, [22], cannot be considered to be 
a valid one, because it discards the ~act that the ~ow pattern o~ 
a river is entirely due to the viscous boundary layer. The entire 
velocity pro~le is the boundary layer pro~ile. The Prandtl
Glauert approximation would only be justi~ed in deep water with 
pronounced dri~ing velocities. 
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To introduce the state of affairs it suffices to note that the 

dynamic equations are conservation of mass, balance of linear mamen-

tum, moment of momentum and energy. In general, these equations con-

tain the temperature as a basic field variable. However, when the 

boundary conditions of place and traction are independent of tempera-

ture and the stress does not depend upon the temperature either, 

then the energy equation separates fram the other equations. This 

is thus the simpli:f'ying assumption we shall make: The temperature 

does not enter the constitutive equation of stress and all boundary 

conditions of place and traction are temperature independent. For 

classical viscous fluids this assumption is tantamount to assuming 

that the viscosity be independent of the temperature. 

With this last simpli:f'ying assumption the energy equation be-

comes redundant and the dynamical equations reduce to continuity: 

!!e. + p\1• v dt ~ 

linear momentum: 

d v 

o 

p d~ \l" ;E + P[ 

(2.1) 

(2.2) 

with the condition ;ET = ;t, ;ET denoting the transpose of :E· In the 

above equations, p denotes the density, ~ the velocity, ;E the Cauchy 

stress tensor and f the body force per unit mass. 

In the problems of interest to us, f is the earth acceleration 

vector f = ~· We shall restrict our considerations henceforth to 

this case. 
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It remains to establish a constitutive equation for T. To this 

end we decompose T into its equilibrium and viscous parts -p1 and 

!n' respectively: 

T (2.3) 

where in equilibrium !n = ~· This is a thermodynarnic consequence we 

shall not further investigate. For Navier-Stokes fluids 

T (2.4) 

where D denotes the stretching tensor and is given by 

D (2. 5) 

Note, that the role of p is different for compressible and incom

pressible materials. For an incompressible material p is function 

of place and time only and its determination is part of the integra

tian of the system (2.l) and (2 . 2) . On the other hand, in a compres

sible material p is a function of the density p. 

In accord with common usage in classical fluid dynamics we im

pose the Stokes condition, viz. trace !n = ~' thereby arriving at 

o (2.6) 

With this equation we have arrived at the full set of equations des

cribing the fields. Before specializing the equations for the groups 

listed above we consider the boundary conditions. 

To this end notice that according to Fig. 2.l there are three 

different types of boundary conditions to be satisfied, (i) at the 
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free surface, (ii) at the impermeable wall and (iii) at the contact 

surface with the plate. In general, the free surface is not known 

a priori. The same is true for the contact surface of plate and 

liquid. To begin with let y = f(x,z,t) be the equation of the ground, 

instantaneous free surface or instantaneous contact surface, respec-

tively. Clearly, on the wall f(x,z,t) is independent of time. For 

an inviscid fluid the boundary condition there apparently must be 

that the normal velocity be zero. Thus 

O on the ground. 

On the free surface or the interface F= y- f(x,z,t) =O for any 

particle and in particular 

hence 

dF 
dt 

df + df + v df 
dt vx di z dz-

o 

v 
y 

o 

(2.7) 

(2.8) 

where we have set v= (v ,v ,v ). The relation (2.8) is the boundary 
~ x y z 

condition for the interface and expresses, as is easily seen the fact 

that the fluid particles on the interface remain there during the course 

of the motion. For the free surface, however, (2.8) does not suffice 

to determine the boundary conditions, and must be complemented by a 

condition on the pressure. We shall work with relative pressure and 

assume that it be zero at the free surface. This is in sharp contrast 

to the single boundary conditions (2.7) and (2.8) for wall and plate, 

but it is not strange that two conditions should be satisfied in the 
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case of the free surface since an additional unknown function f, 

the equation of the free surface, is involved in the latter case. 

Note further that both equations (2.8) for free surface and inter

face as well, are nonlinear, because f and ~ are not known from 

the outset. 

The boundary conditions for the viscous fluid case will be 

treated later. 

In the following sections we shall list the basic hydrodynamic 

equations for the three subgroups mentioned above . 



2.1) Compressible, Inviscid ·Fluid - Small Perturbation Flow 

Compressible inviscid fluid flow is a suitable approximation for 

the description of seismic waves. Each particle undergoes reversible 

adiabatic changes of state. Consequently, if the entropy was initially 

uniform as is the case for the fluid at rest or in a uniform stream, it 

must remain constant and uniform throughout the flow. The dynamical 

equations (2.1) and (2.2) then assume the form 

~ dt + p\/•V 

l \!l? 
p 

l~ 2 dt + p\I•V o 
a 

(2.9) 

where 1p = Q and where we have assumed that p= ~(p) is invertible to 

yield explicitly p = p(p). The dilational velocity a is given by 

l 
2 
a 

~ 
d p (2.10) 

The equations (2.9) both are nonlinear and consequently are extremely 

difficult to solve. 

The usual approximation is to restrict considerations to small 

perturbations. We assume the velocity and its derivatives to be small 

and the corresponding pre.ssure and density to differ only slightly 

from the values far away from disturbances, at infinity,say. Mathe-

matically this may be expressed by the following perturbation expan-

sions 

- 15 -
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"' Pv+l v € -+ o p E € Pv ---+O as 
V=o P v 

"' v Pv+l p E € Pv -+ O as € -+ o 
v=o P v 

(2.11) 

"' ll.~llv+l 
y_ E €v~ l@!::- .... O as € -+ o 

V=l -v 

2 
l "' l a v v € -+ o 2 E € 2 - 2- .... O as 

' a V=o a v av+l 

where € is a gmall parameter (the amplitude of the reference distur-

bance). Clearly, because of the constitutive equation relating p 

2 
and p, pv' Pv and av are related also. Substituting (2.11) into 

(2.9) and collecting terms of like powers in € results in the fol-

lowing system : 

l - -'V(p ) 
p l 

o 

for the 0(€) terms and 

(2.12) 



dV 
~n 

ót 

P 'l·v o ~n 
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<!)n 

(2.13) 

In the above equations '& and <l:> are functions 
~n n 

involving the quantities pj' vj, pj, aj for j <n only. They are known, 

once the system (2.13) is solved for indices smaller than n. 

Before proceeding further we apply the same perturbation proce-

dure to the boundary conditions. To this end, let f(·) and f(·) and 
g p 

ff(·), respectively, be the functions describing the ground, the plate 

interface and the free surface: 

y f(x,z) g y ?(x, z, t) y pf(x,z,t) (2.14) 

Because ff(·) and pf(·) are not known, they are subjected to the same 

perturbation expansions, the velocities have been (see (2.11)), explic-

itly 

f(.) 
p 

(2.15) 

Notice that we have assumed in these expansions that the unperturbed 

free surface be described by y = otff =O), but that y = f (x,z) does 
o p o 

not vanish. It represents the interface at equilibrium. 

With these preliminaries, the boundary conditions for each stage 

of the perturbation approximation are obtained by substituting (2.14)
1 

into (2.7) and (2.15) into (2.8) and collecting terms of like powers in E. 
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The result o~ this substitution is 

v •\l ~ 
~l g 

an d 

v •\l ~ 
~2 g 

o 

o 

o 

at y 

at y 

at y 

~(x, z) 
g 

o 

~ (x, z) 
o 

at y = ~(x,z) 
g 

at y 

at y 

~ (x, z) 
p o 

o 

(2.16) 

o 

(2.17) 

In these ~ormulas we have set v = (u ,v ,w ). As a major result o~ 
~n n n n 

the small amplitude expansion the boundary conditions are to be satis-

~ied on the unperturbed bounding sur~aces. This theory there~ore is 

a development in the neighborhood o~ the rest position o~ equilibrium 

o~ water and ice plate. 

As we shall be dealing with the lowest approximation only, we 
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shall henceforth discard the equations (2.13) and (2.17) and drop the 

subscripts of ve1ocity v1, pressure p1, density p
0 

and sound speed 

a
0

, respective1y, because misinterpretation is un1ike1y to occur. 

It fo11ows from (2.12)
1 

and the equation of state that the pres

sure p
0 

varies with depth. More precise1y, for the coordinate system 

as chosen in Fig (2.1) 

p(y) a a(y) 

The coefficients of the equations (2.12)2,
3 

are therefore functions 

* of position. This fact is often over1ooked In view of the initia1 

condition of uniform rest, equation (2.12)2 imp1ies that there exists 

a potential for the product of density and ve1ocity: pv = ~· Equa

tions (2.12) 2,
3 

can then be written as follows: 

~ -p 

(2.18) 

Apart from the 1ast term, these are the c1assica1 equations of sound 

propagation. The 1ast term of (2.18)2 accounts for a density varia

tion in the equi1ibrium configuration. Its inf1uence is usua11y neg-

1ected. 

The boundary conditions follow now from (2.16). At the imper-

meab1e wall (2.16)1 app1ies and this is easily written as 

* Norma11y one neg1ects gravity in which case p
0

, p
0 

and a
0 

are uni
form. 
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o on the ground, 

where d(· )/dn denotes the derivative normal to the wall. At the 

p1ate interface, (2.16)
3 

must ho1d, which gives 

at y f (x,z) o 

(2 . 19) 

(2.20) 

Simi1ar1y, at the free surface the pressure vanishes, dv/dt = O, and 

(2.16)2 must ho1d. The former, name1y 

~ = o at y o (2.21) 

serves as boundary condition on t, while the latte~ namely (2.16)2 

is an equation determining the deformed surface 

~· (2. 22) 

The union of the equations (2.18), (2.19), (2.20), (2.21) and 

(2.22) suffice to describe the interaction of floating ice with water, 

once f (·) and f1 (·) are known. p o p 

We would 1ike to emphasize that these equations are only adequate 

for extreme1y smal1 wave lengths or high freguencies because the boun-

dary condition at the free surface does not inc1ude its deformation. 

This condition obviously is satisfied for artificially induced seismic 

waves and for small ice p1ates where only high frequencies can deve1op. 

For al1 other interactions the boundary condition of the free surface 

must invo1ve the function describing it. This is particular1y the case 
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when the depth of the water is comparable to the wave lengths of 

the surface waves. It clearly includes all tidal waves, natural 

earthquakes and interaction phenomena with coastal ice. 



2.2) Incompressible Inviscid Fluid - Small Amplitude Approximation 

In this section we list the basic equations and boundary condi-

tions for an incompressible inviscid fluid. Except where large hori-

zontal drift velocities do occur they apply in the low frequency 

range, thus in all cases mentioned above with the exception of rivers 

and tidal waves. Compressibility is not important, because the pro-

pagation of disturbances is not comparable to the one of sound waves. 

To begin with, note that the dynamic equations now assume the 

form 

'V· ::r, o 

an d 
d v 

p dt -V'p + p~ -'V[ p~gJ!·~] 

J! is the position vector and ~' 11~11 = l, points in the direction of 

gravity. Accordingly, the velocity field is lamellar and thus we 

may write:::; ='V~, implying that ~ is potential function: 

o (2.23) 

The momentum equation can now be integrated in the usual way to yield 

the Bernoulli equation 

d<l> + 1(9~)2 + E -dt 2 "' p g J!"~ o (2.24) 

which must be considered to be an equation for p, once l is known. 

The boundary conditions are easily derived from (2.7), (2.8) 

- 22 -
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and (2.24), respectively. On the ground 

o 

At the plate inter~ace 

d ~ d<l> d ~ d<l> d ~ dil> 
_p + "'"" ~ + "'"" ~ - -dt OX dx OZ dZ dy 

However, on the ~ree sur~ace 

o 

d/ d<l> d/ dil> d/ dil> 
'dt + óx óx + dZ az - dy o 

(2.25) 

(2. 26) 

and (2.27) 

~+~('i7<1>)2-g,t>·~ o' 

where we have set the pressure equal to zero. 

Within the context o~ incompressible materials the equations 

(2.23) - (2.27) are exact. They are nonlinear through the boundary 

conditions, which makes their integration di~icult. 

Several approximations are possible. Here we only treat the 

theory o~ waves o~ small amplitude. Our derivation ~ollows Stoker, 

[6]. 

The basic assumption thereby is that the velocity ~or the water 

particles, the ~ree sur~ace elevation y =r(x,z,t), the inter~ace 

displacement o~ water and ice plate y = p~(x,z,t) and their deriva

tives be small quantities. In ~act we make the perturbation expan-

sions 



f'(. ) 
f' 

f'(. ) 
p 

; En f'(·) 
n=o P n 

- 24 -

(2.28) 

Substituting these expansions into the equations (2.23) - (2.28), 

respectively, it f'O"llows f'irst of' all that each of' the f'unctions 

~n(x,y,z,t) is harmonic 

o • 

Moreover, at the bottom wall 

o at y 

At the plate-water-interf'ace 

f'(x, z) g 

at y 

(2.29) 

(2.30) 

f' (x, z) 
p o 

(2.31) 
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On the ~ree sur~ace, however, 

g• ~~l 
êlq,l 

+dt o 

(2. 32a) * 
êlq,2 

2 
l 2 êlq,l 

g· r2 +dt - 2(~q,l) - ~~l ãYdt 

an d 

(2.32b) 

The equations (2.32) all have to be satis~ed at y = O. This theory 

there~ore is a development in the neighborhood o~ the rest position 

o~ equilibrium o~ water. 

The relations (2.29) - (2.32) thus, in principle, fUrnish a 

means o~ calculating successively the coe~cients o~ the series 

(2.28), clearly assuming that such series exist and do converge. 

To lowest order, the interaction o~ ice plates with the under-

lying water is described by the Laplace equation 

o ' (2.33) 

which satis~es the boundary conditions 

* We have chosen ~·~ -y 
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o on the ground 

o at the plate (2.34) 

o at y o ' 

where (2.34)2 has been obtained fram (2.32a)l and (2.32b)l by means 

of eliminating ffl. Once ~l is known, the equation of the free sur

face can be obtained from equation (2.32a)l. 

We can now see the great simplifications which result through 

the small amplitude approximation. Not only has the problem be-

come linear, but also the domain in which its solution is to be 

determined becomes fixed a priori. SUrface wave problems in this 

formulation therefore belong fram the mathematical point of view, 

to the classical problems of potential theory. 



2.3) Shallow Water Approximations: 

A different kind of approximation from the foregoing linear 

theories of waves of small amplitudes, is obtained when it is as-

sumed that the depth of the water be sufficiently small as compared 

to some other significant length, such as for example the hori zontal 

wave length or the curvature of the free surface and the plate inter-

face, respectively. In this theory it is not assumed that the ampli-

tudes of the disturbances is small nor is it assumed that the dis-

placement and slope of the water surface are small. The emerging 

theory, the shallow water theory not only governs tidal waves 

but equally describes wave propagation in channels, (6]. As is 

well known, in both applicati ons one assumes that the fluid be in-

viscid. As was already mentioned before, however, this assumption 

cannot be kept, when ~ are covered by ice, because boundary 

layer effects change the flow pattern completely. It is for this 
-,. 

reason that we use the viscous fluid representation . 

To begin with, the pertinent equations for coastal sea and 

l ake ice and for the tidal waves will be derived from a set of 

equations emerging from the inviscid equations of motion. On the 

other hand, the governing equations for rivers emanate from the 

corresponding visc~us equations . The scalings in the two cases, 

however, are different. 

The above statements will be substantiated in the following sub-

sections. Here we simpl y state the scaling procedure common to all 

cases. To this end, consider the dynamical equations which with the 

- 27 -
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notation v= (u,v,w) assume the form 

o 

(2.35) 

Provided ~ is set equal to zero, the velocity field is lamellar 

dw Clv o dy-dz 

du dw o (2.36) Óz-dX 

d v du o dX-dY 

On the other hand the boundary conditions must be satisfied. In 

view of the presence of viscosity effects, they must be changed, 

however, because there cannot be a slip between the liquid and its 

bounding surfaces. On the free surface we still have 

õrf ôrf orr } ót+u"'dX"+wrz = v ;

7 p = o 
(2-37a) 
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while on the ground 

o (2. 37b) 

On the plate-water inter~ace we must di~~erentiate between the 

* material points o~ the plate and those o~ the neighboring liquid. Tha~ 

there is no slip may be expressed by the statement that the material 

points o~ the plate at the inter~ace possess the same velocity as 

those o~ the liquid. Let ~ denote the veloci ty o~ the parti ele s o~ 

the plate at the inter~ace and ~ that o~ the ~luid particles at the 

immediate neighboring position. 

Then the boundary condition is 

l'J = ~ (2. 37c) 

Note that in case viscosity is discarded, (2.37b) and (2.37c) change 

and are replaced by 

ê ~ ê ~ 
u~+ w{;- v on the ground 

(2.37d) 

v at the plate 

The above equations are now subjected to the ~ollowing scalings: 

* 

x z y T wt 

u vü 
o 

w v w 
o 

v p (2. 38) 

Note that thus ~ar we always have interpreted y = ~(·) to be the p 
representation o~ the material points o~ the ~uid in their pre
sent con~guration. 
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In the above, k and d are characteristic lengths, w is a character-

istic rrequency, V
0 

and v1 are characteristic velocities and p
0 

is 

a characteristic pressure. Substituting (2.38) into the equations 

(2.35) results in 

M::>reover, for inviscid fluids, (2.36) beccmes 

(2.39) 
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o 

o (2.4o) 

o . 

Similarly, we also scale the equations y = ~(x,z,t), a= p, g, ~. 
a 

such that 

... l 
~(x,z,t) = d ~(kx,kz,-T) = d ~(i,z,T) 

a a w a 

With this representation, and with UJ' = (V 'IIJ' , v
1 

'W , V W' ) the o x y o z 

boundary conditions (2. 37) ass'l.lm:l the ~onn 

o at the ground 

at the plate interface 

when viscosity is accounted ~or, and 

Vd d~ Vd d~ ....Q_u. ....a... + ....Q_w ....a... 
v k ~ v k .... -

1 ax l oz 
on the ground 

(2.41) 

-v p = o at the fiee 

surface 

at the plate (2.4la) 

p o at the fiee surface 
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in the inviscid case. 

In the following section we shall derive the approximate equa

tions which hold for the shallow water approximations. 



2. 4) The Shallow Water Theory - Tidal Waves 

In the preceding section we have scaled the Navier-Stokes or 

Euler equations together with their boundary conditions in such a 

way that the stretching in the horizontal direction was differ

ent from that in the vertical direction. Moreover, we have not 

specified the characteristic quantities as yet. These will be chosen 

i n such a way that the well known shallow water theory results (see 

[ 6]). 

First we neglect viscosity. But we do not as sume that distur

bancesare small. 

In the classical shallow water theory the scalings are chosen 

as follows: 

k/d kg (2. 42) 

an d 

Accordingly, the reference pressure p
0 

is given by the hydrostatic 

pressure at some characteristic depth. The ratio of the reference 

velocities in the vertical and horizontal direction equals the inverse 

ratio of the scaling lengths . Finally, the frequency is scaled with 

g and v
1

. It f ollows from (2.42)2 that 

(k/d)V o 

- 33 -
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which means that hori.zontal velocities are scaled with the propa-

gation speed as known f'rcm elementary hydrodynamics. For O(k/d) >> 1, 

as we shall assume we have IIV/V
0

11 » 0(1) and theref'ore llüll = 0(1) 

and llwll = 0(1), but llvll = o(l). Thus, the scaling (2.42) expresses 

the f'act that horizontal velocities are more important than vertical 

velocities. Finally w is scaled according to (2.42)
3 

or w= (djk)•)gfd 

which means that time processes are extremely small. Another choice 

could be 

nv g ; n = .J g/d. , o 

which means that the time evolution of' the processes involved would 

be f'aster. With the scaling (2.42), the inviscid equations (2.39) 

and (2.40) assume the f'orm 

Oü ôW e[-+-] 
di oz o 

õu Oü - Oü d- Oü e["'""+u - + w - + ~] + v- O 
OT di dZ di cy 

ov ov -ov ~ -ov €[ .... +u-+ w-+ + l) +v-
OT di dZ õY õY 

ôW -ôW -ôW ~ -ôW 
€["" + u - + w - + ~] + v - o 

OT di dZ oz õY 

where we have set 

€ 

o (2.43) 

(2.44) 
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Similarly, the boundary conditions (2.4~)may be written as 

o'f o'f 
€(Ü ..../L + w ..A..J 

Oi oz 
-v on the ground 

at the plate (2.45) 

v } 
; a t the f'ree surface • 

p o 

Hence, all equations have been reduced to a ~orm depending on a single 

parameter €. Because o~ the assumption (2.44) we construct solutions 

to (2.43) and (2.45) by a perturbation expansion. To this end we 

assume the power series developments ~or u, v, w, p, ~~ and p~: 

00 llun+lll 
ü I: €nu IJiiJr .... O as € .... o 

n=o n n 

00 llvn+lll v I: €nv lJVJr .... O as € .... o n n=o n 
( 2.46) 

00 llwn+lll - I: €nw € .... o w lJWJr .... O as n n=o n 

00 IIPn+lll 
p I: €np llPJr .... O as € .... o 

n n=o n 
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00 

l n-
L: e ffn 

n=o 

00 

f n-
L: E f p n=o P n 

11 fn+lll 
TI 1' li ... O as e ... O 

p n 

and insert them in the equations (2.43) and (2.45). Upon comparing 

coe~icients of like powers in e, equations for the successive coef-

ficients in the series, which are, of course functions of x, y, z 

and t are obtained. The terms of zeroth order yield the equations 

o 

em d V dw 
v __...Q. o v __...Q. o v __...Q. o o ey o ey o ey 

dw 2lv em dw d V em 
__...Q. - __...Q. o --º.- __...Q. o __...Q. - __...Q. o 
ey Clz 2lz 2lx di{ ey 

an d 

v o p o o at y lo(x,z) o 

v o at y f(x,z) (2.47) o g 

v o at y f(x,z) o p 

It follows that 



w 
o 

o 

w (x,z,t) 
o 

u u (x,z,t) 
o o 
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(2. 48) 

which contains the important result that the vertical velocity com-

ponent is zero and the horizontal components are , to the lowest order inde-

pendent of the vertical coordinate y Note that at this level 

of determination no variable is fixed except v
0

• 

The first order terms in turn yield the system of equations 

du dw 
o o --+--

ox oz 

du du du op 
----2. + u ----2. + w __Q, + _.2. 
OT o oi o oz oz o (2. 49) 

o p 
----2. + l o ; 
oY. 

an d 

at y o 

o 
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o 

at y 

at y f 
g 

f 
p o o 

In view of (2.48), equations (2.49)1 can be integrated directly to 

give 

Ou dw 
-(~ + ~]y + F(x,z,T) 

ax õz (2.50) 

Using the boundary co~dition at the ground, (2.49)8, F(·) may be deter

mined. Inserting the result into (2.50), we obtain 

Ou dw 
-[~ + ~]Y- [-ª-<u f(• )) +-ª-<w ~(· ))]' ox Õz ox 0 g Õz 0 y=f 

g 

(2.51) 

In a simi1ar fashion the third equation (2.49) can be integrated to 

give 

-y + 1r(i, z, t) (2.52a) 

where 1T ( • ) must be determined from the upper boundary condi tions. This 

yie1ds 

(2. 52b) 

on the free surface, whi1e 1T( •) must remain undetermined be1ow the 

p1ate. Substituting (2.51) and (2.52) into (2.49)2 4 5 
we obtain , , 
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du du du off o o o o 
~+u -+w-+--
m; o OX: o õz õz 

o 

aw aw õw off o o o o 
~+u -+w-+--
m; o ãX o õz õz 

o (2.53) 

õ~ õ õ 
~ + ,u (ff + f)) + ,u (_f + f)] o , 

o"C àX o o g o z o r o g 

the governing system of equations valid for that domain (x,z), where 

the surface is free of ice. 

On the other hand, below the ice plate we have 

õw õw õw cu-
0+u ~+w~+-

dt o ãX o õz õz 
o (2.54) 

o f 
-1!.....2. + ~u ( f + f))+ ~u ( f + f)) O , 

õt àX o p o g oz o p o g 

where these equations still need to be coupled with the governing 

equations for the plate. 

The system (2.53) and (2.54), complemented by an equation for 

the plate must be connected by continuity conditions. Along the ice

water separation curve t , u and w should be continuous. More-
o o 

over, there should not be a jump in pressure at that position. With 

reference to Fig. (2.2) and the formulas (2.52) this condition may 

be expressed as 



~ ~'--------------------~ ice plate 

l 

Fig 2.2 

Further conditions are to be satis~ied on the plate, (moment shear 

~orce). 

In concluding this subsection we summarize: By a straight~or-

ward stretching o~ the coordinates and a regular perturb~ ap-

proach to the stretched inviscid hydrodynamic equations we have been 

able to establish a set o~ nonlinear partial di~erential equations 

(2.53) and (2.54) governing the motion o~ the water having ~ree sur-

~ace or beirrg covered by a ~lexible plate. The sets o~ equations 

~or positions where the water sur~ace is ~ree or covered by the ice 

plate are di~erent, but they can be connected by a set o~ contin-

uity conditions, which are the ~ollowing: the velocity and the pres

sure must not jump at the separating curve t o~ ice and water. 



2.5) Shallow Water Viscous Fluid, Rivers 

In this section we collect the equations which govern the fluid 

motion in rivers when they are covered by i ce sheets . That the flow 

patterns underneath an i ce plate and in a river with free surface are 

different has al ready been menti oned earlier. 

A reasonable description of the s ituati on dealt with here, how-

ever, cannot be achieved on the basis of the shallow water approxi-

mation. Because the motion induced by the deformation of the plate 

is small as compared to the drift velocities when a rigid immobile 

plate is assumed it seems reasonabl e to perturb the full Navier-

Stokes equations about the undeformed state . With the choice k = d 

in the scalings (2.42) the continuity and momentum equati ons assume 

the form 

dii dv ow -+-+- o 
ôX ?iY dz 

dii - dii - dii - dii d- l( J' U.) ÓT+ u -+ v -+ w -+.2.12.+ s ina 
dx ey d z dx R 

(2.55) 

dv + u. dv + - dv w dv + .9.E. + cosa l (J'v-) v -+ 
&;:' dx ey d z dy R 

ow- - ow- - dW - dW d- l( J' w) d;+ u -+ v -+ w-+.2.12. 
dx ey d z d z R 

I n the above equati ons, R i s the Reynolds number defined by 

R (2. 56) 

- 41 -
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where d is the scaling length which may conveniently be chosen to be 

an average water depth. furthermore, the coordinate system has been 

chosen as indicated in Fig. 2.2. The angle a is thus a measure :for 

Fig 2.2 
x 

the average inclination o:f the water surfa.ce. 

We now assume the :following decamposition o:f the :field variables 

-v 
-(o) -(1) 
!, +!, 

- -(0) -(1) p = p +p (2.57) 

Here, y;(O) is the velocity :field due to gravitational :forces but in 

presence o:f an ice cover, which is assumed to be rigid. y;(l), on 

the other hand, is the correction due to the de:formation o:f the ice 
(l) (o) 

sheet . W e assume that v «v a.nd may there:fore neglect all pro-

ducts o:f v( l) with itsel:f; silllilarly :for the pressure, but - no small

ness o:f p(l) must be assumed. Substituting (2.57) into (2.55), assum-

ing no de:formation o:f the ice sheet yields again a system o:f the :form 

(2.55) where the velocity y; = (u,v, w) is replaced by v(O) = (u(o),v(o), 

w(o)). This system is 
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dü(o) õv(l) aw<o) 
--+--+-- = o 

ax õY az 

dü(o) -(o) dü(o) -(o) dü(o) -(o) dü(o) ap(o) . __ 1 2u-(o) 
--.;-- + u -- + v -- + w -- + + s~ncx ~R 

OT õX ey dZ õX 

õV(o) -(o) õV(o) -(o) õV(o) -(o) õV(o) gp(o) __ 1 2v-(o) 
--.;-- + u -- + v -- + w -- + + cos cx ~R 

OT õi ey Õz ey 

aw<o) -(o) aw<o) -(o) aw<o) -(o) aw<o) gp(o) 
--.;--+u --+v --+w --+ 

oT ax õY õz õz 

with the corresponding boundary conditions 

= ?~w<o) 
R 

(2.58) 

v(O) = O ; on the ground and at the ice-water interface 

pressure } 
= O ; at the free sur:face • 

shear stress 

The equations :for the perturbed quantities on the other haDd are 

dü(l) av<l) aw<l) 
--+--+-- = o 

ax &.~ az 

(2.59) 

dü(l) -(o) dü(l) -(o) õü(l) -(o) dü(l) -(1) dü(o) -(1) dü(o) 
--+u --+v --+w --+u --+v --

OT ax ax az ax õY 

-(l) dü(o) a-(l) 
+w - .- + .2.I!...:...... 

õz ax 
(2.60) 
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dv(l) -(o) ov(l) -( o) dv(l) -(o) dv(l) -(l) dv(o) -(l) ov(l) 
~+ u --+ v --+ w --+ u --+v --
~ ~ ~ ~ ~ ~ 

-(l) dv(l) d- (l) 
+w --+.2.l2...:....:. 

dz dy 

awCl) -(o) awCl) -(o) aw<l) -( o) aw<l) -(l) awCo) -(l) awCo) 
~+ u --+ v --+ w --+ u --+ v --
~ ~ ~ ~ ~ ~ 

-(l) awCo) d-(l) 
+w --+.2.l2...:....:. 

dz dz 

Further simplification is achieved if the viscosity te~ i n (2.60) is 

neglected. This is justified, because the zeroth order solution 

chiefly bears boundary layer character and this latter is contained in 

(2.60) through the terms ü(o), ~(o) and w(o). 

The boundary conditions for this first order inviscid approxima-

tion therefore are obtained as follows: 

-(l) d I -(l) d I u _g_ + w _g_ -(l) v on the ground 
dx dz 

d I - (l) d I -(l) d I .J2.... + u .J2.... + w ....lL 
dT dx dz 

v-Cl) at the plate-water interface (2. 6l) 

- (l) v 

at the free surface 
p(l) o 
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These boundary conditions express that there is at most a slip of the 

velocity tangential to the boundary gf' pf and ff are the equations 

y = f(x,y,z) of the ground, plate-water interface and the free surface, 

respectively. 



Chapter 3.) The Plate Eguations: 

3.1) Introduction 

In the last Chapter we studied the hydrodynamic equations 

which for various situations describe the interaction of ice with 

water. Here in this Section we list the equations for the ice plate. 

Without being exhaustive we nevertheless attempt to be general enough 

to cover most situations occuring in this field. 

With regard to various physical aspects the description of the 

ice cover is much more complex than the one of its underlying water. 

First of all, we no longer assume that the ice plate is in an iso

thermal state as it was done for the water. This is so, because the 

water-ice interface is at the freezing temperature while its upper 

surface depends on the air temperature and may vary quite considerably. The 

time scale of these thermal processes is much larger than the one 

of the wave motion so that it seems justified to neglect true thermo

elastic effects and to simply assume that the plate material constants 

are inhomogeneous. All material coefficients depend upon a parameter -

the temperature - which in turn is a function of position. 

Apart from this complication in the physical description of the 

ice plate other effects should also be included. Due to the thermal 

stress effects prestress either as tension or pressure, may occur and 

a proper description should also take these effects into account. More

over, the freezing process is such that various degrees of anisotropy 

are induced in the actual ice plate, which in general thus should not 

be treated as an isotropic material. Furthermore, the thickness of 

ice plates is rarely constant and this should imply that only a full 

- ~ -
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three dimensional theory could describe the dynamic response of ice 

plates. Clearly such a description would be very complex. 

The treatments in the existing literature are generally based 

upon the theory of thin elastic plates, governed by the equation 

q (3.1) 

Here, D is an effective plate rigidity, m the mass per unit area, p 

the pressure which the liquid base exerts upon the bottom surface of 

the plate and q represents the static intensity as well as the 

inertia of the external load. In accord with the basic small deflec-

tian assumption we have discarded the convective acceleration in (3.1). 

The effective plate rigidity D in general is not the classical 

plate rigidity as we allow the modulus of elasticity to be a function 

of position. In case its variation is only in the y direction it 

has been shown [2] that 

D 

h-y 
l o 2 

-2 J y E(y)dy 
l-V -y

0 

where y
0 

is determined from (see Fig. 3,1) 

h-yo 

J yE(y)dy O 
-yo y 

Fig 3.1 h 

(3.2) 

h-yo 
x,z 

Yo 
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Historical.ly, the equ.ation (3.1) was introduced by Hertz in 1888 to 

describe the behavior of f1oating ice sheets. Within this context 

it has not been modified ever since, except in an artic1e by Neve1 

[1], who app1ies (3.1) to a Maxwe11 type visco-e1astic material. 

He shows by comparison with experiments that for externa1 1oads, 

s1ow1y varying with time the visco-e1astic treatment is essential.. 

The technique to derive the governing equations of two dimen

siona1 e1asticity, which we shall use is ene which has become increas

ing1y fashionab1e in recent years. The p1ate equations shall be der

ived by a "smearing procedure" of the governing equ.ations of three 

dimensiona1 e1asticity. The method goes back to Cauchy [231, but 

has increasingly been app1ied in the recent past. Mindlin was the first 

to derive the two dimensional. p1ate equations by a Cauchy series 

expansion from the equ.ations of three dimensional. e1asticity. Mind-

lin and Medick [11] derive a 1inear theory of p1ates using expansion 

procedures. Go1'denveizer, [15], discusses the possib1e aspects of 

such asymptotic or iterative methods. Simi1ar methods are used by 

Green, Laws and Naghdi [24] and by DO"kmeci [19], [20] and Déikmeci 

and Hutter [21J in other contexts of general. p1ate and shell theories. 

The major objective in this present Chapter is a consistent deriva

tion of equations simi1ar to those of von Kàrmàn•s p1ate equations. 

The conventional. Kirchhoff-Love hypothesis, that is the assumption 

that directors perpendicu1ar to the middle surface remain perpendicular 

under deformation, is abrogated. The theory is deve1oped by means of 

the Hami1tonian princip1e and a separation of variables technique is 

used by which the three dimensiona1 fie1d equations are converted 
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into two dimensional ones. A sequence of approximate equations which 

include the effects of transvers shear and normal strains, accelera

tion and rotatory inertia is thus consistently constructed. The govern

ing equations consist of the macroscopic equations of motion together 

with the relevant boundary conditions, the constitutive equations, the 

strain displacement relations and the strain energy expression. 



3.2 Kinemati c Variabl es: 

Cons i der an open regular region 'JJ wi th boundary d JJ i n three 

dimensional Euclidean spa.ce ! 3. Let ()'J) =(l~ UV o:íJ LV 2ld:> € wher e 

d~ U' (li) L and d~ ê are, r espectivel y, the upper and l ower faces 

and 'the edge boundar y face. Cl earl y, 

J:) u ()'J:) 
x3 

â) 

oD i ' 2l 'JJL 0 3. 2 

() l) t\(l ';i) 
L E: 

f?J h 

(l ~ UCI (li)e }?J 

wher e iJ:> is the closure of ':D • The edge boundary surf'ace i s taken 

as a cylindri cal surface perpendicular to the flat middle surface of 

the undeformed plate . The pl ate in i ts reference configurati on is 

r eferred to a right handed coordi nate system of which the f irst two 

axes lie in the undeformed r eference surface. The pos i tive di rection 

of the third coordinate, x
3 

i s taken t o be upward and x
3 

= O coincides 

with a pl ane between the upper and lower f'aces, the position of which 

will be determined in the cour se of cal culati ons. 

We assume the thickness of the pl ate to be much small er than any 

of its dimens i ons in the (x1 ,x
2 )-pl ane . Denoting the smallest value 

of the length dimension i n the hori zontal reference pl ane by L we 

thus have 

d/L « l (3. 3) 
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This assumption allows us to treat the plate as a two dimensional model 

of a three dimensional deformable body. Moreover, assumption (3.3) 

implies that stress and displacement fields do not vary violently across 

the thickness of the plate. 

In the subsequent calculations we shall choose the Lagrangian 

description for the motion of the plate. All coordinates are conse-

quently taken in the reference frame. 

On the above basis the displacement components of a generic 

point in :D can be represented as 

ui(~,t) 
00 ( ) 

6 Pm(x3 )uim (xa,t) i, k l, 2, 3 a 1,2 
m= o 

with 
(3.4) 

P o (x3) l Pl(x3) x3 (3.5) 

Here, from the mathematical point of view, a separation of variable 

solution is sought for the nonlinear field equations, which are pre-

sented in the following Sections. Therefore the vector functions 

uim) are unknown a priori and independent fUnctions defined on 15 
(m) 

Moreover, it is assumed that the functions ui exist, are single 

valued and of class c2 at least. 

In the final analysis only the two fUnctions P
0 

and P1 will be 

used. They will be considered to be taken from the set Pm(x
3

) = x~ 

If the displacement vector ~ is analytic in 15 with respect to the 

coordinate then (3.2) can be interpreted as a Taylor series 

expansion of ~ about x
3 

= O which is uniformly convergent in 'Í5 

However, in our case ~(m) are independent. In fact, in (3.4), Pm 
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could be any other convenient functions such as Legendre or Jacobi 

po~omials. 

By virtue of the representation (3.4) the Kirchhoff-Love hypothesis 

is eliminated i. e. directors perpendicular to the middle surface need 

not rema.in perpendicular to the deformed middle surface in the course 

pf the motion. 



3.3 Strain Displacement Relations: 

The right Caucby-Green deformation tensor, denoted by C . . is 
~J 

expressed in terms of the displacement camponents [9] by 

an d 

with 

l 
-
2

(u. .+u .. ) 
~,J J,~ 

(3.6) 

(3.7) 

(3.8) 

Following Truesdell and Toupin [9] we do not neglect il!l (3. 7) th.e first two 

terms in the bracket as was don e by Novoshilov [ 25] • 

The series expansions in all displacement ccmponents as assumed 

in (3.4) imply that the Caucby-Green deformation tensor be of the 

following form: 

00 

m (m) ( ) 
- BiJ. + E x3ci. xa,t 

m=o J 
(3.9) 

where 

+ ~ [u.(m-p)u.(p)B. B. +(m-p+l)u.(m-p+l)u.(p)ô. ô . 
p= O K,CX K, f3 i.CX Jf3 K K, f3 ~3 Jf3 

(3.10a) 

+(p+l)~~~P )~p+~:iaB j3 +(p+l) (m-p+l)~m-p+l )~p+l )Bi35 j3] 
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is a measure of the strain of order (m). Equivalently u~m) is the 
~ 

displacement field of order (m). 

The representation (3.6) is exact. In the event where shear de-

formation and extension are small, however, E .. is smallas compared to 
~J 

Rij' Then the terms Eij~j' Ekj~ and ~~j may be neglected as 

compared to ~i~j' In this case the Cauchy-Green deformation tensor 

still assumes the form (3.9) but (3.10a) is now approximated by 

(3.10b) 

+ ~ I+II+III+IV] 

where 

I ~ (R(m-p)R(p)ô. ô. +(m-p+l)R(m-p+l)R(p)ô. Ô 
K,a K,~ ID J~ K K1 ~ ~3 j~ p: o 

+(p+l)R(m-p)R(p+l)Ô ô. +(p+l)(m-p+l)R(m-p+l)R(p+l)ô. ô. J 
K,a K ia J3 K K ~3 J3 

II= 

(3.10c) 
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In this form the strain displacement relations for the approximate 

theory look even more complicated than in the exact theory. In sim-

plifYing situations however it is more convenient. 

An even simpler approximate theory emerges when the Cauchy- Green 

deformation tensor is approximated by 

ô.;J· +u . . +u . . +u3 ~u3 Aô.~ô·A k ~,J J,~ , ..... ,.., ~u. Jl-' (3.9a) 

The representation (3.9) still remains correct, but now 

(3 . 10d) 

m (m-p) (p) 
+ L: u3 a u3 Aôiaô "A 

P= O 1 1 1-' J l-' 

In thi n plates with moderatel y l a rge displacements it is appro-

priate to retai n only first order terms and of the nanlinearities of 

(3.10d) only the zeroth order terms; then 

k(o) 
2 CX.f.'> = ~~) = (o) 4~ fx:. 

u(ot ,~) 2 o: xi3 

.k(o) 
2 13 

E(o) 
13 

l~ - ( - q>) 
2 l 

(3. 10e ) 

.k(o) E(o) l () 
-(~-1jr) 2 23 23 2 2 
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an d 

k(l) 
211 ~) -~ 

k(l) = 
2 22 

E(l) 
22 -~ ; (3.10e) 

k(l) 
2 12 

E(l) 
12 ~(~+:) ' 

with 

cp (l) 
-~ 1jr 

(l) 
- u2 T) 

(o) 
u3 (3.10:r) 

while 

We shall call this approximation the von Ki~ approximation, because 

it corresponds to the one occuring in his plate theory, [26). 

The structure of the fo~ulas (3.9) and (3.10) is so camplex that 

an interpretation in physical te~s is not easizy available. Same limit-

ing situations can, however, be interpreted. The most important feature 

of the representation (3.4) emanates fram (3.7). Its linear version 

gives 

with 

(m) + (m) 
ui,j uj,i 



3.4) The Eguations of Ba1ance: 

The dynamic equations of balance of mass, linear momentum, moment 

of momentum and energy may essentially be stated in two different 

forms, dependent upon, whether they are referred to the reference or 

present configuration. Here, where we have chosen the reference con-

figuration they assume the following form: 

Balance of mas s: 

p J 

Balance of 1inear momentum: 

Balance of moment of momentum: 

Balance of energy: 

p Ê 
o T.kF. k 

~ . ~, 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

p
0 

denotes the density in the reference configuration, while p is 

the density in the present configuration. Fi and Tij are the body 

force and Pio1a-Kirchhoff stress tensor, respectively, ~ is the 

heat flux vector, r the energy supply and € the internal .energy den-

sity. Moreover, 

J (3.15) 
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an d 

Fi.e~ (3.16) 

' where Eik is the symmetric second Piola-Kirchhoff stress tensor adopting 

the definition of Truesdell and Noll, [10). 

We shall henceforth neglect heat sources and restrict our con-

siderations to processes for which ~ k = O. The balance laws of 
' 

moment of momentum and energy are then satisfied identically once the 

constitutive equations are formulated. The only remaining field equa-

tion is then (3.12), because the balance law of mass can be considered 

to be an equation for p. 

* * Let t and u be the prescribed values of the stress and dis-

placement vectors on the boundary surface. More precisely, let o1) u 

and o1) cr be disjoint sets of the boundary surface such that 

o :0 = o l) U o D ; then the boundary condi tions can be wri tten in 
u (J 

the form 

* 
~ o (3.17) 

an d 

o (3.18) 

with 

(3.19) 

where N~ is the normal vector in the reference configuration. 

We proceed to formulate the variational principle. To this end, 

let t 1 and t 2 be two arbitrary but fixed times such that t 2 > t
1 

and 

let ô indicate variation. Then it follows from (3.12), (3.17) and 
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(3.18) that 

;
2
dt{J[T.k k-p (ü.-F.)]5u.dv+f (u.*-u. )5tkds+f (t*k-tk)5u.ds} 

t 'l) ~ , O ~ ~ ~ Ôt> K K (Jl) K 

l u a 

(3.20) 

is equivalent to the local equations (3.12), (3.17) and (3.18). In fact, 

because the variations 5tk and 5ui are arbitrary they can be varied inde

pendently, implying that the coefficients of 5ui and 5tk must vanish sep

arately over the body IJ:l and the boundary ô S) and êl'r:l , respectively. In 
a u 

- * 
fact, choosing 5tk = O and 5~ with compact support in ~ implies 

5:::11 = o (3.20a) 

S:i.milar ly, one can s ho w 

5:::::\2 o (3.20b) 

an d 

5:J3 o (3.20c) 

The variational integrals will be used in the following sections · to 

derive the macroscopic equations. We emphasize that its applicability is 

limited to the case when thermal effects are known a priori or when their 

change under the processes under investigation is insignificant. In par-

ticular it cannot be used for the derivations of plate equations 

in thermoelasticity and other complex theories. 

* A set of functions (u} is said to have compact support in f) if 
u=Oonô:D. 



3.5) Load and stress Resultants: 

In order to facilitate notation in the subsequent analysis it is 

advantageous to introduce the ~ollowing shorthand notation. 

We de~ne a body ~orce resultant o~ order m by 

(3.21) 

a stress resultant 

J xm
3 

E. ,ds 
h ~J 

(3.22) 

surface loads o~ order m 

{
upper} 

x
3 

on the or sur~ace 
lower 

(3.23) 

In the above relations ds is the line element and integration is over 

the height o~ the unde~ormed plate. Ni is the unit exterior norma! 

vector. 

ary. 

Note that the de~nitions (3.21) - (3.23) are more or less arbitr

In particular one could also de~ne F~m), ete. by integrating 
~ 

over the height o~ the de~ormed body or one could de~ne T~~) in terms 
~J 

o~ Tij rather than Eij" This arbitrariness, however does not correspond 

to a nonuniqueness in the emerging theory. But it means that the aver

aged quantities T~~), S~m) should by no means be given explicit physical 
~J ~ 

meaning. Uniqueness is not required except ~or physically measurable 

quantities such as displacements, velocity and the like. A ~ormula-

tion must be unique only with respect to these de~nitely observable 

- 60-
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quantities. On the other hand, that (3.22) and (3.23) are the most 

convenient choices will be seen in Section 3.6. Simi1ar1y to (3.21) -

(3.23) we define an acce1eration resu1tant by 

··(m) u. 
l 

where the m-th moment of inertia is given by 

(3.24) 

(3.25) 

Moreover, the prescribed stress resultant of order m is given by 

(3. 26) 

Later, w~ sha11 a1so need the temperature resultant of order m which 

is given by e(m) or e(m): 

(m) 
e f x~ V ds 

h 

~ x~(n) 
n=o 3 

(3. 27) 

It seems appropriate to recall here that we do not assume that 

o 

which would imp1y that the p1ane x
3 

upper and 1ower surfaces. 

O would 1ie midway between the 



3.6) Constitutive Eguations - Elastic Materials: 

Following the usual 1ines of' argumenta, introducing the Clausius-

Duhem inequali ty 

(3.28) 

where ~ denotes the temperature and ~ the entropy, equation (3.14) 

and inequality (3.28) imply that 

-p t - p 1),) o o (3.29) 

where also the Helmho1tz f'ree energy 

1jr = € - ~.\) (3-30) 

has been introduced. 

We now def'ine an e1astic material with pe.rameter ,) to be of' 

the f'onn 

T .. :tij(F.tm' V) ~J 

€ l (F.tm' V ) 

1jr ti<F.tm' .J ) (3.31) 

~ G(F.tm' J ) 

Qi Q.i (F.tm' J ) 
Then 
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and thus (3.29) becomes 

~ .J,k 
---->o 

~ - (3.32) 

implying, since this inequality is linear in ~ , F .em and V 'k that 

1J o * (3.33) 

We now require that the constitutive equations (3.31) be materially 

objective. Since e, t and 1J are scalar valued functions it is easily 

shown that for the constitutive equations to be invariant under rigid body 

motion, one must have 

where e. . i s gi ven by ( 3. 7) and si.mllar expressions hold al so for e (. ) 
~J 

and G(·). Thus, by chain rule 

aú 
p~F. 

o ovkm ~ 
(3.34) 

* We have assumed that the constitutive variables are functions of 
the deformation gradient and the temperature only. Had we included 
also the temperature gradient, then Qk would not vanish and Fourier's 
heat conduction equation could be derived. This would then enter 
the energy equation from which the change in temperature due to 
deformation could be determined. We are aware that this is the more 
physical situation than the ene described above. If ene keeps tem
perature changes aside, then both treatments lead to exactly the 
same plate equations. 
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Using (3.16) and (3.11), the relation (3.34) is equivalent to 

:Ei j 

It is advantageous to introduce the elongation tensor 

2E .. 
l J 

o 

and the fUnction ~(Eij' V ) such that 

2p <JÕ 
o ClE •• 

l J 

. 
<J íl 
ClE •• 

l J 

(3.35) 

(3.36) 

(3.37) 

Note that this is particularly convenient because according to (3.22) 

we have 

(3.38) 

The representation 

o 

~ ~ eijkt(Eij- Vwi)(~- V~) 

produces the constitutive law 

(3.39) 

which is linear in the elongation tensor E. . . Note, however, 
l J 

that Eij is still the Lagrangian strain of finite elasticity. In 

the above equations eijk.e and wij are the isothermal first order 

elasticity coefficient and thermal expansion coefficient, respec-

tively. They satisfy the symmetry relations 



(ijk.e 'e = 
jik.e 

- 65 -

ek.eij w .. 
~J 

of hyperelasticity. In case of isotropic material they reduce to 

w .. 
~J u.6ji 

(3.40) 

(3.41) 

where w is the coefficient of linear thermal expansion and ~ and 

~ are Lamé's constants. One usually assumes 

~ > o 3~ + 2~ > o (3. 42) 

With ~(Eij' v ) being an unspecified nonlinear function of the 

elongation tensor and the temperature not much simplification can be 

achieved when calculating the stress resultants. When ~(.) is a 

polynomial then a reduction is possible. In particular the macro-

scopic constitutive equations in the linear form are obtained by sub-

stituting (3.39) into (3.22) : 

(3.43) 

In case rijk.e is not temperature dependent this gives 

(3.44) 

or for the isotropic case 
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· ( ) ( ) (m) l (m) where use has been made of 3.27 and 3.9 2 with Eij = ~ij • 

In floating ice plates, however, it is not justified to assume 

that the elastic constants be temperature independent. When thermal 

expansion is neglected (~ij = O), then (3.43) can be put into the 

form 

with 

In the more general situation of (3.43), however we obtain 

o r 

with 

11. (m) = J x~(~ )ds 
h 

(3.46a) 

(3.46b) 

(3.47a) 

(3.41b) 

It is this law, we shall use in the linearized ·theory of deflection 

of ice plates. 

where 

T
(m) 
i j 

Finally, from (3.47) it follows that 



00 00 

E E 
p=o q=o 
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The kinetic energy density (per unit area) on the other hand is 

With these formulas the apparatus for the derivation of the plate 

equations has been obtained. 

* Added in proof: 

(3.48) 

A different representation from (3,44) and (3.47) is obtained when (3.27)1 

is used instead of (3.27) 2• (3.43) then becomes 

T. \m) 
1J 

~ S ': I(m+p) R (p) - W e(m)} 
~i "kll ... 1cl kl 

J P=O 
(3.49) 

while (3~47a) is replaced by 

T. \m) 
1J 

where 

This representation lacks the symmetry properties enjoyed by (3.44) and 

(3.47) but may be advantageous in special approximations. 

* The author is grateful to Prof.A.D.Kerr, Princeton University,for the sug-

stion that a formulation without a Taylof series expansion of the temperatu 

distribution should be possible. (private communication) 



3.7) The Plate Eguations of Motion: 

We now proceed to develop the nonlinear field equations of plates 

in terms of the displacement components. In this Section our start-

ing equation is the variational principle (3.20). 

To begin with, consider the contribution from the volume integral 

t2 J f dt rf[T .. . -p (ü.-F.)]ou. dv 
t ~ 1J, J o 1 1 1 

l 

(3.50) 

;
2
dt íf dA f [T ... -p (ü.-F. )]ou~ dS 

t li- h 1J' J o 1 1 ~ 
l 

Substituting for ui and correspondingly for oui the representation 

(3.4), we obtain 

(3. 51) 

where 
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an d 

P~m) 
~ 

u 
Here [(.)]L= (·)U+ (.)Lis the sum of the quantity (·) eva1uated 

at the upper and 1ower boundary face, respective1y. 

Further approximations are achieved by neg1ecting specia1 terms. 

In the von Kàrmàn approximation we apparent1y must set 

with 

N~m) '+(~) - mT(~-1 ) + ~ ô . {T(m+p)u(m)_(m+p)u(m)T(m+p-1 ) 
~ [3~~ [3 31 31 t3CX 3 3,a ?f1 

p= o 

( 3. 52a) 

p~m) 
l 
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The surf'a.ce integrals in (3.20) are 

(3.53) 

an d 

(3.54) 

Here d~d is that part of the surf'a.ce where the displacement is pre

scribed. d'n a is the surf'a.ce portion on d'J)L or d DU, respectively, 

where the traction is prescribed, while d'Ut is that portion of dí:)e 

where the stresses are prescribed. 

Performing the integrations in (3.53) and (3.54) we obtain 

(3.55) 

(3.56) 

~~(m)_T(m~ -; [T(m+p)N ~p)+P T(m+P-l~ u.(p)]\,u.(m)ds l O:k 0: p:o CXf3 0: , 13 0:3 0: K lj K 

Here the integrand in (3.56), [(· )]u_L is the difference, [(·)]U ~ (•) -(·) 
-L U L 

of (•) evaluated at the upper and lower face, respectively. 

With (3.50), (3.55) and (3.56) we are now in position to apply 

the Hamiltonian principle. On eetting each variation of the functionals 
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~ separately to zero, viz., 

o 

for arbitrary variations of the displacement and traction vector 

5ui and 5tk, the following hierarchy of boundary value problems is 

obtained: 

Ü(m) = F(m) + N(m) + P(m) 
Po i i i i 

*(m) (m) 
~ -~ o 

o 

t*(m) - T(m)N - oo [T(m+n)N (n) T(m+n-l)N (n)] O 
k ctk ct E ct(3 ct~, (3 +n ct3 ct~ 

n=o 

These equations will henceforth be called the macroscopic equations of 

motion and boundary conditions of order m. 

Thus far, a fully nonlinear plate theory has been established • . 

It consists of a one parameter family of differential equations and 

boundary conditions (3.57). The stress resultants T~~) are given in 
~J 

terms of the elongation tensor Eij in (3.45) or (3.48), which in turn 

are defined in Section 3.3 in terms of the strains. Note that for a 

well set initial value problem the above equations must be compleménted 

by initial conditions. Let u
0 

and ú
0 

be the displacement and velocity 
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field prescribed at time t
0

• Then, by a Taylor series expansion 

u 
o 

ú o 

one obtains the initial val ues for the u(m) and ú(m) 
o o 

(3.58) 

Clearly, the set of equations introduced above is complex. In 

fact it forms an infinity of equations and in this form cannot be 

used for practical analysis . We must search for a consistent reduc-

tion of the equations by truncating the series. Thus the plate theory 

of order (M) is defined by 

together with the condition 

(m) 
~ O for all m > M. 

(3.59) 

(3.60) 

Accordingly, only those quantities in (3.59) are considered of which 

the order is not greater than M. This results in a finite set of 

nonlinear partial differential eqúations and corresponding boundary 

condi tions. 



3.8 ) Further Simpl ifications: 

The general theory which characterizes the nonl inear behavior of 

plates has been formulated in the preceding Sections. This theory 

is still very compl ex and calls for fUr ther simplifications. Various 

such simplifications are possible dependent upon the degree of fUrther 

negl~ctions . 

a. Linear Theory: 

Dropping all nonlinear terms in the equations of Section (3.7) 

one obtains a fUlly linear theory of plates whi ch is governed by 

the set of equations 

"(m) 
p u. 

o l 
F~m) + T(m) ô + T(m) ô T(m-l)ô P(.m) 

l f"J::X,~ :iCt ~3,~ i3 - m ?P :iCt + l 

(m) *(m) 
uk - ~ o (xl,x2)€Clt) d 

[t *(m) -T(m~ ] 
k O:k a: o (x1,x2)d\ 

[ t*(m) _ ~m)]U 
k - L 

o (~,x2 )€ClJJ a 

Here, 

p(m) [ s~m) ]~ 
l 

an d 

T~~) ; 1C ~~~)(~~)-"kee (p)) 
l J p=o J 

and where we have set 

'E .. 
l J 
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(3 . 61) 

(3.62) 
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The above equations constitute the linear p.late theory. It is geo-

metric~ and pbysic~ linear, both s:iJ:nplif:!.cations emerging from 

the fact that the pertinent equations have been consistently linearized. 

This theory includes effects such as shear and rotatory inertia and 

it may be considered to be a generalized version of the Reissner plate 

theory. Apart from the slightly more general constitutive treatment 

(see (3.62)) i t coincides in this form with the Mindlin plate theory 

provided the appropriate s:iJ:nplif:!.cations are made. 

Special situations are readily available as demonstrated below. 

hl!Xb!nsional motion only: 

We now investigate the linear theory presented above for the 

special case of extensional motion only. 

Setting all derivatives with respect to x
3 

equal to zero and 

requiring that u3 = O one obtains from (3.61) 

F(m) + P(m) 
3 3 - o (3.63) 

as arece:;sary condition for consistency of the stated assumption and 

the equations 

(3.64) 

Restriction to terms of order m = O implies that 

m \h 

where we have omitted the indices (o). For the remainder of this see-

tion this will be done consistently. The stress resultants are 
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o r 

Assuming that fu M and 8 are not f"Unctions ot: ~ and x
2 

( this assump

tion is a "'Alid one t:or ice plates} we may write (3.65) in the t:orm 

(3.66) 

which t:ormally agrees with the two dimensional equations ot: elasticity. 

Neglecting Fa and Pa and considering the static situation onl.y, we 

obtain 

which is identically satist:ied when the stress f"Unction ~ is introduced 

such that 

ô~ . ?F 
(-l) ~ ; (no sUlll!lB.tion} (3.67) 

The governing equation t:or ~ is now obtained t:rom the compatibility 

conditions which must be satist:ied by the displacement t:ield. To 

derive them, note that in this linear version 

(3.68) 

and that ~ satisfY the identity 
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as can easi1y be seen by substituting (3.68) into (3.69). We invert 

the constitutive equation for stress: 

(3.70) 

where (:~~~V may be denoted as comp1iance tensor, which in the iso

tropic case assumes the form 

(3.71) 

with 

2M0J\+2M) 1/(2M) 

Substituting (3.71) into (3.69), setting y ô results in 

o , (3.72) 

which by setting a = ~ imp1ies 

o , (3.73) 

so that tr(!) is hannonic. This imp1ies that the first term of 

(3.72) vanishes by itse1f. Taking the Lap1acian of (3.72) shows that 

Ta~ is biharmonic. On the other hand, differentiating (3.72) with 

respect to x~ and observing that Ta~,~ = O 1eads to 

o 4 
9 ~ = constant. 

The constant i s fixed by sa tisfying ( 3. 73). Thus 



- 77 -

o , (3.74) 

whieh is the familiar bipotential equation in plain strain elastieity. 

For the solution o~ the ~ynamie problem one uses the Helmholtz 

theorem and deeamposes the displaeement veetor into a solenoidal and 

lamellar veetor as ~ollows: 

'f',A+€A.Aj 
fo' fo'J?' ,y 

(3.75) 

where 1jr and A. are unique to within a gradient o~ a sealar. Substi
J 

tuting (3.75) into (3.66) gives 

whieh is satis~ed i~ 

2 e p 

2 
e 

s 

o , (3.76) 

(f\.+2M)/m 

(3.77) 

M/m ' 

where ep and es are the primary and seeondary wave speeds, respee-

tively. 

A question arises as to whether every solution o~ (3.77) is also 

solution o~ (3.66) and opposite. This question is answered by the 

eampleteness theorem, [27], stating that every solution o~ (3.66) 

admits a deeomposition (3.75) with 'f'andils satis~ng the equations 

(3. 77). 

e) Plate theory aeeounting ~or shear e~~eets (Generalized Reissner Theory): 

We now use the set o~ equations (3.61) to ~ormulate a theory o~ plates 
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for f1exura1 motion which accounts for shear deformation and rotatory 

inertia. We neg1ect thermal effects (homotherma1 conditions) and 

assume that 

T(o) 
li 

T(o) 
22 

T(o) 
33 

T(o) 
12 o 

' (3.78) 

* but 

T(o) 
13 Qx 

2M(o ~(o) 
13 

(3.79) 

T(o) 
23 = '\ = 2M(o~(o) 

23 

It foliows from (3.78) with the use of (3.47b) that 

~( o ) 
E li 

~(o) 
E22 = ~(o) 

E33 = ~(o) 
E12 = o (3.80) 

On the other hand, from (3.47a) 

T(1) M 1\. (2~) + 2M(2)'Ei.i:) 
li x 

T(1) M 1\. (2~) + 2M(2~(1) 22 y 22 (3. 81) 

T(1) -M 2M(2~(1) 
' 12 xy 12 

whi1e we assume that 

* A1though the coordinates x, y and z have been chosen different1y 
in the 1ast Chapter, we choose this order here, name1y x1 = x,x2 = y 

and x
3 

= z, because the emerging equations then can easi1y be com

pared with those in the existing 1iterature. 
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T(l) o = A(2~) + 2M(2)E(l) 
33 33 

T(l) 
13 o = 2M(2)'E(l) 

13 (3.82) 

T(l) 
23 o = 2M(2)E(l) 

23 

Thus: 

~(l) 
E23 

~(l) 
El3 o (3.83) 

But 

~(l) 
E33 

(2) ~(l) 
- A (2t2M(2)Eoo (3.84) 

an d 

~(l) ç = 
2M(2) ~(l) 

A (2)+2M(2)Eoo 
(3.85) 

Using this result in (3.81) gives 

M D(E(l)+m;(l)) 
x 11 22 

M D(E(l)+r~(l)) (3.86) 
y 22 11 

M -2M(2~(1) 
xy 12 

with 

2fi(2)M(2) (2) (2) 
D = N = t:. (3.87) (2) (2) + 2M 2(!1. (2)+M(2)) A +2M 

Defining 

T] 
(o) 

; q> 
(l) 

1j.r 
(l) (3.88) - u3 - -~ - -u2 ' 
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we obtain from the linearized version of (3.10) 

an d 

Substituting these expressions into (3.79) and (3.86), respective1y, 

yie1ds 

'lx M( o)(~- cp) 

(3.91) 

\ M(o)(~-1jr) 

an d 

M -D(~+~) x 

M -D(~+~) y (3.92) 

Mxy = M(2)(f+~) . 

The equations of motion can be derived from (3.61) and are given by 

(3.93) 



where we have set 

q 
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T 
x 

T y 

Furthermore uio) = u~o) = O. The equations (3.91) - (3.93) forma 

determinate set of 8 equations for 8 unknowns Q ,G .• M ,M ,M ,Tj,q> and 1jr. 
~yxyxy 

Similar, but not entire~ the same equations have been derived by 

Reissner, [28], and by a different method of derivation also by Green, 

[29] (see also [30]). 

Elimina ting Q an d M from ( 3. 93) gi ves 

(3.94) 

a system of three equations in three unknowns. Onqe T], qJ and 1jr are 

determined moments and shear forces can be obtained from (3.91) and 

(3.92). 

As for the boundary conditions, these are obtained from (3.61). 

* * * On a o'lJ d boundary one prescribes T], qJ and 1jr by !J , qJ and 1jr , while 

on the edge (t the resultant traction vector is prescribed: or equi

valently ~' Mn and Mnt which are, respective~, shear force, bending 

moment and twisting moment on the boundary edge e t wi th normal direc

tion N and tangential direction t. App1ications of this theory are 
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postponed to later investigations. 

d) A Generalized von Kàrmàn Plate Theory 

The foregoing calculations have shown that the nonlinear plate 

theory developed in this Chapter leads to useful subtheories in simp-

lified situations. The two situations are, however, still too simple 

to describe some effects on floating ice plates. In both theories 

thermal stresses were neglected. It therefore seems to be natural 

to consider a slightly more general case, which contains a coupling 

between flexural and extensional vibrations and also accounts for 

temperature effects and especially does not assume that the material 

constants be constant across the plate thickness. 

(i) (") To begin with recall that the macroscopic constants ~ and M ~ 

for plates isotropic in the (x1,x2 ) plane as given in (3.47b) are 

known, once the temperature variation across the plate thickness is 

prescribed. Note further that we have not fixed the (x
1
,x2 )-plane 

yet. This will be done now with the condition 

o (3.95) 

We assume henceforth that the coordinates (x1,x2,x
3

) are chosen accord

ingly. To be precise, however, one must mention that the normalization 

(3.95) is only useful provided the temperature distribution is such 

that the surface ~=O is flat. This implies that À. does not vary within 

the (~,x2 )-plane. 
Satisfying (3.95) does not, in general, imply 

o (3. 96) 
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but if i t does, then 1-l( ~) = KÀ.( ~) and this in turn implies that 

Pois son' s ratio v must be independent of the temperature. We shall 

nat assume it in the sequel, because we are interested in its influ-

ence and can always neglect corresponding terms a posteriori. 

The theory presented here can be considered to be an order "l" 

theory. Accordingly we shall keep O(l)-terms, while neglecting all 

higher order terms. With regard to the strain displacement relations 

we shall keep the nonlinear terms which correspond to the von Kàrmàn 

assumption. The theory presented here may therefore be called a 

physically linear but geometrically partially nonlinear theory. We 

* also assume isotropy , so that the stress strain relations (3.47a)2 

can be used. These formulas are used to calculate the zeroth order 

stress resultants: 

N x 

N 
y 

N 
xy 

which we shall assume to be nonzero. The resultant T~~), however is 

assumed to be zero, (at least far from applied loads). Thus 

* More precisely we assume that the macroscopic equations are iso
tropic. This only requires the equations of three dimensional 
elasticity t o be orthotropic. 

(3.97) 
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T(o) = A (o)K(?) + 2M(o)E(o) - (3<q\ (o)+2M(o))9(o) + 2M(1)(E3(13)-w9(1)) =0. 33 ~ 33 

(3.98) 
As ~ar as first order stress resultants are concerned it seems appro

priate to assume that rfi), T~~) and Ti~) are nonzero, whi1e all other 

first order stress resultants are set equal to zero, viz: 

T(1) = M 2M(1)E~) + A(2)~) + 2M( 2)~) 11 x 

- (2M(1 )w9(o) +3A (2)we(1 ) +2M( 2)we(1 )) 

T(1) M 2M(1)E(o) + A(2)~) + 2M(2)E(1) (3.99) 22 y 22 22 

- (2M(1 )w9(o) +3A (2)w9(1 ) +2M(2)we(1)) 

T(1) -M = 2M(1 )E(o) + 2M(2)E(1 ) 
12 xy 12 12 

an d 

T(1) 
13 

2M(1)E(o) + 2M(2)E(1) 
13 13 o ; 

T(1) 
23 

2M(1)E(o) + 2M(2)E(1) 
23 23 = o (3.100) 

T(1) 
33 

A ( 2 )(~)-3w9(1)) + 2M(2)(E(1 )-we(1 )) + 2M(1 )(E -w9( 0
)) = O • 

33 33 

It ~ollows fram (3.100) that same zeroth and first order strains are 

not independent. In particular (3.100)1, 2 .imply that 

M(1 ) (o) 

~13 
E(1) _ M(1 ) (o) 

23 - ~23 (3.101) 
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while (3.100)
3 

is an equation relating first and zeroth order strain 

E~~) and E~~)· A second equation for these quantities is (3.98). 

(o) (l) 
Thus we may solve (3.98) and (3.101)

3 
for E

33 
and E

33 
• The result 

of this calculation is 

E(o) 
33 

A(o)E(o) + B(o)E(l) + C(o) 
aa aa 

(3.102) 

E(l) 
33 

A(l)E(o) + B(l)E(l) + C(l) 
aa aa 

with 

A (o) -11. (o) (11. (2 )+2M(2) )/~ 

B(o) 211. (2)M(l) ~~ 

A(l) 2fl.(o)M(l)/~ 

B(l) -fl.(2)(fl.(o)+2M(o))/~ 

(3.103) 

Note that B(o) and A(l) vanish when M(l) =o. Substituting (3.101) 



and (3.102) into (3.97) we obtain 

with 

an d 

N 
y 

N xy 

where 

'f)(o) 

T)(1) 

r x 

r E(o) 
x 13 

r E(o) 
y 23 

r 
y 
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(3.1o4) 

(3.105) 

(3.106) 

(3.107) 

M( 1 ) = O implies rn( 1) = O and !i)(l)N(l)= O, in which case the re1ations 

(3.1o6) simp1ify considerably. 

Simi1ar1y, one obtains from (3.99) the following re1ations 
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M 
y 

(3.10S) 

where 

l:)(o) 

'l)(l) tt_(l) = ;:tn(i\ (2) (B(l)+:L)) 
%) 

"!x = ::ty = - f[2M(l)e(o)+3f\ (2)e(l)+2M(2)e(l)]-i\ (2)c(l1 

Observe again that in case M( l) = O, then 'l) ( 0 ) = O and a_( 0 ) = O. 

In this case there is a true separation of (3.10S) from (3.lo6). 

(3.109) 

Thus far the generalized stress strain relations (3.lo6) and (3.10S) 

have been derived. They are now complemented by the equations of motion 

and the strain displacement relations. 

As for the strain displacement relations we choose the von Kàrmàn 

approximations (3.10c). On substituting these equations into (3.1o6) 

and (3.10S), respectively, one would obtain the stress resultants in 

terms of the displacements. 

Before proceeding,however, with further reductions we list the 

equations of motion which, with the definitions 

p I(o) = \11 
o 

'J= p 1(2) 
o (3.ll0) 

can be obtained in the form 
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ltlü - .!j~ 
ClN ClN ( 

x+ _,.JSL + T o) 
""'ãi"" ày x 

1Tiif - St 

(3.lll) 

where we have defined 

q = 

an d 

Note that the unknown u~1 ) in the equations (3.lll) can be expre~sed 
in terms of u, v, ~' t and ~· To this end, observe that (see (3.10d)) 

c(o) 
33 

2E(o) 
33 

On the other hand, equation (3.102)1 must ho1d. Thus 

Furthermore the first order equations are 
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t:::•• 
'-IU -

(3.113) 

t=•• :;;JV-

With this set of equations a definite set has been obtained describing 

the dynamic response of ice plates to instationary motions. The equa-

tions of motion are (3.lll) and (3.113); they forma set of 5 equations 

for the unknowns u, v, ~' ~' and ~· The stress-strain relations for 

the macroscopic equations are (3.lo4), (3.1o6) and (3.lo8), while the 

strains are given in (3.10c). 

The theory presented here is a thermal stress theory valid for 

plates for which the temperature may be nonuniform with depth. This 

implies that several otherwise vanishing terms must be included in 

the theory. Among these terms is S which is the static moment of 

the cross section of unit width. Only when x
3 

= O coincides with 

the middle plane, that is the plane midway between the bottom and top 

surface, is 5 = o. On the other hand i t was already mentioned before 

that same simplifications may be achieved by assuming that Fbisson's 

ratio be temperature independent. In this event 'l:l(l) = O, l{(l) = O 

and 't)(o) = O and 1t(o t O, which simplifies the strain displacement 

relations (3.lo6) and (3.1o8). Note fUrther that extensional and 

flexural motion, u, v, and ~ and ~' respectively, are coupled, even when 

nonlinear terms in (3.lll) are neglected. 

Because 5= O(h
2

), and we have kept only terms of order h in 

the expansion procedure of this theory, we may justly neglect the terms 
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involving S . Hence the equations of motion are reduced considerably. 

Moreover, when i t is assumed that :>-.(V) and 1-1( V) are affine to each 

other, one also has M(l) = O. For this simplified situation, which 

corresponds to the consistent approximation for uniformly distributed 

temperature, the governing equations are only a slight generalization 

of the von Kàrmàn equations. The difference lies in the following 

facts, which make the theory presented here applicable to a wider 

class of problems than the von Kà.rmàn theory: First we deal with 

the dynamic situation, second, our sét of equations includes shear 

and rotatory inertia and avoids, as does the previously presented 

generalized Reissner theory too, the controver~ edge singularities. 

The pre s en t theory thus provides enough generali ty, that all boundary 

conditions can be satisfied. Th~we have included thermal stress 

effects. Moreover, of the nonlinear terms in (3.111), the von Kà.rmàn 

theory only keeps the first terms. 

For the remainder of this section we list the equations for the 

theory where the following simplifYing assumptions are made: 

(i) 5 o 

(ii) M(l) o 

o 

This theory could justly be called generalized Reissner-von Kàrmàn theory. 

Its governing equations are 



Equations of Motion: 

1T1ü 

111 v = 

oN ÕN 
_lSY.+ y 

OX Ty" 

The stress-strain re1ation 

N 'J)(o)(E(o)+ 
x 11 

N 'D(o)(E(o)+ 
y 22 

N 
xy 

2M(o)E(o) 
12 
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(3.114) 

.N'( o )E (o)) + 1 22 x 

J'{(o)E~) + 1y; (3.115) 
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M '])(1)(E(1)+ 1l_(1)E(1)) + :l: 
y 22 li y 

M ; -2M(2 )E(1 ) 
xy 12 

The strain-disp1acement re1ations: 

E(o) 
t$ 

l{u(o)+u(o) +.2:1. ClTJ J 
2 cx, (3 (3,cx Clxcx ~ 

E(1) 
ll 

E( o) 
13 ~(~ - cp) E(1) 

22 

E(o) 
23 

; ~(~- 1)1) E(1) 
12 

; 

\ 

-~ 

-~ 

r E(o) 
x 13 

r E(o) 
y 23 

; 

~(~+~) 

(3.ll6) 

(3.ll7) 

For f1exural vibrations these equations may be reduced further by 

disregarding horizontal acce1erations ü and v. In this event the 

equi1ibrium equations (3.ll4)1 , 2 for the membrane forces are satisfied 

identically by introducing the stress functian 

N 
x 

N 
y 

N 
xy 

If these expressions are substituted into (3.ll5)1, 2,
3 

and the result

ing equations are inverted the zeroth order strain camponents become 
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(3.ll8) 

0n the other hand, (3.ll7) imply 

which when (3.ll5) is used becomes 

(3.l20) 

with 

2 
'I)(o)(l- ,)J'(o) ) (o) 

() -2.N' 
2M 

0 

(3.l2l) 

where use has been made of the fact that temperature varies only in the 

direction perpendicular to the plate reference plane. Note that an 

equation similar to (3.ll7) also occurs in the von Kàrmàn plate theory 

with D = 2. Here, we note that this assumption cannot be made. 

In view of the particular form of equation (3.ll7) it seems to be 

appropriate to pause and to compare the linear version of (3.ll7) with 
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(3. 74) which was derived by neglecting all nonlinear terms and restrict-

ing to zeroth order terms only. The dif'ference in these two limiting 

cases lies only in the coef'ficient fj, which differs here from 2. The 

reason for this fictitious discrepancy is the fo11owing: Equation (3.78) 

is based upon two dimensional deformation and thus valid for plain strain 

situation. On the other hand in equation (3.117) or its linear counter

part, the coefficient 6 is determined by a condition, which could be 

ca11ed plane stress situation. The zeroth and first order stress result

ants T~~) and T~~) have been set to zero, which determined the correspond-

. (o) (l) ing strain components in terms of others. Clearly, sett~g T
33 

and T
33 

to zero does not imply a true plane stress situation, but an approximate 

one. Based on this condition the coefficient tJ is obtained. Hence, the 

deviation of f.l from 2 is based upon the difference of plane strain-plane 

stress situation and does not have any connection with the nonlinearities 

involved in the theory. 

Finally, supstituting (3.117) into the third equation of (3.lll) and 

using (3.113) in (3.112) the second set of equations for the dynamic re-

sponse is obtained: 
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2 oM oM 
- :JU -&--f--~ dt2 

i! OM OM 
- ::J ~---e--\ dt2 

M - ~(1)[~+1t~] + Ix 
x 

M - 11)(1)[~+ R~] + :t (3.122) 
y y y 

M -M(2)(~+~) 
xy 

~ ~x(~-cp) 

Qy = k cf;-11r) 2 y . 

Moreover, neg1ecting all nonlinear terms we obtain the bending theory 

(3.91), (3.92) and (3.93) . 
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(a) l o 2 E x lO dynes/cm -

9 60 

9.40 

- O. Ol3S T 

9.20 
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(b) v 
0. 5 

0.4 
0.314 

0.3 • • 

0. 2 

o. l 

ifo 
o ·· l o -20 - 30 

Fig . 3. 3: Temperature variation of the elastic constants 
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(e ) 10 2 f x 10 dynes/cm 

3.75 

3. 50 3.5 - 0. 0051 T 

-8'0 

o -lO - 20 - 30 

l o 2 
~ x 10 dynes / cm 

• 

7 

' 5.95 - 0.0087 T 

• 

6 • 

• 
• 

5 ~o 

o -lO -20 - 30 

Fig.3.3 : Temperature variation of the elastic constants 



3.9) NUmerical Va1ues for the Plate Constants. 

The preceding calculations make use of various constants which 

are different fram the :f'Bmi1iar ones in ordinary plate theory. To 

make this theory amenab1e to explicit calculations we shall 1ist the 

pertinent constants in this section. Because temperature variation 

is essential in this theory, we first need same informa.tion with 

regard to the temperature variation of the elastic constants, such 

as for Young's modulus, the .shear modulus, Poisson's ratio and Lamé's 

constants, respectively. Fbr polycrystalline ice with randomly oriented 

crystals these constants have been calculated by various authors from 

the corresponding sing1e crystal properties. Rõthlisberger [31) sum

marizes work of Jona and Scherrer[32), Bass [33] et al, Brockamp and 

QuerfUrth [34] and Bennett [35]. Figs. 3.3a, b and e are direct 

reinterpretations of Tab1e Va of Rõthlisberger and Fig. 3.3d is cal

culated from known re1ations of Lamé•s constants to Young's modulus 

and Pois son' s ratio. I t i s se en that to a good order of approximation 

Fbisson's ratio may be assumed to be independent of the temperature 

* with va1ue 

v 0.314 (polycrystalline ice) 

Furthermore, while E, ~ and v do not show considerab1e scatter, this 

is not so for ~. The reason might be a higher sensitivity to errors 

in the experiJDental values. 

Two constants suffice to determine any other two. The averages, 

shown as straight lines in Figure 3.3c and d are thus calculated from 

* Note that for sea ice v cannot be assumed to be a constant. 
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those given for E and v. A linear approxi.mation suffices. It is for 

this reason that the average value as based upon the linear tempera-

ture dependence may,despite the considerable scatter, nevertheless 

be considered to be an appropriate value. Thus we obtain: 

&b 
~ 

l - 0.00146~ 

0.314 

l - 0.00146J 

.MJU = l - o. 00146 v MO) 

E(O) 

11(0) 

~(o) 

-2 9. 21 [ dynes em ] 

3-5 

5-95 

-2 (dynes em J 

-2 (dynes em ] 

In these formulas the temperature is given in centigrades. 

In order to obtain numerical values for A(m) and M(m) as given 

by (3.47b) we assume for the sake or simplicity a linear distribu-

tion of the tempera.ture across the thickness of the ice with tempera

tures ,)u and \)1 at the upper and lower face, respectively. Without 

loss of generality we may assume ,)1 
= o, because the water tempera-

ture at the lower face is at the freezing point. Then (see Fig. 3.4) 

v" 

h r~ 
l -

f 
x3 

tx3 
Fig 3.4 

A(l) J x3~( V )ds o 
h 
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implies 

o r 

ô 

Because 

one has 

which when used in the integrals (3.l23) gives 

§. 
h 

(O. 5-0. 000244 V u) 

(l -0.000732 V u) 

(3.123) 

(3.l24) 

Its asymptotic value as V u .... - oo is (õ/h)
00 

= O. 334, but this value 

is never significant. For the range 0° S 0 < -l00° namely, a Taylor 

series representation o~ (3.l24) is accurate enough. Thus 

§. - .w h 0.5 + O.OOOl22 ·u , (3.125) 

where 0u is to be substituted in centigrades. 

Once the position o~ the re~erence plane (~,x2 ) has been ~ixed, 

we are also in position to determine h(m) and M(m) ~or m r l. We 

obtain ~rom (3 . 47b) and (3.l2l) 
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(3.126) 

With the above numerical values the plate rigidities D, N, (3.·87), 

l) (o), .N'(o), ~(l), M(l), (3.107), and 'l) (o) t\((o) and 1) (l) 

~(l) and r and r can be evaluated. 
x y After some manipulations we 

obtain 

D h
3 

M.Ql(l-0. 000586 1) u) 
12 l-V 

N = V 

'D (o) 

~(l) 

Q(l) 

r 
y 

v 

v 

(3.127) 

With these quantities, all plate constants used in the governing equations 
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are known, once the temperature at the upper face is known. For the 

evaluation of the thermal effects, however, we also need T , T , X. x y x 

and r ' as given in (3.107) and (3.109). For their evaluation the y 

zeroth and first temperature resultants are needed. According to 

(3.27) these are obtained by a Tay1or series expansion in the vari-

ab1e x
3 

of the temperature function. C1ear1y, for a 1inear distri

bution only e(o) and e(1 ) survive 

(3.128) 

Thus 

(3.129) 

Substituting the expressions (3.126) into (3.103) and the results into 

the 1ast equations (3.107) and (3.109), respective1y, we obtain 

where K i s the bulk mdulus, gi ven by 

K 

Before conc1uding this section, we give same numerica1 values for 

the constants S , tJ and lf: . It is easi1y seen that in view of 

the definition of S and because of (3.121) one has 

(3.130) 

(3.131) 
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s = h3 xo.000122 "u' !J 'l; 2 and 'l= 2~(0)(l+v)(l-0.000732 vu). 

This shows that in case v is not a function of the temperature, 

l5 ~ 2, which agrees with the plane strain situation. Further

more, the extr~e sma.ll value of !:l justifies its neglection. 



Chapter 4.) Plate as a Viscoelastic Material 

4.1) Introduction 

In the preceding Chapter the plate equations have been derived on 

the basis of a purely elastic behavior of the material. Clearly, such 

simplified behavior can only be assumed when the processes under inves

tigation are fast. Slow processes should be based upon a model which 

takes dissipation into account. For floating ice this has been evi

denced by Nevel [l], who on the basis of the classical plate theory, 

in which the elastic constants are replaced by their complex counter

parts of viscoelasticity, shows that the stress relaxes with time. 

Consequently, also the displacement field must show an analogous pro

perty. 

Nevel's result does not take into account .a temperature variation 

of the ice with position; his relaxation and creep functions are tem

perature independent. Hence, for the present purpose, where a non

uniform temperature distribution is assumed, a more general approach 

must be considered. Moreover, Nevel uses a viscoelastic model consist

ing of a combination of springs and dashpots, an approach which gen

erally overemphasizes the value of the model. 

The above preliminary remarks seem to indicate that it suffices 

to develop a theory of viscoelasticity of which the relaxation and creep 

functions are temperature dependent. One could then average over the 

plate thickness as was done for the elastic case in Section 3.6. Care

ful investigation of such a procedure, however, shows that one does 

not obtain a term taking thermal expansion into account. Moreover, 

- lo4 -
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experimentally the relaxation and creep functions have nat been systema

tically determined as functions af the temperature. The averaged quanti

ties therefore could nat be evaluated. 

Considerable simplification is achieved, when the temperature 

dependence of the mechanical properties is based upon a postulate which 

is borrowed from thermodynamic theories of high polymeric solids. This 

special class of materials is referred to as being thermorheological1y 

simple. The corresponding description of the temperature dependent 

properties was first proposed by Leaderman [361 and Ferry [37), [38]. 

It was further developed by Schwarzl and Staverman [34] who introduced 

the term "thermorheologically simple". Thermodynamic aspects are dis

cussed by Staverman and Schwarzl [40] and by Hunter, [41] . The theory 

has been reinvestigated in two articles by Crochet and Naghdi [42], 

[ 43). These authors extend the interpreta tian o f the term "thermorheo

logically simpl e" . Accounts of similar nature are by Morl and and Lee 

[44], but their formulati on is nat general enough to account for finite 

el asticity. Further literature on thermorheologically simple material 

is to be found in the text books of Pipkin [45], Christensen [46] and 

Lockett [47]· 

The theory of Crochet and Naghdi is rather complex insofar as it 

requires the knowledge of some basic facts in functional analysis. 

However, it has various advantages as campared to the other more ad hae 

treatments, because (i) it allows to formulate a finite linear theory 

and (ii) it contains the effect of thermal stresses. In a proper forn.u

lation both effects should be contained in the theory. Property (i) allows 

us to formulate the viscoelastic counterpart of the generalized Reissner -

von Kàrmàn plate theory. 
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In concluding this section it seems appropriate to note that the 

constitutive assumptions (3.39) actually are the elastic analogue of 

the thermorheologically simple solid presented here. 



4.2) Preliminaries and Functional Analytic Background 

In Section 3.6 an elastic material with parameter Ü (the tem-

perature) was def'ined as a material the response functions of which 

were only dependent upon the deformation gradient F .. and the parameter 
~J 

V . In view of the heredi tary effects which must be included now the 

response of a material also depends upon the values of the deformation 

gradient and temperature prior to the present time. In accord with 

common usage we def'ine the history up to time t of the deformation 

gradient and of the temperature, at a fixed material point to be, re-

spectively 

V( t-s) &e[ O,oo). (4.1) 

Moreover, the restriction of F~.(s) to the open interval (O,oo) is called 
~J 

t the past history and will be denoted by F .. (s). A similar def'inition 
~J 

also holds for \)t(s). Furthermore F~ .(0) ~F~~) 
r ~J ~J 

.J (t) = V· are called the pre s en t values of the deforma.tion gradient 

and temperature, respectively. 

With these preliminary remarks we are now in a position to state 

the constitutive assumptions which replace the ones given in Section 

3.6 (equation 3.31). To this end, let f be any one of the dependent 

variables. Then a simple material with parameter 'Ô is def'ined as a 

material obeying the following constitutive assumption: 

f 
00 

t _,t -' ~ (F.j (s), u (s);F .. , U ) 
s=o ~ r r ~J 

(4.2) 

- W7-
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00 

Here, '3 ( •) i s a :runctional over the hist or y of the deformation gradi ent 
s=o 

and the parameter V The notation "3 i ndicates that s vari es over the 
oo s=o 

enti re past hi story ( O,oo ) . :5 ( · ) may be gi ven for exampl e by an inte-
S=O 

gr al over s. 

The repr esentati on (4. 2) is assumed t o hold for t he stress Ti j ' free 

energy ~' entr opy n and heat f l ux ~i' explicitly : 

T .. 
l J 

00 
t t Ü (F. (s), V (s) ; F. , V) 

s=o .omr r ..,m 

00 

t t ' G (F. (s), U (s); F. , \i ) 
s=o .omr r ..,m 

00 t . t \ (]. .(F. ( s), U (s);F. , V ) 
l .om r ..,m 

s=o r 

(4.3 ) 

These ar e not materi ally objecti ve yet, that i s they are not i nvari-

ant under t ime dependent orthogonal transformations of the form 

x ! e>i j(t)xj + cf:t) (4.4 ) 
l 

Under such transformations Tij' ~' 1) and ~i transform as follows : 

T!. 0~Tkj ~ · ~ 1) ' 1) 
l J 

(4. 5a) 

~ ! 
l ôij~j 

while 

F! . é)ikFkj ,)• l) (4. 5b ) 
l J 
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Based upon ~e transformation properties, introducing the second Piola-

Kirchhoff tensor 

!:i j (4.6) 

it can be shown that the constitutive equations must have the form 

!: mn 

G 
m 

.n t -'t _, ,.. (E . . (s), v (s);E .. , u ) 
s=o 1Jr r 1J 

00 
t t G (E .. (s), V (s);E .. , V ) 

s=o 1Jr r 1J 

00 
t t 3:m

0
(EiJ.(s), .J (s);E .. , V) 

s=o r r 1J 

00 
t t 

F 11_ (E .. (s), "\) (s);E .. , V ) 
mn s=o n 1Jr r 1J 

where E .. (s) is the elongation tensor defined in (3.36). The domain 
1J 

of E~. (s) is the positive real line. 
1Jr 

We assume that the response functionals (4.7) satisfy the principle 

o f fading memory d ue to Coleman an d No li [ 48 J • Accordingly let h (s) be a po 

tive monotonically decreasing continuous function over [O,oo), which de-

cays fast enough to be square integrable. Let \f(?) be the veétor space 

of the ordered pairs ~j = (S.em' ~ )(!.,m=l,2,3;i,j=l, ... ,4), where S.em 

are symmetric tensors. With the inner product 
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\{ (
7

) becames a Hilbert space. Denoting the norm corresponding to 

( 4. 8) by 11·11, we introduce a Banach s pace À ( 
7

) wi th the norm 

{ 
"" 2 2 }l/2 f h (s)IIAij(s)ll ds 
o 

(4.9) 

In what follows we restrict our attention to materials of which 

the response fUnctionals depend in a continuously differentiable way upon 

the histories of E .. and '\) 
l.J 00 

Furthermore we presume that the free 

energy functional 1} (•) depends in a twice continuously differ-
s=o 

entiable way upon these histories. In other words we assume that the 

fUnctionals be Fréchet differentiable over the Hilbert space \f(
7

)' 

while the free energy functional possesses Fréchet derivatives up and 

including to the second order. 

It has been shown by Coleman [49] that in a material satisfYing 

the above smoothness properties and the thermodynamic principle as 

illustrated in Section 3.6, the response functionals are given as 

* follows : 

* 

G d "" t t "'-t'""1} (E .. (s),,) (s);E .. , '\)) 
ov s=o l.Jr r l.J 

(4.10) 

l d 00 
t _,t( ... - 'd'E."":" i} (E .. (s), ·v s);E .. , v ) 

Po ij s=o l.Jr r l.J 
(4.11) 

Q 
i 

o (4.12) 

Note that, because we do not include temperature gradients in our 
theory, the situation is slightly different from that dealt with by 
Coleman. However, an easy argument shows that the only difference 
is in (4.12). 
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Let V be a fixed reference temperature at a particle X and con
X 

sider processes such that 

(4.13) 

where l+(s) is the function which maps the positive real line into 

the real number l, i.e. l+(s) = l; s€[0,~). Thus we define 

d ~ t t 
-"T~ (E

1 
•. (s); l) (s),E .. , ,) )l t 

0"\Js=o Jr r l.J 0 (s) 
r 

(4.14) 

Similarly, assuming the constitutive equation for stress (4.7)3 to be 

invertible in the sense that 

E 
mn 

~ t t 
~ (E .. (s), V (s);E .. , V) 

s=omn l.Jr r l.J 

we also may define the functional 

(4.15) 

( 4.16) 

The starred functionals will be called local isothermal functionals. On 

the other hand, let 
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se[ O,oo) (4.17) 

be the zero fUnction and consider a history for which E~j(s) = o;j(s). 

Then we define 

~ (o: .(s), ~ t(s);o: ., ,j) 
S=O ~J r ~J 

(4.18) 



4.3) Constitutive Eguations for Thermorheologically Simple Materials 

Suppose that the material is initially at rest with a temperature 

distribution VX (nonunifo:nn). Let Ey .. be the state of stress at 
~\ ~J 

zero strain and temperature Uy at a reference particle Y. Then, 

corresponding to the constant stress history the functional (4.15) 

assumes the fo:nn 

(4.19) 

Its value for the temperature history V(s) oVy1 + (s) must vanish, 

by the very definition of ~ .. and "Vy. However, its value at any 

other particle with ~t = ~~+(s) need not vanish. Because Ey. . is 

fixed, the functional in (4.19) can also be expressed as 

al lly ( \) t(s), U ) its value will be called a . . (t). 
S=O ij r ~J 

00 t .\ 
:u\.y . . ( "\) r(s), V) 
S=O ~J 

with 

o • 

~J 

a new function-

Thus 

(4.20) 

(4.21) 

We now decompose the strain functional in two parts, one that is given 

by (4.20) and is independent of the stress history and the other part 

given by 

(4. 22) 

As a direct consequence of this 
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~ t t e i .(L:k,(s+u), v (s+u)) 
U=O J "' 

(4. 23) 

Simi1ar1y (4.16) may be written as 

(4.24) 

which according to (4.14)
3 

and the assumed invertibi1ity property o~ 

the stress ~ctional has an inverse 

(4.25) 

One more item is needed be~ore the constitutive postu1ate can be 

estab1ished. We introduce a modi~ed time sca1e which only depends 

upon the history o~ the temperature through the fUnctiona1 ~orm 

~s 
00 t .3 ( V (u),s) 

U=O r 
(4.26) 

00 

where .3 ( · ) has the properties such that 
U=O 

~ (s= O) = O 
s 

s 

and where Uy designates the constant temperature at the ~ixed partic1e Y. 

It is worthwhi1e to note again that ~or our situation the temperature 
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distribution is known a priori so that at particle x, vt(s) = u~+( s). 

For this special case the functional (4.26) becomes a function of VX. 

A special form of (4.26) is then 

or (4.28) 

~sx(Jx) s 

with the properties (see (4.27)) 

(4 . 29) 

We shall restrict further considerations to the law (4.28) and (4.29} . 

We can now introduce the main hypothesis of thermorheologically 

simple solids (Crochet and Naghdi [42]): The functional relationship 

t t 
between Eij(s) - aij(s) and Eij is such that the constitutive functional 

at the reference particle Y (given in (4. 24)) in terms of the 

" ~i j ( · ) in ( 4. 22) i s equi vale n t to the isothermal functional ~ ; 
i j 

(. ) 

same history of stress, but with a modified time scale defined by (4.26 ) 

(or equivalently (4.28)). * Hence we wri te 

* t t Note that Eij and aij in (4.30) are evaluated at the particle X. Hence 

the notation 

would be more precise. The same is true for the formulas (4.31)-(4. 33). 
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(4.30) 

Because & * ( • ) has the inverse 
Y· •• 

l. J 
:r;_.(·), (see (4.25)), it follows 

l. J 

(4.31) 

In particular when s = O, or equiva1ent1y ~s O, then 

(4.32) 

or when the past history and the present values are separated 

(4.33) 

Thus the stress at the partic1e X is given by the isothermal functiona1 

of partic1e Y at the reference temperature Ôy whereby the strain history 

t t is replaced by (Eij~ij). Since this functional is fixed, once the refer-

ence partic1e is chosen, one could refrain from 1isting the subscript 

Y. However, we shall not do it here, because the subscript is a remin-

der that the base temperature distribution is nonuniform. Note further 

that in view of (4.21) and (4.29)
2 

the stress at the partic1e Y is given 

by the ordinary isothermal response (4.12). 

It remains to estab1ish exp1icit cx:mti:tutive equations for the free 

energy ~ and for aij. Since we are restricting considerations to 

1ocally isothermal thermodynamic states, we do not present the camplete 

theory which is given by Crochet and Naghdi [42), but only 1ist the 



- 117 -

quantities which are of importance in our case. We choose the isother

* mal free energy as 

(4.34) 

Here Mijkl is a fourth order tensor function of the variables s and 

u which we have assumed to be independent of the Lagrangian strain. 

Clearly, 

~i j (4.35) 

In (4.34) we have excluded a term linear in the strains, because it can 

be shown that thermodynamic restrictions require it to be zero. The 

stress at the reference particle Y is obtained from (4.34) by apply-

ing (4.14). Thus, 

Eyij 
(4.36) 

Defining 

0000 

J J Mijk.t (er, p )dcr dp 
s u 

(4.37) 

where 

Gijk.t. -+ O as u ... oo or s ... oo 

we obtain by an integration by parts 

* In integrals like this the past history could be replaced by the history 

of E .. , because only the equivalence class of functions which differ on 
~J 

a set of measure zero determines the integral. We shall restrict fUr-

ther considerations to smooth processes and thus replace EiJ.t by E~. 
r ~J 
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Eyij 

(4.38) 

where we have written Gijkt(O,u) = Gijkl(u). Using the assumption o~ 

thermorheologically simple materials yields ~or the stress at a par-

ticle X, (see (4.33)), the expression 

r:ij 

With the trans~ormation 

T t - ~u 

~ormula (4.39) becames 

d 
du 

where u still must be related to T • Fram (4.40) and (4.28) it 

~ollows that 

u 

This brings us now into the position to de~ne the stress resultants 

o~ order m. In ~act, assuming a linear dependence upon the tempera-

ture ~or the fUnction )jij(·) we may write 

(4. 39) 

(4.40) 

(4.41) 

(4. 42) 
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thereby defining the reference particle Y as that for which the thermal 

strains vanish. Thus defining 

a> m (m) ( ) 
L: x

3
w •. 8 T 

m=O l.J 
(4.44) 

as in Chapter 3 and 

(4.45) 

we obtain 

(4.46a) 

where for isotropic material (temperature only a fUnction of x
3

) 



4.4) Viscoelastic P.late Eguations 

With the formulas (4. 46) we are now in a position to establish 

the governing equations for various approx:lllla.te theories of visco• 

elastic plates. 

We discuss here the situations of Section 3.8 only. 

a) Extensional Motion onJ.y 

The governing equation is again (3.65), but with the constitu-

tive relation 

In the above equation we have omitted a superscript (O) and have ap-

proximated the Lagrangian strain tensor ~l by Ekl' as is customary 

in the linear theories. 

Note that (4.47) (and (4.46)) has convolution form. In case 

CI;ijkl' Eij and 9 vanish for negative argument, this suggests the 

use of Laplace transforms in solving equations (3.65) and (4. 47). 

To this end let f(t) be a function of time. Then 

f( s) 

is its Laplace transform and 

f( t) l st -
27ri J e f(s)ds 

(4.47) 

(4.48) 

(4.49) 

its inverse transform. The integration in (4.49) is along the Bromwich 
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contour in the comp1ex s-p1ane, that is a1ong a vertica1 1ine to the 

right of all singularities of the integrand function e8 tf(s) in (4.49). 

Fig 4.1 

Re(s) 

Bromwich contour 

In order the function f(t) to possess a Lap1ace transform, it must, 

according to (4.48), asymtotically not grow faster than 

f ~ e at as t -+ oo with Re(a) > Re(s) 

We shal1 henceforth tacit1y assume that this condition is satisfied for 

all functions under investigation. 

Performing a Lap1ace transform with equations (3.65) and (3. 47) 

we obtain 

(4.50) 

an d 

(4.51) 

o r 

(4.52) 

Here Ú
0 

= ú
0

(x
1
,x

2
) and u

0 
= u

0
(x

1
,x2 ) are the initial distribution 

of the ve1ocity and disp1acement fie1ds. The equation (4.52) formally 
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agrees wi t h the corresponding Laplace transformed equation of the purely 

elastic theory (see equation (3.65) and the equation right thereafter) 

if the following correspondence is made: 

Hence, only the inverse transform of the solutions are different. 

An even more usefUl correspondence exists in the quasistatic situa-

tion, when the acceleration term vanishes. In this case (4.52) reduces 

to 

o ' (4.53) 

while the elastic counterpart (equation (3.65)) becomes 

f(o:" .J~(u .,_+u.,_ )-w .,_8]},., +Fo:+ P =O. .-ru r' u u' r ru 1-' 0: 
(4.54) 

Thus in the quasistatic approximation the correspondence exists between 

the Laplace transformed viscoelastic problem and the elastic problem (and 

not its Laplace transform). Given an elastic solution uo:' we replace in

there 

by 

and determine an inverse Laplace transform of the emerging equations. 

This yields the solution to the corresponding viscoelastic problem. 

b) Reissner Plate Theory for Viscoelastic Plates 

The situation dealt with here is analogous to the one in subsection 

3.8,c. Accordingly, we refer to that subsection and only list equations 

which differ from those given there. In particular, we assume homothermal 



- 123 -

conditions. 

We neg1ect therma1 expansion (~l=O) and again assume that the re1a

tions (3.78) and the first part of (3.82) ho1d. That is to say, we assume 

that al1 stress resultants vanish except Q , Qy' M , M , and M • For 
x x y xy 

isotropic p1ates, using (4.46a, b),this again imp1ies (3.80) and (3.83). 

0n the other hand, the counterpart of equation (3.82) is now 

Taking a Lap1ace transform imp1ies 

~ ---,-, __ ;;.;._ __ E~' 
J:T21+2 m (2) 

(4.56) 

an d 

IT?Y --;:;"\ 
-----E\1; 

~+21Tlf?Y 00 

(4.57) 

The shear forces and moments corresponding to (3.79) and (3.81) are 

(4.58) 

an d 

o o 



M 
y 

-M 
xy 
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Performing a Laplace transform with (4.59)1 2 and using (4.56) gives 

' 

with 

M 
y 

l~l2Ymm:;_c mt2l/} 

~+2mc2 ) 

(4.60) 

(4.61) 

Observe the similarity of these formulas with those of (3.87). With the 

definitions 

l) (t) l f ;;'T':"'\ st 2rri D\SJ e ds ; 

(4.62) 

where the integration is along the Bramwich contour, we may write 



M 
x 

M 
y 
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which are the ~onnulas analogous to (3.86) 

This brings us into the position to list the governing equations 

~or this plate theory. With the de~nitions (3.88) - (3.90) and (4.58) 

and (4.62) we may write 

an d 

M 
y 

M = -l m <2 ) (t-T )Cdd e -ªte T)+ dq,c T) )J d T . 
xy O TdX dy 

(4.63) 

(4.64) 

(4.65) 

Furthennore, the dynamic equations (3. 93) must hold; we re~rain ~rcm re-

peating them. It is worth noting that the same correspondence principle 

between the Laplace trans~ormed viscoelastic and the elastic solution 

applies also in this theory. To see this, let 
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be the initial values of ~' ~' ~' ~' w and *· The Laplace transformed 

equations (3.93) then become 

where 

an d 

~ÓQ 
~ + ~ + q + (~ +s~ )p A ox cy o o o 

(2) 2-
-p I s <p o 

~ CMX - - 2 
"""'"""" - _EI.. - Q + T +o I( ) (áJ +s~ ) ox cy ~ x ,-o. o o 

M -sD(s )&~(s )+N(s )~(s)} 
x 

M - ~DTsJ~( s )+N( s)~( s)} y 

M s m (2
){M(s) +~(s)} xy 

~ m (o)f~(s)-~} 

\ = '111(o){!"cs)- w(s)} 

(4. 66) 

(4.67) 

(4.68; 

By comparison with the Laplace transform of the dynamic equations for the 
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elastic plate or the static equations the ~ollowing correspondences are 

obtained: 

Correspondence I The Laplace trans~orms o~ the solution o~ the elastic 

plate equations in the generalized Reissner theory and the Laplace trans-

~orms o~ those in the corresponding viscoelastic plate theory can be ob-

tained ~rom each other by interchanging the ~ollowing quantities: 

S'DfS}- D (4.70) 

Correspondence II The solutions o~ the static elastic plate equations -in 

the generalized Reissner theory and the Laplace trans~orms o~ those in the 

corresponding viscoelastic theory can be obtained ~rom each other by inter-

changing the quantities (4.70). 

e) Generalized von Kàrmàn Theory ~or Viscoelastic Plates 

The preceding viscoelastic plate theories are, strictly speaking, only 

correct i~ the temperature distribution within the plate is uni~orm or sat-

is~es certain restrictions which will be investigated below. We now allow 

the temperature to be distributed arbitrarily; only later shall we assume 

that the temperature distribution does not vary with the coordinates ~ and 

x2, which de~ne the re~erence plane in the plate. In the purely elastic 

theory (with nonuni~orm temperature distribution) we have ~xed this re~er

ence plane by requiring that (3 . 95) holds. Here, in the viscoelastic iso-

tropic theory we cannot simply assume that ~(l)(T) O, since the value 

o~ this macroscopic relaxation ~ction generally will vary with time, viz: 
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(4.71) 

Here, X satisfies the side conditions (4.29) and À(l) is given by 

It is obvious that the integral on the right hand side of (4.71) is only 

time independent for special situations. If, for instance, the tempera-

ture distribution is symmetric with respect to the middle plane then 

irrespective of the explicit form of its f\mctional form X(·) i s sym-

metric with respect to this plane; and so is Ã(l)(· ). Th~s x
3

Ã(l)(TX(VX(x
3

))) 

is odd and .(.(l) = o. This situation, certainly does not apply for float

ing ice. On the other hand, let x(x3) = x(Jx(x3)). Then, using· the trans

fonnation 

s ' 

Fig 4.2 -f--
we can show that (4.71) may be written as 

(4.72) 

syn111etric 
temperature 
distribution 

(4.73) 

which immediately proves that .(.(l) is independent of T provided 

aT , (4.'74) 

or, setting ~/T = x 
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(4. 75) 

where e is an arbitrary constant. Since this invo1ves the time T, x(·) 

must also be time dependent, which contradicts (4.72), where x(·) has been 

assumed to be time independent. 

We thus conc1ude that generally there does not exist a reference plane 

for which (4.71) vanishes for all T; we thus choose the middle plane as 

reference plane. The viscoe1astic analogue of the generalized von Kàrmàn 

plate theory must therefore be considerab1y more camplex than the cor-

responding e1astic theory when the temperature distribution is nonuniform. 

Guided by the experience of the calculations in the previous sub-

sections we perform most subsequent calculations in the Lap1ace trans

formed domain. We further malte the "von Kà.rmàn assumption" regarding the 

strain disp1acement re1ations (see Chapter 3, formulas 3.10c). We assume 

isotropy so that the stress strain re1ations can be assumed as given in 

(4.46a) with the re1axation function (4.46b). The nonvanishing zeroth 

order stress resultants are: 

;m 
13 

;m 
23 

N x 
s( .t_(0)~\2 m (o)E~) -w(3-zroy+2 mCo))e(O)+!!fJ~~) 

+2 mC1)Eli)-w(371J+2 mC1))e{1~ 
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N 
y 

s{ 1- (o)~)+2triToYEl~) -t<,(3Lm+2--:;:nroY)JõY 

+ J...( 1)~) +2 111( 1)E~-~J(3?Y+2 111( 1 ))8(1)) 

;TõJ = ;;- = s~ 1111õJJõJ+2111UJETI)\ 
12 xy t 12 12} 

But we assume that 

T~~) = s{ s_ (o)E~+2 m(o)~-t<,(3J]õ)+2111fõ));;;Tõ) 

+-:LWE~+2mwE]J-~A3-:tm+2mm);m} = o . 

Fo11owing the corresponding calculations in Section 3.8d (see :fonnulas 

and (3.100)), we set 

T(1) 
= M s~(~)-3we"""TõY)+2tnW(E~)_w;;;Tõ)) li x 

+~(E(1)-3ru;ITJ )+2--mro(;DJ-w;rrJ" ~ kk 11 

;m M s c-:lTiJ(E~)-3ru;;;Tõ) )+21fi\D(Ei~)-(j)Jõf) 22 y 

+~(E~)-3ru;pi )+2 111( 2)(Eii) _ill;m)} 

;m -M s{2mm~+2111(2)~} 12 xy 

(4.76) 

(4.77) 

(3.99) 

(4.78) 
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an d 

;TlJ s~ 111 (l) ;tõJ +2111l2Y ;m 't = o 
13 t 13 13 'j 

;m-
23 

s~ m (l)J'õ)+2 m (2);rrJl = o ; t ' 23 23 'j 
(4.79) 

+2~;m-ro(3~+2m (2 ))e(l)l = o . 
33 'j . 

From (4.79)
1 2 

the first order shear strains may be expressed in terms of , 
the second order ones: 

;u; 
23 

(4.80) 

Furtherrnore, (4.77) and (4.79)3 imply 

(4.81) 

with 

~ = {LTIJ(!?!+2 m(1))-~(?2!+2lfit2Y1;6; 

;ro! = {J::W(?D"+2--;:nm)---:tiTY(J7ª1+2m(2)0;6 ; 
;rrr {~(Jllí+2 m<1))-L\1Y(-:lfõ!+2mm~ k 

;rrr c.c1n(--:t:m+2111<1))-~(~+2 111<o)~;6 

(4.82) 
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an d 

ToJ {~ --zm+2mm)(3~+211iTõY)-(J:m+2 m(l))(3--:vn+2mmJ;ro 

b. = 

{c~+2mm)c3~+2mm)-(~+2mm)c3 ct< 2)+2ffiT2T)]ec1)} 

{~ f]IJ+2lfl(1))(3 .c_(o)+2m(o))-( .t (o)+2'11l(o))(3~+21tl(1 )J;ro; 

~ 0+2"'il1(1))(3~)+2ltt(1))-(J.:._(o)+2~)(3 .t.<2\211t(2))J;m} /t:, 
ctToY+2\n co))(~+2m <2))-c--:tm"+21tiTf!HJ?'+2mw) . 

(4.83) 
We fUrther define 

r x r 
y 

2m(o) + 2~ 
m<2) 

(4.84) 

With the abbreviations as defined in (4.82) - (4.85) the Laplace transformed 

macroscopic stress strain relations are almost identical to those in the 

elastic case (see 3.1o4 and subsequent formulas). In fact, substituting 

(4.80) and (4.81) into (4.76) and (4.78) we obtain 



N 
y 

an d 

where 

M x 

M 
y 

M = xy 

- 133 -

(4.86) 

-/2m (l)Jõ)+21ti12J;m'l 't 12 12'j 

l 

l 

l 
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l ( 4. 88) cont. 

(.4.81 

.t (licfo)+ .t. (2)cPJ -J (3 .r..<l)+2tiPJ);ToY+(3 .l(2)+2m(2) );Ji'Y] . 

Taking iuverse transforms the linear constitutive equations are obtained. 

N 
y 

N 
xy 

(4.90) 
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y 

M 
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,(4.91) 

where :r , I are obtained from ( 4. 89) by an inverse Laplace transform. 
x y 

The strains may be expressed in terms of the displacements with the aid of 

the formulas (3.117). For chiefly flexural deformations, horizontal accel-

erations may be neglected. The equations for the membrane forces are then 

satisfied, if 

N x 
N xy N 

y 

Correspcnding expressions also hold for the Laplace transformed variables. 
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Using these expressions, the equations (4.86) can be solved for the zeroth 

order strain. The result is 

(4.93) 

Taking inverse Laplace transfon:ns, substituting the results into (3.119), 

which is also valid for viscoelastic material, and using (3.117), we obtain 



where 

- (l) 
5 

-(2) 
!J 

- (3) u 
- (4) 
5 

-(5) 

t\ 
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l/s 
-(o) -(0)2 
'J) (l- .N' ) 

(l) l/s 
2r (t-T)-2_(o) -(o)2 

:D (l- }f ) 

- (l) -(0)-(1) 
'rl (l- M N ) 

-(o) -(0)2 
l) (l- .N ) 

-(l) -(l) -(0) 
'.\) (.N' -N' ) 
-(o) -(0)2 
'l) (l- S{ ) 

-(2) r 

(4.95) 

Equation (4.94), interesting in its similarity to the corresponding equation 

(3.120) of the elastic case is not of much help, however, at least not on 

the level of this generality. This is easily seen when one is trying to 

write down the anal ogous equations of (3 .122) . The reason is the following: 

With the introduction of the stress function F three variables (namely 

N ,N and N ) are reduced to one, but the success of this reduction is x y xy 

bound to a simultaneous disappearance of the displacement vector u~ 0 ). This 
(O) J. 

was the case under the simplifYing assumption ~ = O (which required that 

the Poisson ratio be not a function of the temperature). In the present 
(O) 

situation of viscoelastic plate theory 1[) (t) cannot be assumed to vanish. 

An approximate theory, however, can be developed by a perturbation 

expansion 
(l) 

m (t) 

m
( o) 

(t) 

procedure. Although it cannot be assumed that 
(o) 

(l) 
i... (t) and 

(2) 
vanish they must be small as compared to .l (t), .l (t), 

(2) 
and m (t). We thus wri te in all formulas 



- 138 -

where € <<l and r (l) = 0(1), .,:n(l) = 0(1). It is now reasonable to search 

f or a solution in t he form of a· regular perturbation expansion by writing 

o 
N N + €N 1 + •.. x x x 

11 ~ + €T)' + ... (4.97) 

cp = ~ + €cp l + ... 

Using the representations (4.96), expandi ng all variabl es in the fo rm 

(4.97), substituting these expressions into (3.114), (3 .117 ),(4.90) and 

(4.91) and collecting t erms of like powers results i n a hie r ar chy of 

equations the first set of which reduces to a viscoelastic generaliza-

tion of the von Kàrmàn equati ons. This set of nonlinear i ntegr o- differ-

ential equations is 

t (l) { 04~( T ) "4ot)l t (2) , (l4~(T)2 .._2o 2 ,2o .,_2o 
J tJ (t-T) ~ + ° F T j dT + J tJ (t-T~ dT"' (~X~ ) - ~ ~ 
o ax ay o ox oy Y Õx <> y 

o o 

-
, 029. __ oM oM o 

J~ d?- -i;- \ 



o 
M x 

o 
M 

y 

o 
M 
xy 

o 
~ 

o 

\ 
where 

o 
r x 

'ÍJ(l) 

o 
r 

y 

o 

:ty 
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(l) (l) 
J_ ~,m -o 

c:l(l) 
-o, 

1(1) 
n~,. -o 

In the above equations F is the stress function for N , N and N • x y xy 

Observe that no zeroth order displacement u(o), v(o)appears in this set 

of equations. Note further that this set of zeroth order equations is 

accurate provided the temperature field in the ice is symmetric to the 

plate middle surf'ace. 

(4.98b 

(4.99) 

The equations for the primed quantities are not listed here, because 
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they are far too complicated to have any chance to be solved analytically 

or numerically. 

In concluding this section it seems poper to summarize as follows: 

Plate theories for viscoelastic material become much more complex than 

their elastic counterparts in particular when the temperature varies with 

depth. Only in special situations does the viscoelastic theory reflect a 

connection to the corresponding elastic theory. In this case the class 

of physical situations where the elastic equations apply is , however, much 

broader than the class where the viscoelastic equations hold. 
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4.5) Determination of the Relaxation Functions 

The preceding calculations have been performed on a rather general 

level at least as far as relaxation fUnctions are concerned. We have 

refrained from interpreting the relaxation fUnctions in terms of mechan

ical models, as is customary in the older literature. Accounts on this 

modelistic approach are by Zener [501, Gross [51] and others. A recent 

review of the modelistic approach is given by Caputo and Mainardi [52], 

[ 53]. 

It should have become apparent that the abstracttreatment presented 

in this article is the only one that made a consistent rigorous deriva

tion of the plate equations possible. In fact it is not clear to us how 

the equations could have been derived when based upon the modelistic 

approach. 

The most commonly used reheological models can be summarized by the 

model for the standard linear solid which is represented by a spring ar

ranged in parallel fashion with a dashpot in series with a spring (see 

Fig. 4.3). k
2 

~O corresponds 

Fig 4.3 

to the Maxwell body, consisting of a spring and a dashpot arranged in series. 

Similarly, k
1 
~ O gives the so called Voigt model. It is easy to show by 

methods known in viscoelasticity, [46], that the standard linear solid gives 
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rise to the following relaxation function 

G 

Here, G stands for any one of Gijk~· Its time dependence is sketched 

in Fig. 4. 4. 

G 

Fig 4.4 

(4.100) 

Relaxation function 

for the standard 

linear solid. 

The relaxation function (4.100) for a standard linear solid is determined 

once the constants ~' k2 and ~ are fixed. This would mean that 3 experi

mental points would suffice to detennine the free parameters in (4.100). 

It is thus natural to generalize (4.100) by the representation 

G (4.101) 

where G(o), G(i) and T(i) are the free constants; T(i) is called relaxa-

tion time. To simplifY notation we shall henceforth write 

G •• k,(t) 
~J .• 

where 

oo (m) ( / (m) ) 
E Gij~exp -t Tijk~ 

m= O 

(o) 
Tijk~ 00 • 

(no summation over ijk~) (4.102) 
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Thermorheo1ogically simp1e p1ates are characterized by equation 

(4.45). With the use of (4.102) we obtain 

(4.103) 

where ~i;~t(Ux) is now a temperature dependent re1axation time 

(4.104) 

with 

(4.105) 

The postulate of thermorheo1ogically simp1e behavior is thus equivalent 

to the specification that the re1axation times Ti~~t have a temperature 

dependence. The representation (4.103)
3

, however, is not the most con

venient one. Defining 

X(U ) = 1n(:::(J )) x x (4.1~) 

the expression (4.103) can be written in the form 

(p) 
(J; ijk.t (t) (4.107) 
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If' the functionsX(VX) or 3 are known, it is a straightforwazdmatter to 

calculate the resulting viscoelastic plate constants in a similar fashion 

as the corresponding constants in the elastic theory have been obtained. 

However, we have been unable to find experi.:mental investigations which 

would provide sufficient information for the determination of the time 

temperature shifting function X(·). That this function must be of sub

stan~ial influence follows from the fact that ice may be considered to be 

brittle at low temperature, while near the melting point it becomes highly 

viscous (see (54]). This is exactly in agreement with the postulate of 

thermorheologically simple materials. 

It is thus suggested that research groups with the appropriate experi

mental equipments perform systematic experiments on the relaxation func

tions of polycrystalline ice with special emphasis to the variation of 

the temperature. Only after these experiments will have been performed, 

will we be in a position to accurately calculate the plate relaxation 

functions. 



4.6) Further Applications 

In the preceding sections on viscoelastic plates with nonunifo~ 

base temperature the postulate of the~orheologically simple solids has 

been used in its simplest fo~ for a base temperature constant in time. 

The general theory, however was presented also for nonconstant tempera-

ture. 

A situation samewhat between these two limiting cases is the one, 

where the time scale of the processes which dete~ne the base tempera-

ture distribution and the one for the processes governed by the listed 

equations are different enough so that the time variation of the base 

temperature can be neglected except for the calculation of the relaxa-

tion functions. In other words, the relaxation functions not only de-

pend on the present values of the temperature but also on the history of 

it. This seems to be important in particular in temperate regions where 

the bearing capacity of floating ice plates suddenly collapses when the 

air temperature ri ses above the freezing temperature for a consider-

able amount of time. On the other hand, short durations of such climatic 

variation are of little influence to the gross behavior of ice. 

Although there is no experimental evidence that such processes are 

modeled by the history dependent fo~ of the the~orheologically simple 

behavior, it is clear that fo~ula (4.26) provides a means of moâeling 

such behavior at least qualitatively. If for instance 

t 
x(v)s .r H( 'Ü(t-u) - Vo(t-u))h(u)du (4.lctl) -

where H(·) is the Heaviside step function, V
0 

a fixed reference temperature 
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and h a monotonic decreasing inf1uence function, then such behavior is 

mode1ed. Choosing name1y h(u) = 5(u) (Dirac distribution) and J be1ow 
o 

any occuring temperature then (4.1o8) reduces to (4.28), which was used 

throughout Chapter 4. If, however, we choose 

h(u) -A exp(-u/T) 

where T is some fixed re1axation time, then we account for an exponen-

tially fading memory. Choosing further J as the freezing temperature o 

then the integral in (4.1o8) will give a contribution whenever a partic1e 

of the ice has reached the me1ting temperature. This contribution is 

1arger the 1onger such periods of high air temperature persist and the 

more recent they occur in the past. 

Obvious1y the form (4.1o8) is probab1y not the appropriate one, 

but it certain1y demonstrates that the apparent temperature - time shift-

ing function 

t 
X(V)JH(J(t-u)-J (t-tV) h(u)du 

o 

increases with increasing duration of re1ative1y high temperature. This 

corresponds to an effective decrease of the re1axation function. In the 

1imit when this apparent temperature-time shifting function resides to 

infinity on1y G(o) (see 4.101) wil1 survive·. However, ice is a viscoe1astic 

f1uid and not a so1id, as istacitly assumed by al1 workers on viscoe1astic 

behavior of ice (see [1]). Thus G(o) = O and this means that all bearing 

capacity has disappeared. 
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